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Lecture 1. Classical Fields and Symmetries

The history and main challenge of QFT

Quantum field theory (QFT), perhaps, is one of the greatest achievements of theoretical
physicists of 20s century. It is arose from an attempt to combine two already existent and
experimentally verified theories: theory of special relativity and quantum mechanics. QFT
is the unique tool which is used to describe the physics of elementary particles. QFT is
characterized by numerous precision experiments or tests such as collider experiments
like, for instance, those which people carry out in the Large Hadron Collider at Cern or
at Fermi National Accelerator Laboratory in USA.

Methods of QFT has an universal character and this theory is not only applied in
sphere of particle physics, but also widely used in, for example, condensed matter theory.
Thus, QFT applied for dynamical systems with large or infinite degrees of freedom.

In spite of well developed state of QFT, starting from 1928 discovery of the electron
by Dirac, it has many undiscovered peaces of knowledge.

The fact that in QFT scientists deal with dynamical systems with large or infinite
degrees of freedom leads to a list of well-known problems. Some of the physical observables
or quantities which you would like to measure or predict will be given by divergent
integrals. It is a so-called problem of infinities. Perhaps, most sharply the problem of
infinities shows itself when people try to merge QFT with gravitational theory.

All of today’s experience shows that, perhaps, the degrees of freedom that can be
obtained in QFT are not a suitable starting point for building a quantum theory. This
means that, probably, there is some hidden theory on the next level where degrees of
freedom should be reconsidered or recovered and understood by another point of view. One
of such next-level theory is a string theory. There is a theory of one-dimensional extended
objects and it offers very intriguing possibility how to think about quantum fields in a
very different way and, hopely, to construct the quantum approach to avoid the problem
of infinities. The problem of infinities is also known under the name renormalization.

Concerning particle physics, the main goal is to be able to ultimately compute and
predict physical observables such as, for instance, cross-ratios in scattering experiments,
decays of unstable particles and the spectra of bound states. All of these are very difficult
theoretical questions because there is no direct access to local losses during particle

interaction. It is unknown how to access this loss, but as one of the possible ways is
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to build a theoretical model of interaction loss between elementary particles and then test
this predictions, for instance, in colliding experiments, when cross-ratios or decay rates of

unstable particles can be experimentally measured.

Discussion of symmetries

Symmetries play an extremely important role not in a QFT, but in physics in general
and in our lives. It essentially means that the loss of nature is not arbitrary from one
space-time point to another. If you have a certain knowledge of measure at one space-time
point and you move away and you made measurements in the other points of space-time,
you better find something which in agreement with your previous experiments, but not
something arbitrary subjected to new loss. So, symmetries provide a certain order in our
world, allowing us to talk about universal laws. That is why the first theme will be about
symmetries and their relations to conservation laws. This will be the so-called Noether’s
first theorem. he transition will be made to the traditional or canonical quantization of
3 basic fields: scalar, spinor and electromagnetic, and then to the scattering matrix (or
S-matrix). So, the gotten knowledge about quantized fields will be applied to evaluation
of the scattering matrix of the quantum electrodynamics (QED) theory, which is used to
describe electrons and photons.

The lecturer suggests people to read some books for better understanding of the course.

There are:

1) Michael E. Pestin and Daniel V. Schroeder ,An introduction to quantum field

theory“ (canonical book, which is used in many universities)
2) A. Zee ,Quantum Field Theory in a Nutshell*
3) L.D. Landau and E.M. Lifshits ,, Theoretical physics. Quantum electrodynamics*
4) N.N. Bogolyubov and D.V. Shirkov ,,Quantum fields*
5) Silvan S. Schweber ,An Introduction to Relativistic Quantum Field Theory*
6) L.A. Takhtajyan ,,Quantum mechanics for mathematicians*
7) Brian C. Hall ,,Quantum Theory for Mathematicians*

8) Faddeev and Yakubovsky , Lectures on quantum mechanics for mathematics students®
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Classical fields and symmetries

The discussion of classical fields and symmetries includes lagrangian description of
classical systems with an infinite number of degrees of freedom and Noether’s first theorem
that allows to construct dynamical invariants or quantities that remain invariants during
dynamical evolution of the system.

Let’s remind how in classical mechanics the transition from discrete to continuum
takes place. To describe continuous systems like, for instance, solid, it is necessary to
make a transition from finite number of degrees of freedom to infinite. This means that
it is necessary to specify at least coordinates of all points and the number of this points
is infinite. By the fact continuous can be reached by taking appropriate limit of a system
with a finite number of discrete coordinates. For instance, let’s consider an elastic rod of

fixed length which undergoes small longitudinal vibrations (fig. .

|

[ 6—

Fig. 1.1. An elastic rod of fixed length [

Let’s describe this system in the framework of classical mechanics. The rod can be
approximated as a system of equal mass and particles with equal distances between
neighbor points.

If the rod is represented as a system of n particles connected with each other by a
springs (fig. , then the distance between each particle will be Aa = [/n, where we

denoted a distance between particles in equilibrium position as Aa.

>
X

0 Ad [

Fig. 1.2. The rod is represented as a system of n particles connected with each other by

a springs
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From fig. 2 it can be seen that system has n 4 1 springs and that is why the length of

rod can be written as:

I =(n+1)Aa. (1.1)

Each spring has such characteristic as Hooke’s constant k.

The displacement of i*" particle from it’s equilibrium position will be described by the
coordinate ¢;. Displacement means that the particle is taken and moved a little bit away
from it’s equilibrium position.

The kinetic energy of all particles can be easily found from:
“m
T — — . 1.2
> 3 (12)

It is also known that the presented system has a potential energy stored in springs,
and such an energy may be computed. For this reason, the coordinate system should be
introduced.

The left end of i*" particle will have coordinate:
x; =1Aa+ ¢; . (1.3)
At the same time the right end of i*" particle will have coordinate:
i1 = (1 + 1)Aa+ ¢y - (1.4)

The potential energy stored in the ¥ spring will be:

k
Ui = 5 (.CL’@'Jrl — LL’Z')2 (15)
With the use of ((1.3) and (L.4)), (1.5 can be simplified to:
k

The total potential energy of the system can be gotten by summarizing of impacts

from each spring:

= — (A 1 — 0i) . 1.
U ;2< 0+ b — 61) (17)
Formula (1.7)) can be simplified by opening the brackets:
U== Ei(qﬁ —¢-)2+EAa2 (n+1)+k:Aazn:(qb» — ;) (1.8)
9 o i+1 ) 2 s i+1 v) .
8
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where the last expression represents cross member.
Let’s associate
$o = Pn41 =0, (1.9)
because the left end of 07 spring and the right end of (n + 1)
Because of the statement and the fact that all displacements will compensate
each other, the last term of the will be equal to zero.

It is known that in classical mechanics the constant shift of the potential plays no role,

spring are not movable.

because the force is given by the minus gradient of the potential energy:

oU;
F=_2" 1.10
99, (1.10)
Such a way formula (1.9 can be simplified to:
1 < 2
U= §k; (ir1 — ¢i)” (1.11)
If we place (1.11)) into ([1.10)), we will get that
Fy = k(g1 + dim1 — 2¢5) (1.12)

The force F; presented in ([1.12)) consists of difference between forces that acts on "

particle from the right and from the left sides. It can be seen from:

Fy= k(b1 — &) — k(6 — diia) - (1.13)
from th: right from Ee left

This means that kinetic and potential energies of the system are known and, therefore,
the lagrangian of the system may be formed. From course of theoretical mechanics it is

well known that:

L=T-U, (1.14)
Then it is necessary to place (1.2) and (1.11)) into (1.14):
- m . 2 k - 2

L= 24 -2 1 — )2 1.15

;2625 Q;wﬂ ) (1.15)

As can be seen from (|1.15]), we have a system with finite number of degrees of freedom
and these degrees of freedom can be described by ¢;.

Then it is necessary to take a continuum limit by sending the number of particles to
infinity. At the same time, the number of springs also will tend to infinity. The distance

between particles in the opposite side will tend to zero:

n— oo, Aa—0. (1.16)
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From it can be clearly seen that n and Da changes with the same speed and that
is why [ remains constant. Despite this fact that there is an another problem which is
linked with the fact that each particle in system has a mass. With increasing of particles
number it will tend to infinity and therefore it is necessary to keep it finite. This target
can be reached if mass of each particle m will decrease with the same speed as Aa. Let’s

define a mass density pu:
m

"= Aa
From (1.17) it can be seen that the mass density is constant.

(1.17)

Besides the mass of each particle it is also necessary to keep constant forces between

particles. For this goal the Hook’s constant with the Aa change will be scaled as follows:
kAa = const = s , (1.18)

where k is now a function of Aa and

VA

Then it is necessary to rewrite lagrangian in terms of Aa:
1 o my ;2 1 Pit1 — i
== Aal-— )¢ —= Aa (kA —_— 1.2
2; a(Aa>¢’ 212_; a a)< Ad ) (1.20)
Using ((1.17) and - formula can be written as:
ZAaugbz - —ZA (%rl ¢Z> (1.21)

When the limit will be taken, Aa will tend to zero. Due to this fact the discrete index
1 of displacement variable can be replaced by a continuum variable x. In other worlds, the
variable ¢; will be replaced by ¢ (iAa). Due to the replacement of 7, iAa may be changed

by x and as a result:
o — ¢ (x) . (1.22)
It should be noticed, that with n — oo ¢(x) becomes a continuous field.

After the transition to the continuum

Git1 — O o ¢ (z + Aa) — ¢(z)

O0x . 1.23
Aa Aa e ¢ (x) ( )
Using expressions and ( - - can be written as:
1 .
L— 5/ da W? (2) — 3 (8,0 ())?] (1.24)
0
10
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where sums from ¢ = 0 or 1 to n were replaced by integrals from x = 0 to [.
The limiting procedure with equations of motion can also be performed. For this task
it is necessary to get them from lagrangian with finite n and then go to the limit. The

equations of motion for discrete system can be written as:

m Git1 + Pi—1 — 29;
—gbl — kAa (Aa)2

A =0. (1.25)

The second expression in ((1.25)) can be replaced by second derivative when Aa tends

to zero:

. Qiy1 + Qi1 — 20 d%¢ _
A (Aa)? ©0xr Ozst - (1.26)

As a result the final view of equation of motion (1.25]) will be:

16 (z) — 52050 () =0 . (1.27)

Equation ((1.27)) also can be gotten from ([1.24]), but for this target it is necessary to
represent ([1.27)) in the next view:

l
L:/ dz L | (1.28)
0

where £ is a lagrangian density and equal

8= (ud (0,07 (1.29)

for the presented situation.

In theoretical mechanics there is one more important term such as action, which can
be defined as an integral of the lagrangian with respect to time. By this moment it is not
needed to pass the general picture, which says that the case is being conducted with an
action for our continuum dynamical system.

The action will be indicated as S and it will be a functional of displacement field
6 (x,1):

2
Slg] = /t Ldt . (1.30)
1

Lagrangian at the same time can be written as presented at (1.29)) and, therefore,

(11.30) will have a view:

S[4] :/f dt/oldx x L <gb(x,t), & (2,1) 8$¢(x,t)> . (1.31)

11
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To obtain equations of motion directly from lagrangian it is needful to understand
how the action changes under an infinitesimal change of the field. For this purpose it
is necessary to replace ¢(x,t) with ¢(z,t) + d¢(x,t). This procedure is called variation
because the field is varied to observe how the action changes.

The derivatives of ¢ can be also written as:

50 (2,1) = 5o (0.) + 500 (x.1)

(1.32)
926 (2,1) = 2 (x,1) + 236 (x,t)

Then it is needed to see how the action reacts on the infinitesimal change of the field.

So the result was calculated as follows:
6S[¢] = Slo+ ¢ — Sg] . (1.33)

Formula (|1.33]) gives the following:

% e
/ dt / dz {— £8t5¢+mam5¢] | (1.34)

Integral in (|1.34)) can be evaluated by parts:

05[] = f{7 at fydw |9 — 0,2 — 0,595 ] 6o+

t=to

(1.35)

=l

ft2 dt oL 5¢

f d:z:a 5gb 6]

t=t1 =0

To find the trajectories (get equations of motion) of the dynamical systems it is
necessary to minimize the action which means that it is needed put to zero the variational

derivative:

9510]
66

It should be noticed that it was needed to minimize the action under the condition

=0. (1.36)

that values of the field in the initial and finite times are unaffected. In other words:

that means that initial and final profile of the field must be kept in tact.
Expression ([1.37)) can be clearly understood if return to classical mechanics. In classical

case there is a particle which moves from one point to another and it makes some actual

12




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

trajectory. The particle moves in the some potential and interacts with this one which
lead to formation of the definite trajectory. In the variational principle, the fixed initial
and final positions of the particle cannot be changed, and all other trajectories that are
in the vicinity of the actual trajectory are tried. For all of this trajectories the principle
of least action telling us that the value of the action must be largen than the value of the
action on the actual trajectory (fig. . But comparison of values of the action on the
virtual and the actual trajectories is made under the assumption that the initial and the

final points taken by a particle keep fixed.

Fig. 1.3. Possible trajectories of the particle

The same thing happens for a field. Suppose that there is an initial moment of time
that equals to ¢; and the ¢ function can be drawn as represented on (fig. ??7). Then when
time grows, the field starts to move and at the time moment equals to ¢, has another

profile. Such a way trajectory of the field forms a surface.

x=0

Fig. 1.4. The field evolution from t = t; to t = t5

Due to formula (1.37)) the integral

/ P
0 0(09) 0

13
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will be equal to zero.

Then it is necessary to find the third integral in formula . This term can be put
to zero or not put to zero due to physical grounds. For instance, if we say that we are
dealing with the rod which is clamped between two walls which means that the profile
of the field at the left and right points is fixed (fig. , the d¢ will equal to zero and
therefore third integral in formula will be equal to zero.

Fig. 1.5. The profile of the field of the rod which is clamped between two walls

Such a way in formula (1.35) only one expression stayed. For the actual trajectory
the vanishing of §S for any variation d¢ by the basic lemma of a variational calculus

represents the equation of motion:

% (a?af@) & (afaf@) 5= (1.39)

If we apply equations of motion ({1.39)) to the concrete problem and place the lagrangian
density ([1.29)) into ((1.39)), we will get equations of motion similar to (1.27):

¢ — 0 =0, (1.40)

where ¢ is a next ratio between p and s:
c= .12 (1.41)
I
The value ¢ can interpreted as a speed which characterizes propagation of vibrations
through the rod.
Equations of motions gotten for the presented dynamical system are very easy because

of their linearity. As it well known, for the linear equations the superposition principle

works. So it is possible to solve equations by creating of the next linear combination:
¢ (z,t) = e a, (t) + e 7, (1) . (1.42)

Then it is necessary to apply boundary conditions for the gotten solution. For the left

wall of the rod, the boundary condition will give:
$(0,t) =0= a,(t)+b,(t) =0—0b,(t) = —a,(t) . (1.43)

14
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Expression ([1.43) leads to the simplification of the (|1.42)):
¢ (z,t) = a, (t) (€™ — e—ipz) — a, () sin (pz) | (1.44)

where the multiplier 2 was entered in a, (¢).

At the same time for the right border of the rod there will be the following expression:

¢(l,t) =a,(t)sin(pl) =0. (1.45)

In expression ([1.45]) it is necessary to equate to zero one of two multipliers. It can be
clearly seen that a, (t) = 0 corresponds to ¢ (x,t) = 0. That is why it is necessary to

equate to zero sin (pl) and get the condition for p-value.

sin (pl) =0 = pl:ﬂn%p:pn:?,nez. (1.46)

Then it is possible to take the gotten anzac and plug it into equations of motion. In

this way there will be an equation which will describe a time evolution of the a, coefficient:
i, + c’p’a, () = 0. (1.47)
The solution of the ([1.47)) is well known and equal to:
a, (t) = e“*'a, (1.48)
where w,, is equals to:
wy = Ecp . (1.49)

For any p, the solution of equation of motion can be found, but for general solution

¢ (z,1) it is required to find a sum of all possible n values:
¢ (x,t) = Z sin (pnx) (A, cos (wyt) + By sin (wpt)) (1.50)
n=0

where sine and cosine replace exponents +iw,t and —iw,t, because w, can be positive or
negative due to formula . That is why it is enough to sum only from n = 0 to co. It
should be noticed that there is a zero-solution when n = 0.

Formula has two undetermined coefficients A,, and B,, which can be determined
if specify the initial value of the field and it’s first derivative at the time moment ¢ = 0.
It should be noticed that the initial conditions must be represented as a sum of cosines
and sines of w,t and then we can equate coefficients between this cosines and sines with
coefficients A,, and B,, from (|1.50)).

Summarizing the previous information, a description of the continuum system in

classical mechanics was made and the expression for the displacement field was found.

15
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Lecture 2. Tensor Fields, Euler-Lagrange Equations,

Lorentz Transformations

Classical fields in many dimensional case

The concept of the displacement field can be further generalized to the case of multidimensional
systems. For instance, in two dimensions it is possible to consider two-dimensional lattice

of springs. In such a way it is necessary to present a plane of particles with mass m and

distance between neighbors Aa (fig. 2.1)).

Y AN
ooe
ooe
i - oee
[

' g

Fig. 2.1. A two-dimensional lattice of springs

Then it is necessary to allow longitudinal fluctuations of particles connected with the
springs existence. In this case a natural quantity to discuss is the displacement field ¢
depending on coordinates of a point at the equilibrium position. This coordinates can be
written as ¢ and j for x and y respectively. In such a way the displacement field ¢ will be
a vector with the following notation:

i) - (2.1)

The continuum approximation of the presented system is called a membrane. In this
case a longitudinal fluctuations of the membrane will be searched.

Further a transmission to three-dimensional case can be completed. For this purpose
it is required to represent the system as it shown on fig. 2.2}

The displacement field of such system will be a three-dimensional vector 5(2‘,3',1@) coordinates

of which can be specified by indexes 7, j and k for =, y and z respectively.

16
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Fig. 2.2. A three-dimensional lattice of springs

Then it is necessary to complete absolutely the same derivation procedure which have
been already done for the case of the one-dimensional system. At the end it is needed
to end up with the following differential equation which describes the evolution of the
three-dimensional vector q; Any component of the displacement field vector will undergo

the following dynamics:
Qb - Clazxgb - 028yy¢ - 038zz¢ - C48xy¢ - CBayqu - Cﬁaxqu =0 ) (22)
where gzﬁ is the second time derivative and coefficients ¢y, ..., cg describe a properties of
the observed solid body. It also can be seen that many quantities which appear in the
description are fields depending on space-time variables and this fields behaves themselves
as tensors or more generally tensor fields.

Therefore it is very natural to introduce and discuss the concept of a tensor field from

the beginning.

Tensors and tensor fields

As it well known tensors in any coordinate system represent a set of numbers which
transforms with changing from one coordinate system to another in a definite way.
For tensor fields we are asking about transformation of the set of numbers under general

coordinate transformations. Consider a transformation of coordinates of this type:
ot — 2 (2”) . (2.3)
Such transformations are assumed to be invertible and this transformations belong to
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the class which is directly defined as general coordinate transformations. Let’s assume
that the work is done in d dimensions. That is why index p can take values from 1 to d.

Then a tensor field
pL-b () (2.4)

V1...Vq

is a tensor field of rank (p, q).
Under general coordinate transformations it transforms in the following way. In the

new coordinate system it is described as

ox'™ ox'te Oz OxPs
Cb;filzf;p (x') = OxM T O O T 9va ¢p11...p; (z) , (2.5)

where over indexes A ...\, and indexes p; ... p, are used for summation due to Einstein’s
convention.

Partial derivatives
ox'H

By

can be represented as elements of the matrix which is called Jacobian matrix. This matrix

= Jn (2.6)

is non degenerate and therefore it is the element of the group GL (d,R), where d means
dimension and R means that the Jacobian matrix is real. The group GL (d,R) is a group
of all invertible d x d matrices. d is a positive integer number which specifies the range of

the coordinates

wAN v, p=1...,d. (2.7)

Further restrictions on possible transformations of coordinates can be imposed by
physical requirements. For instance, if you are talking about Galilean invariants then you
restrict general coordinate transformations to that of the rotation group. The transition
from z to 2’ in this situation will be only rotation.

Analogously, if you implement Einstein’s relativity principle, which allows only for
Lorentz transformation, than in this case you will restrict the general coordinate transformation
to that of Lorentz transformations.

A simple example of a tensor is given by a scalar. Scalar in this case is an object which

transform under general coordinate transformations according to the formula:

¢ (z') = (2) . (2.8)

The scalar does not have any indexes and therefore the Jacobian matrices do not

appear. It is a tensor of rank (0,0).
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It’s important to realize that the point in different coordinates can be specified by the
coordinate z and x’, but physically it is the one point.

Summarizing, the scalar field is a function, which under the change of coordinates
behaves itself in the way written by formula (2.8]).

It should be noticed that the scalar field is not something which behaves like . It is
not true. If you take any function like, for instance, sin z and then make a next coordinate

transformation:

r — 1 (2.9)

you will get

sinz — sina™? . (2.10)

But, of course, now it is necessary to realize that the written in (2.10)) expression will

not the old function depending on z’, because if you write
¢(x) =sinx (2.11)
and complete a transformation written in , the ¢ (2’) will be described by formula:
¢ (2') =sina’ . (2.12)

That is why it is needed to make transformed in the expression equal to ¢ (z').

Next to the scalar field is a vector field, which carries one index up. An example of a
vector field would be, for instance, a velocity vector which can be also made as a vector
field. For instance, if you discuss the flow of a liquid in hydrodynamics, then you need
tensor field of velocities of volume elements of the liquid.

There are also some examples of a co-vector, which means a tensor with a lower index.
This tensor would be a gradient of a function. More generally you might have, for instance,
symmetric on the manifold which would be a tensor with two lower indices and so on. It

will also be seen in the development of the course, a few other examples of tensor fields.

Action principle and Euler-Lagrange equations

Then it is necessary to return back to the action principle in general. Action principle
that was already discussed plays an important role in describing of the dynamics.
In the action principle the work takes place with with the functional S, which is a

functional of field ¢. This functional has the following form:
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where the dx can be defined as
dz := d2°dxt ... da*t (2.14)

where d is a number of space-time dimensions, where z° signifies the time direction.

The 2° element can be represented by the next formula:

2’ =ct, (2.15)

where c is the speed of light.

Other directions such as 2!, ..., 297! are spatial directions.

Finally, action is an integral over d dimensional space-time coordinates of the Lagrangian
density, which is considered in general to be a function of z, fields ¢;, and the first
derivatives.

It should be noticed that Lagrangian density depends on only first derivatives because
non-degenerate or what is called unitary theories is considered, where equations of motion,
which would be derived from this section, contain only second derivatives in time of the
field ¢ and second derivatives in the spatial directions. The theories with derivatives of
the third and higher orders of the field ¢ are much more complicated in the classical and
especially the quantum case.

An example of the theory limited by the second order is a very natural generalization
of the Newtonian mechanics, because in Newtonian mechanics deriving equations have a
second order in time. It means that to specify the trajectory of a particle it is needed
to specify the initial coordinate and initial velocity and it is enough to solve the Koshi
problem for such dynamical system which linked with the fact that a unique solution is
needed. This principle was inherited from standard Newtonian mechanics, and our goal
is to apply it to fields as well.

Further, it will also be required that there is no explicit dependence on z. All dependence

on z will come only through the field ¢ and its derivatives:

Siol= [ dot (6,9,00) | (2.16)

where the index ¢ has double meaning. It will combine labels of different fields when the
discussion will be about fields of different nature and also it will be uniform label for
all possible tensor indices of one field. In formula it is possible to consider the
Lagrangian not only for a scalar field, but, for instance, Lagrangian for a vector field, as it

can be, for instance, in electrodynamics where the electromagnetic field is a vector. Also
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by index i, for example, it is possible to mean the index of a vector of the one vector field,
but it is also possible to mean a collection of scalars by index 7.

From the action S described by formula , equations of motion are derived by
using the principle of the least action. In fact, an example how this is done with the help
of variational principle where variational derivative was used has already been seen. As it
was described in the previous lecture the variational derivative is a variation of the action
with respect to variation of the field ¢:

0S 0L d 0L
= 0.~ 5~ o) =" 210

where the gotten expression that is known as Euler-Lagrange equations. Solving of the

Euler-Lagrange equations it is possible to find the actual dynamical trajectories of the
system.

Then it is necessary to differentiate the Lagrangian derivative with respect to z* in
an explicit way by taking into account that Lagrangian density is a function of ¢; and its

derivative. It is possible to write for this Lagrangian derivative:

0L 020 020
S S A N 2.1
90 00indd; T gy i =0 (2.18)
where 5
o5,
Gi = o (2.19)

Then it is important to realize that in fact Lagrangian is not uniquely defined, which
leads to the one and the same equations of motion. It is practicable to have different
Lagrangians, which lead to the one and the same equations of motion. This acts because

the Lagrangian density may always be changed by adding to it total derivative:

L — L+ 0,A", (2.20)
where A* is considered as a function

A=A () . (2.21)

which depends on ¢; but not of their derivatives, because if you also assume that the
A" depends on the derivative of ¢;, then it would lead to the appearance of the second
derivative of ¢ in the Lagrangian. This is something which was prohibited because it was

required that the Lagrangian depends on the first derivative of ¢.
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Then it is necessary to find out why the equations of motion will not be changed under

the addition. This acts because of the next expression:

O\ = aa—/z; non (2.22)

where it was considered that we deal with one scalar field ¢.
Then it is possible to trace how under this addition the Lagrangian derivative changes.
It is known that Lagrangian derivative is given by expression . If we want to observe
how the Lagrangian derivative changes, we need to substitute the additional term instead

of Lagrangian in (2.17) and see what happens. This means that the Lagrangian derivative

will get an extra contribution depending on A:
e—>e+0e(A) (2.23)

where the extra contribution de (L) will be given by:
0 (OA 0? oA 0? oA
oe(L)=— | —-0 - — — »=0.(2.24
(0= 35 (5529) - 3 (550) o= g (o) e =0+ (220
It can be seen from ([2.24]) that the additional contribution de (L) is zero by itself. First
of all, if you look at the last term in (2.24)), you will see that the A* depends on ¢ we

have its first derivative. If we differentiate the expression in the brackets

() o2

with respect to derivatives, since we have two derivatives before brackets, the result of

the differentiation will be zero, because of the fact that expression in the brackets involve
the first derivative of ¢ only once. Remaining two terms will cancel each other and it
can be checked by opening the brackets and evaluating of the derivatives. Finally, the
contribution to the Euler-Lagrangian equations from the total derivative presented in
(2.24)) is actually zero. That is why an additional term does not contribute to equations

of motion.

Lorentz and Poincare groups

After the general remarks presented in previous section it is now possible to come to
the discussion of Lorentz and Poincare groups.
As it was already mentioned in the first lecture, symmetries play an extremely important

role in the description of nature. For instance, the translational symmetry implies that if
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we know physical loss at one space-time point, then we know them at any other which
means that in fact, the physical losses are not random from point to point. Similar remarks
concern, for instance, rotational symmetry, which means that losses in different directions
can be related to each other. Among all possible symmetries, there is one which has a
universal character and this is Poincare symmetry, which combines Lorentz symmetry or
Lorentz transformations with shifts of space-time coordinates.

From mathematical point of view, these transformations have a structure of a Lie
group. First of all, before describing of the Poincare symmetry, it is needed to introduce
the notion of the Lie group which will be defined as GG. The group G is a set of elements

of any nature, which satisfies the following set of axioms:

1) For any two elements G; and G5, which belong to group G, one can define their
product, G1 - G2, which also belongs to the group G. The product of G; and G5 is

associative, which means that it does not matter how to put the brackets:
(91-92) - 93 =91 (92~ g3) - (2.26)
2) Group G must include a unit element e such that:

9'626'9297 (227)
where a unit element can be also called as identity.

3) For any element g from the group G, there exists an inverse element g~! such that:
g-g'=¢gt-g=e. (2.28)

An important class of groups constitute Lie groups. A smooth manifold G of dimension
n is called Lie group, if GG is supplied with a structure of a group and compatible with a
structure of a smooth manifold, which means that the group operations are smooth.

A physical important example of Lie group, which can be well known from courses
on classical mechanics is a rotation group. The rotation group is the group of rotational
matrices in three dimensions. The explicit discussion of this group will be held a little bit
later, because it is a subgroup of the Lorentz group.

Another example, which is primarily important, is a Lorentz group. Now consider a d
dimensional Minkowski space R"~!. The Lorentz transformations by definition are linear

coordinate transformations of Minkowski space of the form:
't = Aba¥ | (2.29)
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where over index v there is a summation in the Einstein’s term.
These transformations of a Minkowski space are such, that they preserve the interval
between two events in a Minkowski space. The infinitesimal relativistic interval ds is

defined through the quadratic form:
ds® = n,,datde” = Adt? — (dx1)2 - (dx2)2 - (dx3)2 , (2.30)

where 7, is Minkowski metric, which is a diagonal matrix and indexes p and v are running

in general from 0 to 3, if the four dimensional Minkowski space is discussing:

N = diag (+1, =1, =1, =1) , p,v =0, 1,2, 3. (2.31)

Now it can be seen that # is a vector with components 2°, z!, 22, 23:

0

= (:E ,xt a2, x?’) ) (2.32)

If you treat x* as a vector, the Lorentz transformations can be written in the matrix

form

¥ =Ax, (2.33)

cover vector x and it transforms passing from one Lorentz frame into another, simply with
matrix A like:
A=A, pyv=0,1,23. (2.34)

The requirement of A to preserve the quadratic form is an explicit form written in the
following way:
T],uzzAuO‘Ag = Nag - (235)

In other words, Lorentz transformations are transformations which leave our Minkow’s
metric invariant. Formula defines the class of matrices A, which can be associated
with Lorentz transformations.

The transformation from formula , which preserves Minkowsky metric can also
be written in the matrix form:

A'nA =1, (2.36)

where n and A is a four by four matrix.

Definition presented in ([2.36) is a generalization of the standard condition

ANA=1, (2.37)
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which is known for orthogonal matrices representing the rotation group. Because of the
fact that Minkowsky metric is used in expression (2.36)), the condition in can be
called as pseudoorthogonality condition arising from the fact that now the work with
Minkowsky space takes place rather than the work with Euclidean d dimensional space.

It can be showed that matrices, which satisfies condition , form a group. It is clear
that as a product in this group, it is possible to consider the usual product of matrices.

It should be also noticed that condition works only for Minkowsky space. It
is a condition which is directly related with the definition of something that is meant
by Lorentz transformations. Lorentz transformations are transformations which preserve
Minkowsky metric 7. It is also practicable to define a group which preserves this metric
in general relativity, or in special relativity, such a group is called a group of isometrics.
Group of isometrics is a group which preserves a given metric. That is why it is possible to
say in this respect that the Lorentz group is a group of isometrics of Minkowsky metric. If
we want a different constant metric instead of 7, it is possible to use, if we have a different
manifold, not Minkowsky space. Then it is necessary to consider what a different space
with a different metric and also define a group of isometrics in a similar way, which was
completed before.

Let’s take two matrices, A; and As, which satisfy the condition and then consider
the product of these two matrices. It is needed also to show that the condition ([2.36)) works
for A1 and As:

AlnA, =
1ML =1 (2.38)
Asnhs =1
meaning that the expression
(A1A) nA A, =7 (2.39)

will be satisfied.
Expression ([2.39) would be also a Lorentz transformation. It is easy to proof that
is right:
Ag%AQ =Anhy =1 . (2.40)
=n
Finally, from (2.40) it is clearly seen that the product of two Lorentz transformations
is a Lorentz transformation. Identity matrix would be a trivial Lorentz transformation,
which is a identity matrix. Then it is needed to show that any A has an inverse, which

is also a Lorentz transformation. To complete this it is possible to take and compute the
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determinant of both sides:
det (A'nA) = (det A)?detn (2.41)

where the rule that under transposition the determinant is unchanged was used.
On the other hand, by the definition of Lorentz transformation, expression ([2.41)) is the
same as the determinant of 7. The determinant of 1 is not equal to zero by the definition

and equal to minus one. That is why
(det A)> =1 . (2.42)

From formula (2.42), it was concluded that all matrices of Lorentz transformations
always have
det A ==£1. (2.43)

But this means that matrix of Lorentz transformation is non-degenerate and therefore
it is invertible. The inverse is easy to find from the defining relation of the Lorentz

transformations:
ApAh=n= Ap=nA'= nAln=n*A"1=A"". (2.44)
Finally, we got that
At =nAly . (2.45)

Therefore to show that A~! is also Lorentz transformation, it is necessary to check the
following:
(A ) 'pA =7 . (2.46)

It may be done by substituting the expression for A=!:

A D pAE = (pAn)) o Alp = nAnAin = =7, 2.47
(A™)'n (nA'n)" mm A'n=nAnA'n=n m =n (2.47)
1 n 1
where the statement that
ApAl =5 (2.48)
was used. Expression (2.48)) follows from the defining relation
A'pA =7 (2.49)
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Expression (2.48|) means that A’ is also a matrix of Lorentz transformation. By this
moment it is clear that if A is a matrix of Lorentz transformations, A’ is also a matrix of

Lorentz transformation. And this can be gotten again from the same expression for A=

At =nAn | A- (2.50)
1=AnA'n| -7 (2.51)
n = AnA'n? = AnAt . (2.52)

In other words, we got that if A is a Lorentz transformation, is a Lorentz transformation,
then the matrices A1, A" and A*~! are matrices of Lorentz transformations. According
to definition of the group, Lorentz transformations for described group can be associated
with the usual matrix multiplication.

As can be seen, defining the relation of the Lorentz group implies the following
important statement: if the condition of preservation of the Lorentz metric is taken and

the low index of A is specified to be zero, then the following will be obtained:
N AGAG = (A8)2 - (Aé)z =10 = 1. (2.53)
From expression ([2.53) can be seen that:
(A =1+ (A))* > 1. (2.54)

Expression in (2.54)) is always bigger or equal to one, because a non-negative contribution

A)? is added to one. Therefore there are two possibilities for the component AY:
0 0
Ay >Tor A< —1. (2.55)

The correspondent Lorentz group is a six dimensional non-compact Lie group whose
mathematical name is O (1, 3), where O stands for orthogonal. This group consists of four
topologically separated spaces.

Now it is possible discuss the following statements. First of all, Lorentz transformations
may reverse the direction of time or not reverse the direction of time, e.g. keep the direction
of time. In other words, they can transform a future point in time like vector into a past
point in one. In other words, it’s related to the effect if condition completes.

The second thing is that Lorentz transformation reverse or not reverse the four dimensional

reference frame. This related to the effect if
det A =1o0or detA =—-1. (2.56)
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We have two operations, which are also Lorentz transformations, and there are discrete
operations. One of them is parity and another is time reversal. Time reversal operation
will reverse direction of time and the parity will change the orientation of the frame
and transform the matrices with a determinant equal to one with two matrices with
determinant equal to minus one and vice versa.

A’s for which AJ > 1 preserve the direction of time. For this reason they are called
orthochronous. The product of two orthochronous transformations is also an orthochronous

transformation. It can be seen easily if the following is noticed
[Ag] > [1Ag]] - (2.57)

This implies that modulus of A is bigger than the norm of the vector Aj.
Now A} is a 3-dimensional vector and then ||A}]| is the square of its norms and it’s
naturally follows from the relation ([2.54)).

Analogously, if in the relation (2.54) A — A’ is changed, which is also Lorentz

transformation, the following will be obtained:
A9 > [|A9]] - (2.58)
Therefore, if the product of two Lorentz transformations A and A’ is taken, it will be:
(AA)§ = AJAS + ADAE . (2.59)

Now if the Cauchy-Bonyakowski-Schwarz inequality is used, which essentially tells that

for any two vectors x and y the following is found:

(@, y)] < [l lyll - (2.60)

It will be obtained that:
[ATAG] < [JA[] A (2.61)

Therefore, if it is assumed that A and A’§ are both positive, it will be concluded that:
(AN)) >0, (2.62)

which means that A must be bigger or equal to one, because any Lorentz transformation
with positive A must have the property that it’s zero-zero component is bigger or equal

to one.
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In other words, if we have two orthochronous transformations, then the product of
these two orthochronous transformations is also an orthochronous transformation, which
means that orthochronous transformations by itself form a group.

It can be also shown that the inverse of the orthochronous transformation is an
orthochronous transformation. And this group or subgroup of the Lorentz group, which
consists of orthochronous transformations is denoted as O (1, 3), where plus is related to
the fact that we preserve the direction of time.

Now concerning the determinant, the Lorentz transformations, which preserve orientation
are called proper. These are transformations with determinant equals to +1. The transformations
with determinant equals to -1 are called improper.

The proper Lorentz transformations form a subgroup of the Lorentz group, which is
denoted as SO (1, 3), where the letter S as usual means special.

Now it is possible to combine these two properties of being orthochronous and being
proper and get a subgroup, which is called a restricted Lorentz group. A restricted Lorentz
group denoted as SO™ (1, 3) and consists of proper orthochronous Lorentz transformations.
Actually identity matrix is a proper orthochronous Lorentz transformation.

Now it is possible to get the picture of how topologically the Lorentz group looks like:

1) A component which consists of all Lorentz transformations, which have a AJ > 1,

and which have det A = 1. This is the restricted Lorentz group SO* (1, 3).

2) A component which contain Aj < —1 and det A = —1. This component presents
improper transformations, inverting the direction of time. The passage from restricted
Lorentz group to this component is done by application of what is called time

reversal. Time reversal is a particular Lorentz transformation, which looks like:

T = diag (-1, 1, 1, 1) . (2.63)

3) A component which contain A3 > 1 and det A = 1. This component is obtained
from the proper orthochronous subgroup by means of application, what is called

parity or space inversion denoted by P:
P =diag (1, -1, -1, —1) . (2.64)

As can be seen from ([2.64]), parity changes orientation of the three spatial coordinate

axes by multiplying them by minus one.
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4) A component which contain A) < —1 and det A = 1. That is why all transformations
of the component are not orthochronous. The component is obtained from restricted
Lawrence subgroup by means of combined application of a space inversion with
the time inversion. Combined application keeps the determinant equals to one, but
since the time reversal is employed, then what will be obtained are matrices of

non-orthochronous Lawrence transformations.

Discrete operations, which relates this topologically distinguished or topologically

different components of the Lawrence group, are the following discrete operations:
{e, P, T, PT} . (2.65)

Presented discrete transformations also form what is called a discrete group or discrete
subgroup of the Lawrence group O (3, 1), which allows the movement among these different
topologically different components.

Described list of components suggests that only component with AJ > 1, and det A = 1
here is an actual subgroup of the Lawrence group. Other components, if we take them by
themselves, do not form a subgroup. There is only one subgroup and this subgroup is a
subgroup of proper orthochronous Lawrence transformations because only this component
contains an identity group. The connected subgroup of the Lorentz group of dimension
six is SO™ (1, 3).

The Lorentz group is six dimensional Lie group because of the fact that Lawrence
transformations combine three rotations around three coordinate axes: z, y and z. In
addition, there are three boosts, which involve one special direction and the time direction.
If you have a four dimensional Minkowsky space, the picture of possible transformations
will look like presented on fig.

Then it is necessary to remind how any rotation can be parameterized. It is possible
to do it by specifying the rotation axis 7 and the rotation can be done by specifying a
unit vector. If 77 is a unit vector, it is also needed to specify a rotation angle around this
unit vector, and the rotation angle will be 6.

If the following three by three matrices are defined

00 O 0 01 0 -1 0
a=100 —-1|,a=]10 00]|,a3=]1 0 0], (2.66)
01 0 -1 0 0 0 0 0
30
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AX°

&

Fig. 2.3. The picture of possible transformations of a four dimensional Minkowsky space

z

Fig. 2.4. The rotation axis 7 and the rotation angle

then such a transformation is described by a matrix

R(7,0) = " (2.67)
where @ comprises three matrices a1, as, as:

a= (a1, as,as) . (2.68)

R (7i,60) is a three by three matrix of rotations specified by the direction 7 and the
angle 6. It is possible to compute this matrix quite explicitly. In fact, the scalar product
na can be written as:

(ﬁc_i)ij = —&iKNk - (2.69)

Then it is practicable to exponentiate the product simplified by formula and
this gives us an explicit three by three matrix with the following matrix elements. After

computation of this matrix elements the following expression will be obtained
R;; (11,6) = cos06;; + (1 — cos ) nyn; — sinf e;ny, - (2.70)

It can be easily checked that the matrix R is orthogonal. It satisfies the properties
that
R-R=R-R'=1. (2.71)
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It means that this matrix is an element of the group of rotation SO (3).
It also should be said that
—r<f<T7, (2.72)

which covers the whole interval 27.

But in fact, it is possible to restrict the rotation angle to run from 0 to 7, because
the negative values of 6 from —x to 0 are equivalent to changing the direction of vector
77 to the opposite. The vector n can be allowed to be an identity or a unit vector, which
actually runs over € or run over the two dimensional sphere.

Very often people use this model for a topological description of the rotation group
(fig. 2.5)). They say that the angle can be identified with the lens of the vector 7. This
vector is not a unit one, but the wall of a radius 7 is felt. Any point inside this wall of
radius 7 will represent a rotation in the direction, specified by the line connecting a zero
point with a point inside the ball. The rotation angle will be given by the lens of the
interval connecting this point with the origin. A bit non-trivial in this description of the
rotations is that diametrally opposite points on a sphere should be identified because of

the fact that a rotation on angle 7 and —n will give the same rotation.

T

7

Fig. 2.5. The model for a topological description of the rotation group

Now it is possible to embed the rotation group into the Lorenz group and embedding

is done in the following way:

1 0
A(n,0) = (O R(ﬁ,9)> , (2.73)

where the time direction is untouched and represented by 1.

It also can be checked about the matrix R that it satisfies the property that

R(7,0+27) = R(71,0) . (2.74)
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Boosts

Now let’s come to boosts. Boosts will be represented by four by four matrices:

0 -1 0 0 0 0 -10 0 00 —1
~1 0 00 00 0 O 0 00
by = , by = , by = (2.75)
0 00 ~10 0 0 0 00
0 00 00 0 0 ~1 00 0

Now there will be rotation, but around what is called hyperbolic angle. The corresponding
Lorentz transformations are now specified again by the axis around which the rotation is

happened and by the rotation angle, which is called 1:
A (71, 9) = '™ (2.76)

where b is equal to:
b= (by, b, b3) . (2.77)
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Lecture 3. Lorentz and Poincare Groups, Noether’s

Theorem

Repeating of the rotation group

At the last discussion it was considered that any rotation can represented by the

rotation R (7, 0) given by the formula:
R(7,0) = "7 (3.1)
If the corresponding exponent is computed, then a rotation matrix will be obtained
R;; (11,6) = cos 0 6;; + (1 — cos 0) nyn; — sinbe;jpny, (3.2)

where ¢ and j runs from 1 to 3.

It can be easily checked that the matrix R is orthogonal, which means that
R'R=RR'=1. (3.3)
Also, the matrix R is periodic:
R(7i,0 +27) = R(7,0) . (3.4)

As can be seen, R represents three dimensional rotations and embed into a six dimensional

Lawrence group in the following way:

(1 0
A (7, 0) = (O R(ﬁ,Q)) , (3.5)

where A is a matrix of Lorentz transformation.

Lorentz boosts

When we speak about Lorentz boosts, it is necessary to consider a similar parametrization
with the rotation group, but instead of three by three matrices it is needed to consider
four by four matrices b; which have a form described in previous lection.

Exponentiating these matrices, but now multiplied with the angle 1, will give the

matrix of Lawrence boosts:

A (71, 9) = e (3.6)
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If the corresponding exponentiation is performed, the following matrix will be found

h —n; sinh ¥
A (7, 0) = ( cos n; sin ) ’ (3.7)

—n;sinhd  §;; (cos¥ — 1) nyn;

where A now it is parameterized by the hyperbolic angle and the name hyperbolic is
related with the hyperbolic functions: cosh and sinh.

It is also should be noticed that the hyperbolic angle 1 is not running from 0 to 2,
but it runs from —oo to +o00. Therefore, 9 is usually called rapidity because it is related to
a velocity with which we boost the Lorentz system with respect to the reference system.

It can be seen that cosh is always bigger or equal to one
coshd > 1. (3.8)

By the property, it is a variable which takes values from 1 to 400 and, for this reason,

it is possible to parameterize it as

cosht) = ——— (3.9)

where v is a three dimensional velocity vector and c is the speed of light. In other words,
the rapidity is related to velocity by means of formula (3.9)).

Now, the transformations, as can be seen from , are now correspond to the
orthochronous transformations. Clearly this means that the component Ay of the Lawrence
transformation is bigger than 0, which means that the work takes place with orthochronous
Lorentz transformations.

Equation (3.9) can be solved for the modulus of velocity and if we do that, the following

answer will be found

|| = +c tanh ¥ . (3.10)

Let’s take from ([3.10]) the expression with the plus sign. If the plus sign is selected, it
is necessary to restrict the variable ¢ to run from 0 to +o00 because in this case tanh will
be positive and we will get on the right side the non negative expression.

In this case, if this choice is made, it will be seen that the variable sinh ¢ will be given

by .
sinh ¢ = ol (3.11)

cr/1—

nwldl\l)
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THE PRINCIPLES OF QUANTUM FIELD THEORY

GLEB ARUTYUNOV
Now it is possible to use the parametrization of cosh and sinh in the formula for

Lorentz transformation
1 o7
(3. 12)

where A is four by four matrix and depends on @, which represented in (3.12) as a column

of size 3. It also should be noticed that ¢ is a row of size 3.
Variable v in formula (3.12)) is the velocity with which a moving frame is boosted with

respect to the original inertial frame.
The expression ¥ ® U means that ¢ is multiplied by transposed ¢ in terms of the

tensor multiplication
U1
TRUT = |u | ® <v1 Vg U3> , (3.13)
U3
where for an element with indexes ij we will get
(3.14)

(77@ W)z] = Uivj .

Now let’s formulate the general form of Lorentz transformations. A four dimensional

vector X can be transformed to a vector X’ by a rotation matrix and also by a matrix of

(3.15)

X .

Lawrence boost:
A (7, 0) A (U)

X =

generic Lorentz transformation

From formula (3.15]) there are three parameters related to rotations and three parameters
in the velocity vector related to Lawrence boost. All together this parameters form a six

parametric group of transformations.
If expression (3.15)) is written more explicitly, it will be obtained that
ct

et 1 g
Y 1 0 -2 — 2 ¢ -
_ ! e N . (3.16)
22 0 R(M0)) | ——As? 1+ (;@ _ 1) v%ﬁ 2
-5 -2 ,

If expression (3.16) is written for components by multiplication of the vector on
the right side by two matrices, it will be possible to derive the transformation loss for
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individual components of the four dimensional vector. For instance, for ¢’ it will be found

that ¢’ is related to the original coordinates by the following formula

== (3.17)

The three dimensional vector Z’ is related to the original vector Z and time ¢ by the

formula

ot 1 7o (7 &
7 =R(0) |- ————— + | D)

1-5 V1-5
We may now recognize that expressions in (3.17) and (3.18) are standard formulas
of special relativity. (3.17)) represents a transformation of time coordinate ¢, and ({3.18])

represents a transformation of the spatial coordinates x under Lawrence transformations

(3.18)

@l\% S

governed by the rotation parameters, # and by the velocity vector. These formulas are
standard formulas which may be recognized from the course of special relativity.

As an exercise formulas can be used, for instance, to derive the law of addition of
velocities in special relativity. For that it is necessary to consider 2 successive Lawrence
transformations, which are boosts for velocities v' and v?, and use this formulas in order
to see how the velocity add in special relativity.

Now, it is possible to extend the Lorentz group to the Poincare group by including

shifts of space time coordinates of the following form
= =t +at | (3.19)

where a* is a constant shift which is a constant four dimensional vector.

Lie algebra

Lie algebra is important notion, which is related to the notion of a Lie group. And a
Lie algebra is an infinitesimal version of a Lie group.

Mathematically a Lie algebra is a linear space, which is supplied an operation called
commutator, which is bilinear, skew symmetric and satisfies a Jacobi identity.

If two elements of a vector space v and w are applied, the commutator of this two

vectors will have the next property:

[v,w] = — [w,v] . (3.20)
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The Jacobi identity means that if three elements v, w and u are taken, next cyclic

permutation will be obtained:
[[U’ w] 7“] + HU’ U] ’w] + [[wa u] >U] =0, (3'21)

where the operation written in (3.21)) must be bilinear. Such a linear space is called a Lie
algebra.

In fact, every Lie group has a Lie algebra, and in particular a Poincare group has a Lie
algebra. And this Lie algebra is spent by generators, which we will denote by M,,, where
p and v running from 0 to 3. The M, will be Lorenz generators. In addition to Lorenz
generators, there will be also generators responsible for shifts, which will be denoted as
P, and call as momentum generators.

It will be seen a little bit later that space-time shifts related to momentum of our
dynamical system and it’s very natural to call the P, momentum generators.

The Lie algebra relations between generators M, and generators P,, which make a
Lie algebra of the Poincare group, are given by the following commutation relations:

(M, Mpo| = i (=mwpMyo + Nup Moo + Mo Mup — 1o Myp)
[M,va PU] = (n,uopu - nucrp,u) (322)
[Puv P,,] =0

Exponentiating of generators of the Lie algebra will give the corresponding group
elements and, in fact, this was already done , for instance, for a case of the rotation
group. It was seen that the group element is constructed by means of exponentiating of
matrices a, but the matrices a are elements of the Lie algebra of the rotation group SO (3)

and the corresponding commutator of a;, and a; of matrices is easy to compute:
[CLZ’, aj] = &ijkar - (323)

In quantum theory, the Poincare generators become Hermitian operators. Hermitian
operators means that M, and P, are represented as operators, which satisfy the condition
(13.22).

A Hermitian operators also satisfy the following condition:
M:V =M, , P:[ =P, . (3.24)

The presented generators will be explicitly realized on a certain space, called the Fock

space. We will come to the discussion of the Fock space a little bit later.
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A scheme which we want to achieve in quantum field theory connected with searching
of so called unit area and realization of unitary representations of the Poincare group.

As it can be known unitary representations play an important role in quantum mechanics
and also as a consequence in the quantum field theory because unitarity is naturally related
to the conservation of probabilities.

In quantum field theory it is also necessary to achieve unitary representations of our
symmetry groups and one of the important symmetry groups is the Poincare group, which
is a symmetry group of the space-time.

Therefore, the main goal will be to obtain the unitary representation of the Poincare
group. Finally, we can also introduce important relation between the proper orthochronous
Lorentz group, whose name is SO* (1, 3), and the special linear group of complex 2 by 2
matrices, whose mathematical name is SL (2,C).

There are three Pauli matrices o;, which are well known from quantum mechanics

) (0 1) ) (0 —i) ) (1 0)
o= , 00 = , 00 = : (3.25)
10 i 0 0 —1

Pauli matrices presented in (3.25)) can be also combined with the unit matrix ¢°, which

AN
o = (0 1) . (3.26)

All Pauli matrices can be combined in one definition of a matrix ¢ in the following

is the unit 2 by 2 matrix

way
o' = (o0 , (3.27)

where 7 can be equal to 1, 2 and 3.

Simultaneously, a notion of matrices can introduced
" = (0", —0") . (3.28)

o" and @" are collections of 2 by 2 matrices. Then, having a four dimensional vector

x#, a 2 by 2 Hermitian matrix can be defined by means of the following construction:

3 3
X = Zx’“‘a“ = Znu,,xﬂﬁ” : (3.29)
p=0 p=0

If the matrices ¢ in (3.29) is substituted , it will be seen that explicitly, we construct
the 2 by 2 matrices of the following type:

0 3 ol _ g2
X:(x R (3.30)

ol 4 20— 23
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It’s easy to see that since z# are real, the matrix X is Hermitian, which means that

under commission conjugation it stays invariant:
Xt=X. (3.31)

If there is such a commission matrix, it is possible to uniquely determine the original
components x* by taking a trace of x with a metric o*:

1
at = §Tr (X -o") . (3.32)

It can be easily verified that computing a trace from (3.32)) will lead to turning back
to the original coordinates x*.
Finally, it also can be seen that if the determinant of the commission matrix X is

computed, it will be
det X = (27 +2%) (2° — 2°) — (2! —ia?) (a' +iz?) . (3.33)
If is simplyfied, it will be obtained that
det X = (%) — (1) = («)" — («%)" . (3.34)

Expression ((3.34)) is nothing else as a four interval, which is Lawrence invariant.
Now it is possible to define on the commission matrix X the action of the group SL.
Let’s take a matrix ¢ from SL (2,C) and allow it to be multiplied on the commission

matrix X in the following way:
X = X' =gXgt, (3.35)

It is clear that such transformation will not destroy hermiticity and will preserves it,

because due to the rules of hermitian conjugation the following expression will be obtained
X' = (gXg")" = (g7) X Tyt =gXTg". (3.36)

It also can be seen that if we look at the determinant of X', this determinant will be
equal to
det X' = det gX g™ = det gdet g™ det X , (3.37)
——
=det g
where the determinant of g* is determinant of g* but determinant does not changes with
transportation of the matrix. Since the talk is about special linear group, determinant of

g is equal to 1 by the definition of something that is called special linear group.
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Let’s remind that the special linear group is a group of 2 by 2 complex mattresses

with a unit determinant. That is why
det X' = det X . (3.38)

Let’s conclude that since these determinants are equal to one, we get determinant of X
and determinant of X is a four interval. Therefore, completed transformations by matrices
from SL (2,C) group preserve the four interval. Once they preserve the four interval it is
possible to say that they just perform on the vector x* Lorentz transformations.

It can be seen that the conservation of the vector length is guaranteed by the transformation.

But this transformation may be written more explicitly
't = %Tr (X'oH) = %Tr (9XgTo") . (3.39)
Then it is possible to simplify using the definition of x from (3.29)):
't = %Tr (o"g5”g") npa” . (3.40)

Formula (3.40]) relates the transformed coordinates to the original coordinates and
it is known how this transformation should look like in terms of matrix of Lorentz

transformation

't = Aba¥ (3.41)

and this means that the matrix A* is found in an explicit way and it’s given by the formula

1
M)y = 5Tr (0"g5"g ™) 1y (3.42)

v

where A is parameterized by an element g of the SL (2,C).

In fact, formula gives a map from SL (2,C) to the group SO* (1, 3).

It should be noticed why SO™ (1, 3) is written. This is because, if the element AJ of
the gotten matrix is written, it will be obtained that

1
Ag)g = 5m0Tr (e°97°9") (3.43)

where ngo = 1, ¢° and &° are identity matrices.
That is why A (9)8 is bigger than zero and therefore, it was realized by means of the
construction

A(g)g = %Tr (99%) >0 (3.44)

the orthochronous transformation.
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It also should be pointed that all nondiagonal elements of the matrix A will be 0,
because the metric 1 is diagonal.

Let’s prove that the transformation presented in (3.42|) is proper. That means that
it is necessary to prove that determinant of the matrix is equal to one. It is possible to
compute it easily by using the definition of A# and it will be found that the determinant
of A will be reduced to the determinant of g.

As a result it will be obtained that

det A = (det g)* - (det g+)2 =1. (3.45)

What is very interesting is that the map from SL (2,C) to SO* (1,3) is a map 2 to
1. It means that, in fact, there are two matrices of SL (2,C) which go to one matrix
of Lorentz transformation. For instance, two elements g and —g, which both belong to
SL(2,C), go to one element of the Lorentz group. If ¢ is changed to —g, the matrix A,
which is construct by formula (3.42) will not be changed.

And moreover, it is known that the group SL (2, C) is simply connected while SO (1, 3)
is not simply connected. The term simply connected means that if SOT (1, 3) is considered
as a topological manifold and a closed loop such as presented at (fig. is considered, it

will be seen that this loop cannot be contracted to a point all the time, returning inside

is SO™ (1, 3).

not-contrectible
loops

&

Fig. 3.1. A topological manifold with a closed loop

In other words, in SO™ (1,3) there are non contractible loops. In a way, SO™ (1, 3)
looks like a circle.

If a circle is considered, which is the simplest group U (1) by multiplication, then, if
any loop is considered, it will be clear that it is not possible to contract it.

In fact, we discovered here that SL (2,C) represents a simply connected double cover

of SO* (1,3) (fig. B2).
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SL(2,C)

]
]
eA3) 507(1,3)

Fig. 3.2. A picture how SL (2,C) double cover of SO™ (1, 3)

It also can be introduced that any simply connected manifold which covers non simply
connected manifold is called the universal cover. So, SL(2,C) is the universal cover of
SO™(1,3).

As an exercise, it can be checked that indeed the matrix A#, which is constructed in by
formula , is a matrix of Lorentz transformation, it preserves the Minkowsky metric.
It means that you need to take Minkowsky metric 7,, and need to apply to it Lorentz
transformation AJAY and then you can compute this expression by using formula (3.42)).

In fact, this has already been shown in a simple way by noting that transformations
of the type, which was considered, preserve the determinant and determinant is a four-
interval.

It also should be noticed that in general, if non-trivial background takes place, which
is not Minkowsky space, then this background is characterized by certain metric, which
can not be put on it. This metric might have or might not have what is called isometries.
[sometries typically would provide a symmetries of a quantum field theory on a curved
background, when the background is not flat like in Minkowsky space. It can be seen that
quantum particles not only in Minkowsky space, but, for instance, quantum particles in
the background of black hole. This means that space-time is very curved. This means that
different background requires the different metric. The possible group of isometries is a
group which preserves metric. In fact, for each manifold it is possible to define the notion
of a tangent space. Even if there is a curved manifold, there is a tangent space. Then in
this tangent space, there will be a group of transformations of tangent vectors which are
attached to this space and this space will be linear. Therefore, there will be a group of
linear transformations. If this tangent space is supplied or inherits Minkowsky metric, it
will be a Lorenz group of the tangent space. Such a way Lorenz group becomes associated

with a tangent space, but not to the whole manifold moving from point to point. There
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will be a different sort of local Lorenz groups. In this case, in general, if there is no trivial
metric, it is possible to talk about different morphisms which preserve this metric and

these different morphisms are called isometries and they form the group of isometries.

Fig. 3.3. The tangent space in very curved space-time

Noether’s theorem

Noether’s theorem has been established by me Noether in 1980. This theorem is
important, because it relates symmetries to conservation laws. If a dynamical system
are given, then a special role is played by the so called dynamical invariances or quantities,
which are invariant with respect to dynamics of the system. Very often dynamical invariances
are called as conservation laws. This means that if there is some dynamical systems, for
instance, a system of particles, which are characterized by coordinates and momenta, when
the dynamical system develops in time, the coordinates and momenta undergo changes,
but it is possible to create some complicated or simple quantities, which stay invariant
while time develops.

So, z; and p; of individual particles of the system change with time, but dynamical
invariance remains unchanged. For this reason they are called conservation laws.

If the goal is to describe a dynamical system, it is not enough to know solutions
of equations of motion. It is also important to be able to express the basic physical
characteristics of a system like, for instance, conserved energy or conserved momentum.
It is necessary to to know the energy and momentum or angular momentum of the system
as a whole and for this reason it is needed to be able to find expressions for this quantities
like energy momentum, angular momentum and so on in terms of individual dynamical
coordinates and momenta, in other words phase space variables of the system. This goal

is precisely achieved by means of Noether’s first theorem.
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Noether’s theorem tells the following: let the action of a dynamical system be invariant,
up to a boundary term with respect to a finite parametric, that is dependent on s constant

parameters, continuous transformations of fields and space time coordinates. Then

1) there exists s linearly independent currents J¥, where n runs from 1 to s with

divergences equal to certain linear combinations of Lagrangian derivatives.

2) on-shell, that is on solutions of equations of motion these currents are divergenceless
which means that 9, J* = 0, and they give rise to dynamical invariance or conservation

loss, which are conserved functionals of fields and their derivatives.

The symmetries of the action, which leaves the action invariant up to a boundary term
are called variational symmetries. The symmetries we are talking about in the Noether’s
theorem can be formulated in the following form: transformation of the coordinates is

involved as

= 't =2 (p, x) (3.46)

where 2'# depending on fields or several fields, which might have a different nature and
can be scalars, vectors, tensors, and so on and depending on original coordinates.

Together with this, we also need to introduce transformations of fields

i () = ¢ (2') = ¢ (¢, 2) . (3.47)

It is assumed that the work is carried out in d-dimensional space and that is why index
w is allowded to run from 0 to d — 1. Derivatives of fields under this transformations will

change accordingly
Oui — 0,05 - (3.48)

In general, such transformations can be non-trivial, because not only space-time coordinates
are being transformed, but also fields. Moreover, space-time coordinates may be required
to be transformed by involving fields.

Let’s now prove the Noether’s theorem. First of all, the theorem requires that the
symmetries of the action may be seen up to a boundary term. It means that if the action
functional is taken, which is an integral over d-dimensional space-time of the Lagrangian

density. Then in new coordinates, the action will look like

S = /Q A% L (¢} (2'), 0,6} () (3.49)
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where the Lagrangian density depends on transformed fields ¢ ('), and derivatives 9, ¢; (z').
Integration will also be done over the image of the original region €2 under the coordinate
transformation.

Originally there is an integration region {2, which can be arbitrary. Under the transformation

x — ' it is mapped to some other region, which is called Q' (fig. [3.4).

x>

Fig. 3.4. The transformation x —

The condition of the theorem requires that the new action linked with the old action

by the formula

dA#

= / de | £(6: (), 0,0 () + (3.50)
Q NG
boundary term
In the last lecture, it has been discussed that adding a derivative %, where A* is

a function of fields ¢ does not influence on equations of motion. Variational symmetries
allow the change of the action up to a boundary term.

The condition (3.50f) is required in the Noether’s theorem and the gotten invariance
must be evaluated on the arbitrary region 2.

It also should be noticed, that for the Noether’s theorem it is not important that the
A" depends only on field ¢. In general, A* might depend on derivatives of ¢, but the
problem is that, in this case, this addition will lead to the problem that the physical
requirement to have a unique solution of the standard Kashi problem will not preserve,
because the new Lagrangian would involve derivatives higher than the first derivative.
But the Noether’s theorem is telling us that any boundary term is allowed.

Now it is necessary to use arbitrariness of the volume €2 and compare two integrals
for S’. For that, it is possible to make a change of coordinates from ' — x and pass to
integration over the original variable x over the region (2.

Under the change of coordinates it is necessary to use a Jacobian, which is a determinant

of the Jacoby matrix. Such a way the following will be obtained
ax/a

57| X dda . (3.51)

ddgj'/ _ ‘
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Then there will be two integrals over the same volume €2 and since €2 is arbitrary it
is possible to change it arbitrarily. Left hand side should be equal to the right hand side
and then this is only possible if the integrals are equal to each other.

So, the condition of the equality of the integrals can be written in the following way:

83;,/04

dA#
£ @),00 ) [5s

=L (¢ (%), 0udi (x)) + ——- - (3.52)

dat

The infinitesimal version of this equation is considered. This means that infinitesimal
transformations that infinitesimal transformations are necessary, in which z* goes to x’*

and a small variation of z# is infinitesimally added to z*.
at — 't =2t + ot (3.53)
For fields infinitesimal version phi; (x) goes to ¢} (z'), which is

i (x) = ¢ (') = ¢i (x) + 06 (x) (3.54)

where again the edition to phi; is an infinitesimal version of the transformation.

It is also needed to parameterize transformations with the help of individual parameters.
As it was described in the Noether’s theorem, we are talking about s independent constant
parameters, which parameterize transformations. Transformations are linear and continuous

functions of parameters and, therefore, it is possible to write

doat =Y XK & (3.55)
1<n<s parameters

where €" are parameters parameters, which are constant in a sense that they do not
depend on space-time points or fields and they just numbers, X! are quantities which
describe response of x* on the change by infinitesimal parameters €.

Also for fields it is possible to write d¢; () is given by a response of fields:

i (x) = > Dipe” (3.56)

1<n<s

where @, ,, are responses of fields on infinitesimal transformation with parameters e,.
Then let’s look at how Lagrangian density transforms under symmetry transformations.
For this reason it is necessary to consider ¢} (z’). So infinitesimally it is written in the

following way

¢ (2') = ¢ (v + ox) . (3.57)
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Now, it is possible to expand variable in (3.57)) in a Taylor series in the following way
¢ (2') = ¢; (x) + Ougy (x) 0t + ..., (3.58)

where instead of ... it is practicable to continue a Taylor series, but there is no interest
in that, because infinitesimal transformations are considered.

Then it is possible to simplify expression (3.58) and get
8 (2') = 6, (2) + O, (2) X" + ... (3.59)

Now it can be seen that ¢, will be different from ¢; also by order €, but one order
e is already in expression (3.59) and this means that there will not be a mistake at the
leading order in € if there is a replacement in the 0,¢; with the original field ¢,. In this
case, there will not be a at a given order € because the difference between ¢’ and ¢ is of

order € and it will contribute to the order €2.
¢; (v') = ¢} () + Ougs (v) X}e . (3.60)

At this point, it is important to realize that the variation, which is applied to the field
¢, 6 does not commute with derivative %. That is why, because variation 0 an effect of
both changing coordinates and fields. This variation is due to both the change of the form
of the field, and also due to the change of the argument of the field. The variation d¢
incodes both variation of coordinates and the variation of the form of the field. In order to
distinguish variation of the form from the general variation, which also involves variation
of the coordinates, the variation of the form of the field is introduced, which will not be

denoted by 6. By definition this is

0 = ¢ (x) — ¢ (x) - (3.61)

In other words, it can be seen how the variation of the form of the field changes,
keeping this field at the same point. So space-time point is kept untouched. Such a way
the difference between primed and unprimed fields is considered. It is possible to find

what this variation is, because this is nothing else as the following thing:
0 = (Vi — 0utpi X) - €. (3.62)
Expression for can be gotten from the next condition:
Gi () + Py ne" = ¢ (x) + 0 XV - €, (3.63)
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where then it is necessaru to subtract ¢; (x) from ¢/ (z):
06 = ¢} (x) — di (x) = (Pip — Dui X}) €" . (3.64)

From (3.64)) it can be seen that variation of the form coincides with the full variation
only if dx* = 0.

Now it is possible to compute the variation of the Lagrangian density and for that the
Lagrangian is considered as a function of the variable x.

The new Lagrangian density is equal to
L' (2) =L (¢ (), 0,¢' () . (3.65)

As can be seen from ([3.65)) the new Lagrangian is an old Lagrangian density evaluated
on the new coordinates and new fields.

So now it is obtained that
L)y =L" () + —da" . (3.66)

It is possible to add the Lagrangian density and then subtract it

L')y=L(x)+ L () — L(z) + £5$“ (3.67)

which gives us variational form of the Lagrangian plus total derivative:
- dgl
L'(2") =L+ 6L+ —dz" . 3.68
() = £+ 0L+ 50 (3.65)
The variation of the Lagrangian is computed in the usual way as
- oL - 0L -
0L () = —¢i + ==——=0,00; , (3.69)
0o 0 (Dus) "
where it is possoble to use the effect that the variation of the form commutes with the
space-time derivative and, therefore, this gives us the following expression:

260 = (5 - i (s0)) e (s0™) - O

. S/
-~

€

The last thing to take into account is the infinitesimal expression for integration
measure. On the next lecture it will be shown that the integration measure is given

by the following expression

axla
ozh

0dx®
0xh

- 55 + (3.71)

0
W (l’a + (S[L’a)‘ =
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It can be seen that if there is no goal to restrict yourself to the leading order in €, then
expression ([3.71]) in the leading order gives us

81,/&

d

da+

Now let’s return back to the original equation (3.52f), which is required in the Noether’s
theorem. The infinitesimal version of this expression will be considered. That is why
Lagrangian will be replaced by Lagrangian plus its first variation. As a result on the left
side of the it wiil be obtained that

- d oL - dl d
(L_%aéﬁ_%dxu(a 6¢,+.”)—+———&p> (1+:£;6x +.“> . (3.73)

(au¢z) dl’“
On the right hand side it will be obtained that
doAH
L .74
+ P (3.74)

Then it is necessary to open the brackets on the left side and collect the terms at
leading order.

It should be noticed that dA* is understood as A# - €" and the leading order is epsilon.

After collecting the terms of order ¢, the following expression wiil be obtained

d oL = d 0L oL -
dzr <a (0,00) 0¢p; + Lozt — (5A“) = 1 (a 0.6 — 3_9252> 0p; (3.75)

From expression (3.75)) it is possible to read off that there is a current exist, which

will be called J# and can be written as

oL -
S R T IV 3.76
5(0,0)"" (3.76)

The current written in (3.76)) has a property that:

4" _
A Y (3.77)

da+

i.e. the divergence of the current J* is given by a linear combination of Lagrangian
derivatives ¢; and this linear combination involves the variation of the form of the field
;.

Index n will be introduced in the following way: if we plug in variations, explicitly,
a variation of the form of the field, variation of the coordinates and variation of A*, it

will not be possible to see that for since parameters, " is independent. For each of these

20
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parameters, tere will not be a conserved current. This conserved current J#, where index

n runs from 1 to s, will be given by the following expression

oL
J= 2 (@, — 0 v$iXY) — L XE AR 3.78
900 i OO &1

Expression from (3.78)) can be called as Noether’s current. On equations of motion or,
in other words, on shell all Lagrangian derivatives are equal to 0 and this is why currents

are conserved. In other words, their divergences are equal to 0

dJ*
d—x’;:0for Vn=1,...,s. (3.79)

Expression (3.79) is basically completes the proof of the Noether’s theorem. The only
point that was not explained is the construction of the dynamical invariance, which relies

on the divergenceless currents, but this will be explained in the next lecture.
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Lecture 4. Applications of Noether’s Theorem.

Conservation Laws and Symmetries

During the previous lecture it has been found an expression for the conserved current,

which follows from the Noether’s theorem. This current has a following structure

0L
Ji= (@, — OypiXY) — LXE A 4.1
90,00 T A -y

where in the gotten expression there are two indexes p and n, where p runs the space-time
coordinates from 0 to d — 1. At the same time index n represents a range of independent
parameters and runs from 1 to s. Variable s can be characterized as a set of independent
variation parameters.

With respect to index p there is a conservation law of the next view
oJl =0, (4.2)

where this condition is right on shell, which means on solutions of equations of motion
(Euler-Lagrange equations).

The local conservation laws can be used to define the integral invariance. It is
necessary to assume that all fields vanish at spatial infinity and then defines the following
integral

Jp = / dz.J? | (4.3)
B
which is denoted as an integral of the zero component of the current, where zero-component
means time component. It also should be noticed that it is necessary to integrate over
d — 1-dimensional hyper surface, which is orthogonal to the time direction.

Formula can be visualized as presented at (fig. [£.1)).

Then when such a quantity .J,, is constructed, the statement is that this quantity is a
conserved charge, which sometimes can be called as a Noether’s charge. It is true, because
if J,, is differentiated over time, there will be obtained that

dJ, 0 - _0J°
—_n_ _Z = L 4.4
dx® 020 Jp dzJy /B dz 0x0 (44)

0

where the differentiation over z" is moved inside the integral, because we are integrating

over spatial directions.
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Ax°

V4%

Fig. 4.1. Integration over d — 1-dimensional hyper surface orthogonal to the time direction

Now, the current which depends on time and on the spatial components becomes the

partial derivative, but then from the conservation law it follows that in terms of indexes

0J% 9Jt
90 gm0 (4:5)

where ¢ runs over spatial indexes from 1 to d — 1.

The derivatives with indexes ¢ can be replaced by the divergence. Such a way it is

possible to write a new expression for %:
dJ, aJ
— = -d7 | 4.6
dx0 /3 ox’ (4.6)

where the total derivative in the integral was obtained and such a way it is possible to

reduce integral to the integral over the boundary of the space region (fig. .

Fig. 4.2. Integration over the boundary of the space region

A boundary of the space region will be denoted as 0B and then it is possible to write

(1:{:0 OB " ’ .
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where 7 is a normal vector to the boundary of the region.

The expression in the brackets of the (4.7)) is a flux of the vector J, through the
boundary.

Then it is necessary to tend boundaries to infinity. If the boundary ia taken, for
instance, as a sphere, surrounding the space as a d — 1-dimensional ball, the boundary
will be a d — 2 dimensional sphere surrounding the ball. If our fields are assumed to have
a vanishing behavior at infinity, then in the limit where this boundary tends to infinity
the integral will tends to zero, because fields are assumed to die at special infinity.

In this case, if the boundary conditions described above is assumed, then it will be

seen that there is a next conservation law:

dJ,
i 0. (4.8)
Then it is possible to apply the general theorem of Noether to the discussion of concrete
examples of symmetry transformations and derive for this examples the corresponding
conserved currents.

First of all, let’s start with the case of an internal symmetry.

Internal symmetry

This is a case where the space-time variable x* is not touched and do not do anything
with z#. That is why:
dat =0 (4.9)

From (4.9) it is clearly seen that the only variation that is possible to be done is a
variation of the field. That is why it’s called internal symmetry, because it does not involve
change of the space-time.

This variation, as it is known, is written down as

3¢/ (') = D Dyl (4.10)

1<n<s
where the only non-trivial response is ¢ and therefore, if we look at the general expression
, it will be seen that only the term ®; ,, contributes, because X} response on variation
of space-time is absent.

Therefore, for this case the current looks rather simple:

0L
e ————— @, . 4.11
‘]n a(au(bz) (A0 ( )
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The second very important example is an example of a conserved quantity, which is

called energy-momentum tensor.

Energy-momentum tensor

Sometimes people also can call it as stress-energy tensor. This corresponds to infinitesimal

space-time transformations, which can be firstly considered from the case of a single scalar
field.

The transformations which will be performed are translations of space time coordinates:
't =t + st (4.12)

where dx* is a shift, which can be written in the following form:
dat = ohe” | (4.13)

where delta” is a Kronecker symbol, € are constant shifts.

From formula (4.13) it can be clearly seen that the response
X = ut . (4.14)
For the scalar field it is known that transformation property is
& (@) = 6 (x) + 66 (4.15)
Therefore, in this case, the d¢ (x) is actually vanishes, and therefore response
0p=0—®;,=0. (4.16)

That is why the formula for conserved current now looks as follows:

0L
TH= = 0,6 — "L , 4.17

where for the stress energy tensor people usually use a special notation for the current
T*. It also should be noticed that index n was replaced by space-time index v.
So, there is a tensor, which is directly derived by applying the general expression of

the Noether’s theorem. Expression (4.17) is called canonical stress energy tensor for a

scalar field.
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Then the next question should be asked. How this tensor will be looking, if the vector
field is placed instead of the scalar field. Let’s look at the field denoted by ¢*, where

lambda is a vector index, and consider the same transformations
't =at et = ot + e . (4.18)

The question is: what is the transformation for the field now? What is the response of
the vector field on coordinate shifts?

It turns out that this response vanishes in the same way as it was for the case of a
scalar field. As it can be seen from the following formula if the variation of vector field is

considered, then this is by definition should be response of a vector field by:
§p* =) - =0. (4.19)

On the other hand, the §¢* is the transformation which comes from the general
infinitesimal version of the transformation of a vector under the coordinate shift. This
formula is known, because it was discussed in the first lecture.

oz
~ Our

Expression (4.20)) shows how the general formula looks like. Then the infinitesimal transformation

¢ (2') ¢ (z) . (4.20)
will be written in the following way:

=t et (4.21)

It can be seen that in this case, that the infinitesimal change of the derivative

o6x'A B 8_@
oxP  OxP

where ¢* is constant and that is why the derivative will vanish.

~0, (4.22)

As a result, the variation d¢* vanishes. Therefore for the vector field the response @ﬁ
vanishes, as it was for the case of a scalar field. That is why, it is seen that the stress

energy tensor for a vector field will have a similar form to what was for the scalar field:

0L
T = —=0,0" —0"L]|. 4.23
20,0 (429)

There is only one difference that it is necessary to sum over vector components.

Now a bit more sophisticated transformations are considered, which are related to
angular momentum and to the conservation loss related to the conservation of angular

momentum.
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Angular momentum

For this case it is necessary to consider infinitesimal rotations. For example, for

infinitesimal rotations of Minkowski space there are transformations of the following type
b =at +x, " (4.24)

where parameters of this transformations ¢*” satisty the following property
el = —g"t . (4.25)

In other words, these parameters constitute a second rank tensor, which is antisymmetric
with respect to permutation of indices p and v.

If our work takes place in four-dimensional space, such a tensor will have six independent
components. That is because p runs in this case from 0 to 3 and, therefore, antisymmetric
tensor will have the number of components equal to 4 multiplied by 3 and divided by 2,
which is 6.

This six components will present six Lawrence transformations, which include three
usual rotations of space-time coordinates, plus three boosts, where there will be a rotation
between one of the spatial coordinates and the time.

Now it is necessary to find the response of coordinates on such a transformation. It is
needful to take into account that only parameters e# with p < v are independent because
parameters with v > p can be found from the condition of antisymmetry . This
means that it is possible to represent the transformation of coordinates in the following
way:

bt = 1,eN = xl,éﬁ el (4.26)

As can be seen from (4.26), §) was introduced, but if there is a sum over x, then it

will be replaced by A and we will return back to the formula:
ot = 2,6 . (4.27)
Now, there will be a sum over all y and v:

o1t = Z .9:1,5;‘5“” + Z a:V(S,’)e‘“’ ) (4.28)

pu<v u>v

Then in the second sum it will be necessary to change the index p for v, because u

and v are dummy summation indexes. Then it is needed to use expression (4.25)) and the
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resulting formula can be written in the following way:

St = Z (x,,&;) — ,6,) ", (4.29)

p<v

where some now goes over independent components.

Then it is possible to write the response of the coordinates on such a variation
A A A
X, = 1,0, — 2,0, . (4.30)

where 1 < v.

Let’s consider again a case of a scalar field for which there is

¢ (z') = ¢ (2) . (4.31)

Again, from expression (4.31)) we will get that d¢ = 0 and, again, response of variation
of fields is actually zero (¢, = 0).

Now the general form of the Noether’s current will be obtained and the non-trivial
response will be substituted and the following formula for the current will be obtained.
Now the current actually will have two indexes i and v instead of one index n, which was

before. The current for this case is usually denoted by the letter M.

oL
b= ers Ot — 000, +.£ (1,8 — 0,5)) (1.32)

The conservation law will read now in this way:

M, =0 (4.33)

for any p < v.
In arbitrary dimension the tensor M ;\V will have

d(d—1)

5 (4.34)

independent components.

In fact, it can be seen that it contains in addition to the usual angular momentum,
which can be associated with the spatial rotations, also conservation laws which are related
to Lorentz boosts, because as it was discussed in four dimensions the components u
and v provide in total six independent conserved quantities. Three of these quantities
correspond to the standard angular momentum related to the rotations between spatial

directions and three other correspond to Lorentz boosts. It will be necessary to associate
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the corresponding conserved quantity with which one of the six possible transformations
according to the Noether’s theorem.

The formula for the angular momentum tensor can be rewritten in the following way:
there will be a small rearrangement of the terms. As a result, M :‘V will be written in the
following way:

A 8'5 o A 8'5 . A
M), =, <—a(aw§)a“¢ L6M> z, (—8@@)8@ L(s,,) . (4.35)

Then, if a comparison of what is written in the brackets is performed, it will be obvious
that what we see is the stress energy tensor for the scalar field. Therefore, expression (4.35)

can be written as

M), = x,T) —x,T) (4.36)

where T ;i\ and T are stress tensors for the scalar field.
Further it will be needed to place the gotten expression into the conservation law and

it will be possible to see what it implies:
OM, =0\ (2,T) — 2,T)) = nuT) + 2,0T) — nn T — 2, 00T (4.37)

where due to the conservation of a stress tensor two terms 8,\Tl;\ and 0,2 will vanish.
Using the rule of raising of lower indexes with the help of the Minkowski metric the
following will be obtained in formula (4.37)):

oM, =T,, —T,, . 4.38
1% 2 Iz

For the moment, expression (4.38) was derived, which actually shows us that for the
case of a Noether’s theorem, there is the divergence of angular momentum tensor vanishing
(O\M 31,) Then the stress energy tensor for a case of a scalar field must be automatically

symmetric:

T =T . (4.39)

The question is: what happens if, for instance, the energy momentum tensor M /;\V for
a case of a vector field is considered? There is an trivial response of a vector on space
time rotations and this response can be found from the following:
0o =" ¢ne™ (4.40)
u<v

where p and v represent independent parameters of Lawrence transformations (six parameters

in four dimensions).
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On the other hand, §¢* should be given by the transformation law of a vector on the

coordinate transformations which are in this case

oxr
%

where the underlined expression can be interpreted as a coordinate response.

The field response will have the next structure:
O, = (N0 — Mpu0)) & = 6,6 — Guby - (4.42)

Now, if the response from (|4.42)) is substituted together with a response of coordinates
into the general formula for the current, it will be possible to find for the tensor of angular

momentum of a vector field the following formula:

0L
My, = NEIGND) (0005 — 3,00 + (2,000 — 2,0,0)] — £ (2,6, — 2,0)) . (4.43)

If the gotten expression is compared with stress tensor of a vector field, it will be

possible to see that expression (4.43)) may be written in the following way:

M), =z, T) —x,T) + <%¢H - %@) : (4.44)

If we look at expression , it will be obvious that it does not reduce to the previous
case of a scalar field, because for a scalar field we had only first two terms, but now there
is an addition term.

It should be noticed that the first two term, which was in a case of the scalar field, is
called orbital momentum. The additional piece characterizes polarization properties of the
field and relates to the notion of spin. Such a way the part in the brackets of expression
(4.44) is called a spin part.

From the discussion of the conservation law it is known that

MMy, =T,y — Tp + Oy (%% - %@) . (4.45)

From expression it is not possible to conclude that the spin part and the orbital

part are separately conserved. It can be seen that this parts will be separately conserved

only in the case, while the stress tensor is symmetric. In other words, while
T/u/ = Tl//j, (446)
the spin part will be separately conserved.
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In general, it is unknown if the stress tensor is symmetric and it is possible to find
the non-symmetric tensor. In this case, there is no possibility to define two separate
quantities, because there is no separate conservation of the orbital part and the spin part.
In total, when the orbital part is added up to spin part, it is always conserved because
by the Noether’s theorem, it comes from a unique quantity namely the tensor of angular
momentum, which according to the Noether’s theorem should have vanishing divergence.
In particular, the case of Dirac field will be studied, where it will be found out that the
stress energy is not symmetric and therefore there is no separate conservation of spin and

orbital parts.

Lagrangians of ,, Wess-Zumino*

The last example of conservation laws and the application of the Noether’s theorem
will concern Lagrangians of so called ,, Wess-Zumino* type. Wess and Zumino are scientists
who are responsible for the contribution to the discovery of super-symmetry.

In some cases, the Lagrangians have the property that they are invariant, mainly
Lagrangians which have super symmetry, only up to boundary terms. Since the appearance
of boundary terms is allowed by Noether’s theorem, there are examples where there are
conservation laws associated to the existence or appearance of the boundary terms.

The simplest Lagrangian density, which exhibit the property to be invariant up to

boundary terms, is the Lagrangian which has the next form:
L=Clhd'o¢ (4.47)

where the Lagrangian wrote for a number of scalar fields ¢¢, index 4 is running from 1 to
the number m and p is a space-time index.

Alsp it should be noticed that coefficients C’fj are anti symmetric and this means that
wo_ ©
Cl = —C% . (4.48)

This is needed otherwise the Lagrangian will be a total derivative. So this anti-symmetry
property guarantees that there is no possibility to take the derivative out.

The infinitesimal transformation of fields ¢;, which leaves the Lagrangian invariant up
to the boundary term is a simple shift. This means that a field phi; is taken and it is
shifted by constant parameter &°.

It can be seen that the variation of the Lagrangian density in this case is
6L = Cle'd, ¢ . (4.49)
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Because of the constant C' and ¢ it is possible to rewrite (4.49) as
0L =0, (Clie'¢’) . (4.50)

As can be seen from (4.50) the gotten variation looks like the total derivative. It is
possible to rewrite it as
0L = 0,A" (4.51)

where A* is

A =Clie'e (4.52)

It is also doable to write A* as the sum of components A%
AF = Ale" . (4.53)

That is why
\ i
A =Ch0 . (4.54)

It is atteinable now to use the formula for the Noether’s current and write

0L ,
Jh=— Lty 4.55
950 5
If the Lagrangian from expression (4.47)) is taken and placed into (4.53), the following
will be obtained

Jit = =Cho' + Clio" = 2C1¢" . (4.56)

It is possible to immediately test the conservation law. For this case, it is necessary to
take the current from and compute its divergence. As a result there will be received
that

Ol =20, (Che) (4.57)

where the underlined equation is nothing else as an equation of motion for a field ¢'.
Solutions of equations of motion as should be according to the Noether’s theorem will
be the divergence of the corresponding current and it will vanish. Finally there will be
obtained
9, Ji=0. (4.58)

The first remark, which we should to make is so-called improvement procedure.
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Improvement procedure

The point of this discussion is that, in principle, the conserved current J* is not
uniquely defined. As it has already been seen, the Noether’s theorem gives us a very
concrete expression for the current and this current is called canonical. But it turns out

that it is possible to change the current by adding to it so called improvement term:

Jh—= Jy+ ox, (4.59)
~~ —~—

canonical  topological

where X is a tensor which is assumed to be skew symmetric and then
Xn = —Xu - (4.60)

Then it can be seen that if such a term is added up, the conservation law will not be
changed or influenced, because if there is a performance with a derivative 9, and compute

the divergence of this extra contribution, the following expression will be obtained:
00Xk =0, (4.61)

where there is a zero because derivatives 0, and 0, commute, while the tensor x is skew
symmetric.

In other words, it is clear that adding the topological term does not break the conservation
law. Moreover, if x is a function of fields, which vanish at infinity, it also does not break

the conservation of the Noether’s charge, because
/ dzo,x™ . (4.62)
B
It is possible to write the derivative in (4.62)) as
X" = 0ox™ + 9kx® , (4.63)

where the variable 9yx"° simply vanishes and therefore it is possible to write (4.62)) in the

following way:

- / dzopx . (4.64)
B

From (4.64) it is clearly seen that, as before, there will be a flux of the corresponding
vector X°* over the boundary of the integration area 3. Since the boundary tends to

infinity the integral (4.64]) tends to zero.
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Then the next question may be asked: is it possible to make the stress tensor, which
might be not symmetrical, to become symmetric by adding a proper improvement term?

In other words, it is neccessary to take a T" and add to it the improvement term:
T — TH + 0, (4.65)
where according to the previous discussion
X ==X (4.66)

If the tensor could be symmetric then, as it was discussed,the conservation of the
orbital part and the spin part will be gotten.

The answer to that question is that it turns out that there exists an improved symmetric
stress tensor J*”, which is symmetric only if and only if the anti-symmetric part of the
canonical stress tensor T is the total derivative.

Let’s assume that the anti-symmetric part is a total derivative. This means that
T — T = —0,Q (4.67)
where () satisfies the anti-symmetry property with respect to indices p and v:
Qpuv = —Qpvu . (4.68)

Let’s prove that it is always possible to improve such a tensor by adding to it the
improvement term. To construct the improvement term it is needed to do the following:

the improvement term x”*" is taken in the following form:
X = % (Qppv + Quvp — Qupp) . (4.69)
Then it can be seen that, in fact, the tensor x has the desired symmetry:
X ==X, (4.70)
where it is possible to prove this statement if indexes are changed in the (4.69)):
X = % (Qupv + Qprvu — Quup) . (4.71)

Then, because the 2 has a property of skew symmetry with respect to the last two

indices, it is possible to rewrite expression (4.71)) as
, 1
X = 5 (—Quvp — Qpuv + Qupp) . (4.72)
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If terms from the are compared with terms from the , it will be clear that
the (4.70]) is true.

The second statement is that if x defined by the is taken and x”"* is subtracted,
the following will be obtained:

XPH X = Qe (4.73)

Therefore, in the anti symmetric part (4.67)) it is possible to substitute instead of the

tensor 2" the next difference:
T — T = =0, (x"" —x™") . (4.74)
Then it is possible to open the brackets and get that:
TH —T" = =0, + 0,x"" . (4.75)
Let’s combine T" with derivatives in the following way:
TH 4 O, =T + 0,x""" | (4.76)

where it is attainable to conclude that the terms on the left and the right sides are

symmetric tensors J* and J“* respectively. It is automatically means that
g =g . (4.77)

Indeed, it has been proved that if anti symmetric part of the stress tensor is a total
derivative, then the stress energy tensor can always be improved by adding a proper
improvement term.

In the other way, it is necessary to assume the opposite, that there exists an improved

symmetric tensor, which is the tensor J* of the next view:
g =1TH + 9,x"M . (4.78)

But then from the (4.78)), it automatically follows that the anti-symmetric part of the T+
is a total divergence, because
gt =T + 9,x"" (4.79)

and it is possible to subtract (4.79)) from expression (4.78)):
TH —T" =0, (x"™ —x"") , (4.80)
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which in it is shown that anti symmetric part is a total divergence. Therefore, the
opposite statement is also approved.

The tensor x”*” which is skew symmetric in indexes p and p and whose derivative can
be added to improve the stress tensor has a name of , Bellinfante“ tensor.

The final remark concerning this improvement procedure is that even improvement is
not unique. Let’s suppose thatoer start was from a canonical tensor and then we improved
it by adding a proper ,Bellinfante® tensor and made the tensor symmetric. But even if

the tensor is symmetric, it is still possible to add to it the following improvement term:
T,uu — TMV + apaowupua ’ (481)

where W is a tensor of the fourth rank, where it is required from this tensor W the same
symmetries as the symmetries of the Riemann tensor. It’s known that the Riemann tensor

has the following symmetries:

Wiwe = —Wopve
Wupuo’ = _Wupm/ (482)
Wipve = Wooup

So if there is such a tensor as W and it is added up with two derivatives on W, then
there will still be a symmetric tensor.

Finally, it is possible to find the symmetric tensor directly from a gravitational theory.
There is a procedure which produce straightforwardly a symmetric stress energy tensor.
But this one has to consider the action for field, which we are interested in coupled to an
arbitrary gravitational background.

It is possible to take our "favorite'field, for instance, scalar field, vector field and so
on and couple it couple our field to arbitrary gravitational background, which essentially
means that our field is coupled to the metric. Then the action has standard form. For

instance, in four dimensions it would be derivative of the Lagrangian density:

S = / d*zL . (4.83)

The Lagrangian density in addition to the field, that is considered, also involves the

space time metric g, with the following determinant:

g = det g, (4.84)
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It’s well known that under different morphisms
o't — ot 4 (4.85)

where £ is a vector field. £ by definition is a vector which depends on the coordinates
of space-time

¢ = M (z) (4.86)

The metric is known to transform in the following way:
ogh” = VHEY + VVEr | (4.87)

The transformation of the metric induces a transformation of the action. If a variation

of the action is performed, the action response in the following way:
4 0L v v
0S=[d T — (VHEY + VVEH) . (4.88)
v

Then the quantity can be introduced, which is stress energy tensor in the presence of
the gravitational field. By definition, this is
2 0L
T, = —F— )
V=g ogh

In the gravity theory it’s proved that the following identity takes place:

(4.89)

8u (\/__ngwfu) = \/__gvu (T/Wgu) : (4'90)
———

divergence

It is now possible to open the brackets in the (4.90) and write that

O (V=gT" &) = V=gV, T" &, + /=gT"'V &, . (4.91)

Formula (4.91)) means that in fact, it is now possible to come back to formula (4.88))

and rewrite the variation 0.5 as
68 = / d'z/—gT"™V &, | (4.92)
where the integral presented in can be evaluated by parts:
§S = / d'zd, (vV—gT™¢,) — / d*a/—gV, THE, . (4.93)

If it is assumed that fields &, vanish at infinity, then the total derivative term does not

contribute and gets out. Since our interest is the action to be invariant with respect to
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default morphisms, then it means that the variation S must vanish for any &,. The first

term of the (4.93]) will vanish and therefore the one possible variant is
vV, =0. (4.94)

There is the expression in the , which looks like the conservation law, but it’s
not true, because the derivative in (4.94) is not the usual derivative but it’s a covariant
derivative.

If we work on the flat background and make the metric in expression Minkowski,
then the variant derivative turns into the usual derivative and T will be conserved in

the standard sense.
Vy=0,—9,T" =0. (4.95)

On the other hand, from expression (4.89) it can be seen that since metric is symmetric
with respect to indexes p and v, the object which will be obtained by means of the

Lagrangian variation with respect to the symmetric metric will be automatically symmetric.
™ =T1"" . (4.96)

There is a way to obtain a symmetric tensor by coupling the field to the general
gravitational background with an arbitrary metric and then upon this object is derived,
it can be seen that it will have a meaning of the stress energy tensor with the usual
conservation law, if we return back in the final equation to the flat Minkowski

metric.

Casimir operators

Tensors are objects, which transform themselves under Lorentz transformations. They
are conserved quantities with respect to the time evolution of the dynamical system.
If there is some kind of Lagrangian or Hamiltonian driving the dynamics, then these
quantities are indeed conserved. The numbers, which are computed as components of
tensors, depend on the Lorentz frame in which we compute them. If a rotation of the
Lorentz frame is performed or if our level is boosted, for instance, with respect to the
original frame, then numbers represented by the components of, for instance, T}, or M, 2‘,/
will be changed. They will go to other numbers, which also will conserve with the time.
Because of the dynamics of our system, they always been conserved, but they will be

changed because these objects are tensors.
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From this point of view, you may ask yourself what are the quantities which actually
characterize our dynamical system in such a way that they are independent on the choice
of the Lorentz frame. In representation theory these quantities are known as Casimir’s or
Casimir operators.

The Casimir’s objects commute with all generators of a Poincare group:
[C,P,] =0, (4.97)

where C' is a Casimir’s object.
Expression (4.97) means that if C' is taken to be a Casimir, then it must commute
with all generators of translations P,, which are components constructed as conserved

charges related to stress tensor. So
P, = / Todz (4.98)

where it is necessary to integrate over spatial directions. Analogously, Casimir must

commute with all generators of angular momentum
C, M, ] =0, (4.99)

which are obtained by
M,, = / My, Az (4.100)

with respect to the space.
There may be a question: what are the Casimir elements of Casimir operators for the
case of the Poincare group? For the case of the Poincare group, there are two Casimirs.

One Casimir is simply equal to
C, = P,P" = P — P? (4.101)
The gotten Casimir object takes the values m?c? and therefore
Py —p* =m’¢ . (4.102)

If the terms in the (4.102]) are placed to the one side, it will be possible to see that
something that was obtained is called mass-shell condition for a relativistic particle, which

is going to be studied in detail a little bit later.
P} —p"—m?’c=0. (4.103)
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If the commutation relations between C; and another P, or generator M, is written,

it will be found out that
|P,P* P,] =0
(4.104)
P, P* M, =0
The second Casimir is constructed by using a certain special vector W,, which is

constructed in the following way
W, = eum P M (4.105)

where we got a fully anti-symmetric tensor. The second Casimir object is called ,,Pauli-
Lubanski“ vector. The property of this vector is that it is orthogonal with respect to the
Lorentz invariant scalar product:

W,P" =0 . (4.106)

The second property is that it may be used to build up the second Casimir of the

Poincare group, which is given by a square of the ,, Pauli-Lubanski* vector:
Co =W, W, (4.107)

It is possible to check by direct calculations that if 5 is taken and it is commuted

with P,, it will be found out that
[W,W*P,] =0 (4.108)
as well as it can be found with M,,:
(W, WHM,,] =0 . (4.109)

Values of the second Casimir in irreducible representations massive of the Poincare

group will look like as follows

Cy=m?c-s(s+1) , (4.110)
where s is a half integer numbers, starting from 0, %, 1, % and so on, which is called the

spin.
In other words, massive irreducible representations of the Poincare group are characterized
by two numbers the mass and spin. In fact, this is in acted with characterization of

elementary particles, because every elementary particle has a mass and spin or it is
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massless, but massless is a separate case, it is a separate representations of the Poincare
group, because as can be seen for massless representation C; and C5 will be equal to zero.
In that case, there appears a new Casimir, which is called Helicity. Helicity coincides

with a projection of a spin of a particle on the direction of motion:

- =

p-s
W )
where is a projection of spin on the direction of motion.
The talk about helicity will be in detail, when the discussion will be about the Dirac’s

(4.111)

theory, where it will be possible to realize how helicity appears, why it plays an important
role and why helicity is applied only to the case of massless particles, but not the massive
ones.

It is now necessary to introduce some definitions. First of all, let’s start with representation.
Representation means the representation of abstract generators of the Poincare algebra
by concrete operators, acting in some concrete space of states.

Basically, it is needful to realize pure abstract algebraic relations of the Poincare group.
Those commutators which have been written down in the previous lectures, by means of
concrete operators realized in a concrete Hilbert space. It is necessaty to think about this
objects as about a concrete operators, acting on states in some Hilbert space.

Then it is necessary to introduce a reducible representation. Representation is called
the reducible if there will be no invariant subspaces, where invariant subspaces means
that a vector is taken from the subspace and we act on it with generators. The result of
this action remains belong to the same subspace and it is not possible to get out of the
subspace.

If there are no subspaces except the trivial one and the whole space, then such
representation of a Lie group is called irreducible.

And on the top, a notion of unitarity is added up. Representation is called unitary if
the Lie algebra generators are realized by Hermitian operators. If the Lorentz generators
by Hermitian operators are realized, the next conditions will be true:

My = M (4.112)
Pr=0r,
The unitary representations are important, because they can tell us that probabilities

that is needed to be computed, will not depend on the particular Poincare frame in which
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it is being computed, because unitarity preserves probability as it is known from courses
on quantum mechanics.

In this way, the interest is in constructing unitary irreducible representations of Poincare
group. It is known that since Poincare group is non compact, in particular, because
it includes the Lorentz group which is non compact, then by the theorem from the
group theory it is known that such unitary representations of non compact group must
necessarily be infinity dimensional. That is why the spaces in which it is possible to
realize such unitary irreducible representations of the Poincare group must be infinity
dimensional, and that is one of the reasons why it is necessary to deal with fields, which
in court, an infinite number of degrees of freedom, on which in quantum theory unitary

irreducible representations of the Poincare group will be realized.
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Lecture 5. Conserved Charges as Symmetry

Generators. Klein-Gordon Field. Mass-Shell Condition

Conserved charges as the symmetry generators

Conserved charges that follow from Noether’s theorem play a role of infinitesimal
generators of symmetries. Symmetry generators means that they play a role of generators
of symmetry, which is a correspond to according to the Noether’s theorem.

To understand this statement it is necessary to recall the construction of the Hamiltonian
formalism for the case of field theory. Normally the start should be from the Lagrangian
description and introduced Lagrangian, Lagrangian density and the action. To pass to
the Hamiltonian formalism, it is neceassary to introduce in addition to the canonical
coordinates ¢; (x), which in this case is played by our fields, a canonical momenta

i (z) = 5—L )
0

where the expression looks like an usual expression in classical mechanics. As can be

(5.1)

known, a momentum is a derivative of the Lagrangian with respect to velocity. In this
case, it is also possible to write (5.1]) as
0L

() = ———— 5.2
)= 560 @) 2
where 0y is a derivative with respect to 2°, which is the same as

' =ct . (5.3)

The relation between the momentum and the derivative of the Lagrangian density

allows to express the velocity of the field in terms of canonical momentum.

Therefore, then it is necessary to construct the Hamiltonian using the standard prescription

of classical mechanics. It is neeeded to construct it as
H= /da?: (m) L, (5.5)

where it is possible to write L as an integral of Lagrangian density and get the following

expression:

H— /df [mi —L} _ /dfﬂ{, (5.6)
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where H is an Hamiltonian density, which can be written as:

Then absolutely the same procedure should be implemented, but for the case of
fields. An important role in constructing the Hamiltonian formalism in the usual classical
mechanics is played by an object, which is called Poisson’s bracket, because this bracket
allows to formulate Hamilton’s equations of motion in a compact and a simple way. In
general, it is known that a Poisson’s bracket is an operation on a space of functions or a
phase space. If there is a phase space, which is parameterized by the coordinates p and ¢,
and then on this phase space, there will be a space over the phase space, which will be a
space of functions, where it is possiblet to define an operation, which is called Poisson’s

bracket, which is a map cross functions into functions (fig. |5.1)).

an(p,q)

Fig. 5.1. A phase space, parameterized by the coordinates p and ¢, with space of functions

over the phase space

Any two functions on a phase space it put in correspondence as an a function on the

phase space and the Poisson’s bracket satisfies the following conditions:

1) the Poisson’s bracket is skew symmetric:
{9y =19 f} . (58)
2) the Poisson’s bracket is bilinear:
{Af + g, by = MS b} + pfg, by (5.9)

3) the Poisson’s bracket must satisfy Jacobi identity. If a Poisson’s bracket of f and
g is taken and then bracket with another function h and then add up a cyclic

permutations of these functions f, g and h, then the result will be equal to:

{{f, g}, h} + cyclic permutations = 0 . (5.10)
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Since our work is done with fields, for any two local in time functionals, for instance,
F[r, ¢] and G [m, ¢] depending on momenta and coordinates the Poisson’s bracket will be

defined. Let’s define the Poisson’s bracket as a following functional:

{F,G}:Z/da?{ or oG or oG 1 (5.11)

omi (@) 8¢ (x) 09y () om; ()

In the a definition of the canonical Poisson’s bracket over the space of functionals
was written, which now parameterized to depend on canonical coordinates and momenta.

Before functions of p and ¢ were studied, where p and ¢ are coordinates on the classical
phase space of classical mechanics. To any point a value, which is the value of the function
at this point, is put in correspondence.

Then it is workable to go on with this definition and compute the Poisson’s brackets
between sort of coordinates on the infinite dimensional phase space, which are fields and
their momenta. A simple exercise to see that if two fields were taken at different space
points and at the same time ¢, then the result of evaluation of the Poisson’s bracket

between the fields will be equal to zero:

{0 (t,7),¢; (t,9)} = 0. (5.12)

That is simply, because for the bracket to be non-zero it is necessary to vary one
functional with respect to momenta and the other with respect to the coordinate, but in
the there are only coordinates and therefore the Poisson’s bracket would vanish.

The same expression will be right for momenta. If there is a Poisson’s bracket of two

momenta at different space points, then the result will be zero:

{mi (¢, 7) » Ty (t,9)}=0. (5.13)

Finally, if the bracket between momenta and coordinates is evaluated at different space

points and at the same time ¢, then the result will be equal to:

{mi (t,2),¢; (t,9)} = 60 (T — 7). (5.14)

It is possible to group expressions ((5.12)), (5.13]) and (5.14)) under the name of generalization

of the canonical Poisson’s bracket in classical mechanics to the case of fields.

It is also important that in the Hamiltonian setting the Poisson’s brackets are equal-

time. It can be seen, because the right hand side of expressions (5.12)), (5.13) and ((5.14)

does not depend on time.
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It also should be noticed that if different times are selected, it will not be possible to
know what will be the outcome and therefore there is a way to solve equations of motion
for the fields and compute the Poisson’s bracket on the phase space.

If there is such equal time Poisson’s structure as in formulas above, it is possible to
define the time evolution of any functional. For instance, there is a way to say that F
under the Hamiltonian flow set up by our preference choice of the Hamiltonian. Some
function is selected on a phase space, which will be regarded as the Hamiltonian and then
evolution of any function on a phase space can be described by means of the following

formula:

F={HF}|. (5.15)

In fact, formula is the standard equation of classical mechanics, which goes
without any modification to the field theory.

If the time evolution of any functional is defined, it is necessary to compute the equal-
time Poisson’s bracket of H with F.

For the canonical Poisson’s bracket of ¢ and p it is possible to write similar to —

(5.14) expressions:

{6:.9;3 =0
{pipj} =0 (5.16)
{pi,q;} = 0i
If, for instance, coordinate ¢; is taken, the ¢ with the help of the Hamiltonian H will
be equal to:
oOH
G =t =5 (5.17)

At the same time, if the time derivative of the momentum is computed, then according
to equation in the usual mechanics the following can be found
o
oq

Such a way, we got in ([5.17)) and (/5.18]) nothing else as Hamilton’s equations of motion.
Therefore represents Hamilton’s equations in field theory.

Finally, it is practicable to generalize the procedure for evaluation of the . It is
necessary to evaluate the Poisson’s bracket in and for this purpose it is needed to

pi={H,pi} = — (5.18)

evaluate (5.11)) and pick up a functional, which will be regarded as a Hamiltonian, and
then for any functional /' Hamilton’s equations will be obtained. Such a way recalled a

standard Hamiltonian formalism.
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If we remember the general expression for the Noether’s charge, which was recieved

from the Noether’s theorem and which is given by the following formula

I, = / g7 () | (5.19)

where it is necessary to integrate over spatial directions.
Formula (5.19)) can be transformed into:

I= [ a7[-m (8100~ 0,6X0 () - £X2O + AL @) . (5:20)

Then let’s try to compute a canonical Poisson’s bracket in the space of fields for
evaluating the bracket between the field the conserved Noether’s charge. For this case, it

is needed to introduce one more property of the Poisson’s bracket:

{f-g,hy={f,h}-g+{g,h}-f. (5.21)
Before evaluation of the Poisson’s bracket we also need to remember that:
oL
T = . 5.22
' = 3(000y) (5:22)

Due to formulas (5.21)) and (5.23) we can write that:

{¢i (z), Jn} = / dg ({75 (), @i (2)} (Djn (9) = Bpui X5y () + 75 (y) {0i (%) , B } X (9)
(5.23)

where the nontrivial impact to the Poisson’s bracket was recieved only from first two

terms in the bracket of (5.20)/

Then it is needful to compute the Poisson’s bracket between ¢; () and the Lagrangian

density
{¢i (z), L} ={0i (x),L(0,0.0)} , (5.24)
where Lagrangian density is a function of ¢ and 0,¢. Therefore, the rule presented in

(5.21)) can be used and Lagrangian density can be differentiated with respect to ¢:

0L
0 (au¢i)

It also should be noticed that since £ is a Lagrangian density and it is known that this

{0 (2), L} = {0: (x), 905} - (5.25)

is a function of ¢; and the derivative of ¢;, where index j means that, in general, there

are many fields, it can be assumed that the bracket acts on any function on the phase
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space in the same way as differentiation. For instance, we would compute the Poisson’s

bracket for the usual case of mechanics, if there are ¢; and a function of ¢; and p;, as

0 0
{0 f (450)} = 3—5{%,%} " a—j{qi,pj} | (5.26)

where it was supposed that the bracket acts as a derivative and there is the rule that if

there is a derivative of a composite function f (g (x)), it could be simplified into

d df dg
@f@ (z)) = 8_9% : (5.27)

Due to rule (5.27)), (5.26)) can also be written as:

_0f 94 | Of Opj
dq; 0q; ~ Opj 0qg;

{ai, f (45,p5)} (5.28)

If we return to ((5.25)), it will be seen that the non-trivial contribution might come only
if u equal to zero and it is possible to get that:

0L
0 (), £} = -
e = 5 )
Let’s look at the Poisson’s bracket in (5.29)). It is clear that this break will be non-
trivial only if ¢ equals to j.

Then it is possible to find that

{0 (x),000;} . (5.29)

{¢i (x), L} = mi{di (x),000; (y)} - (5.30)

Now it is possible to substitute the gotten result back into the original expression
(5.23) and see, that there is a cancelation between two terms. As the result it will be
obtained that:

(61 (2) T} = / A7{m; (5) s 65 (2)} (D10 (8) — D XP (6)) (5.31)

where the second term in (5.23)) also non-trivial only if © = 0.

Then ((5.14) can be used to simplify formula (5.31)):

(60 (1) Ju} = / 0830 (7 — 7) (B0 (6) — B bi X2 (0) (5.32)

Important to mention that delta-functions § (¥ — ¢) and d;; also can be used in order to

get the final expression:
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What is written down in the ([5.33)) is nothing else as variation of the form of the field:

{01 (), Ju} = 0uhi . (5.34)

Sometimes the variation of the form (5.34]) in classical differential geometry is called
the Lie derivative.
If generators J,, are summed with parameters " of symmetry transformations, it will

be obtained that:
{¢i (), Jne"} = (i — Opupi X)) " = 0y (5.35)

where we got on the right side just a variation of the form of the field ¢; under infinitesimal
transformations. And this is exactly what was meant by a statement that infinitesimal
variations of the form or infinitesimal symmetry transformations are generated by the

conserved Noether’s charges with respect to the canonical Poisson’s structure.

5@‘ ={¢:i(z),J} . (5.36)

It is possible to give a concrete important example, which is a demonstration of the
property that conserved charges shows themselves up as symmetry generators.

Let’s consider, for instance, time translation. It is known that this symmetry corresponds
to the conservation of energy. Time variable gets translated by adding to 2° infinitesimal
parameter e:

2 — 2% =2"+¢. (5.37)

Let’s also consider for simplicity just single scalar field. It is known that there is a
conserved current corresponding to the symmetry and this current is component of a
stress energy tensor TJ'. As it well known this component is conserved and the local

conservation of energy for this component is
0,18 =0. (5.38)
The corresponding Noether’s charge for this component has the next form:

J:/ﬁﬂf@), (5.39)

where there was an integration over the spatial directions.
It also should be noticed that if J is differentiated with respect to 2°, the following
will be recieved
d

—J=0. 5.40
10 (5.40)
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Let’s remember the expression for the stress-energy tensor for the case of a single

scalar field. It is found that

0L
T = ——= 9,6 — 6"L . 5.41

Our takk is about 7{) component and due to this fact it is possible to place 0 and 0

instead of indexes p and v and get that

oL
Ty = =000 — L . 5.42
0 o (80¢) 0¢ ( )
Then the following may be done. It is known that the expression
0L
5.43
(@) o4

is momentum of the field ¢ and therefore in expression (5.42)) the momentum multiplied
by velocity minus Lagrangian density is used, but according to the Hamiltonian formalism

the gotten expression is nothing else as a Hamiltonian density of the field:

oL
~ 9(09)

Therefore, the Hamiltonian density conserve Noether’s charge.

H Aot — L = 1o — L . (5.44)

In this case, J can be expressed as

J= /d;z (x0o — L) = /dxﬂ{ | (5.45)

If the goal is to have the proper normalization constants, it is necessary to suggest that

1
So, next expression is recieved
H= c/dfo . (5.47)

So, Hamiltonian appears to coincide with a Noether’s charge corresponding to time

translations. This means that in fact,

{o(2), ]} = =000 (z) , (5.48)

where the fact that for a scalar field the response ® on translations of coordinates and

time is equal to zero and X* is proportional to 0 was used.
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It also should be noticed that other components responsible for the conservation of

the total momentum are related to the
P = /d:sz , (5.49)

where ¢ is running from 1 to 3. This would be the next example which will be studied,

but before this it is necessary to use formula ((5.46) to get that

0
(o), HY = o) (5.50)
If the place of ¢ and H is changed, according to the rule of replacement of the Poisson’s

bracket the next formula will be obtained:

{H,¢(2)} = (2) . (5.51)

The exact manifestation of Hamilton’s equations of motion was received in the ,
which was declared at the beginning of lecture. It can be seen that the infinitesimal
generator of time translations according to this formalism is nothing else as the Hamiltonian
for the scalar field. It is possible to make a conclusion that the Hamiltonian generates
time translation. On the other hand, translation of time is the symmetry, such that the
corresponding conserved Noether’s charge coincides with the Hamiltonian according to
the Noether’s theorem and the Hamiltonian generates infinitesimal translations in time.

It is possible to do more general setting without split into spatial components. Corresponding
to momentum conservation and energy conservation it is possible to construct the generator
P,, which is a generator of space-time shifts, where index p running from 1 to 3. According

to this discussion it will be found out that the P, will be equal to

P, = / A7 (7P 0u¢, — L)) (5.52)

It is also attainable to ask the same question about space-time rotations. It is known

that they are generated by the components of the angular momentum M,
M, = / dzMy), (5.53)

A very similar computation should be completed and it can be completed as an

additional exercise. As a result the following expression should be found:
M, = /df (qﬁ,ﬂry — QT+ Ty (Wpﬁugbp - L(Sg) — Ty (wpa,,qap — 558)) ) (5.54)

81

nnnnnnnnnnnnnnn




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

Such a way we got expressions for two generators of Poincare group and
as functionals on a phase space generated by fields ¢, and momentums ,. Even more to
that, it is possible to compute Poisson’s brackets between the gotten functionals by using
fundamental Poisson’s brackets. And it will be obtained that with respect to Poisson’s
brackets generators will reproduce the standard relations between the generators of the

Poincare algebra:

{M,uw PO'} = nl/o'P,u - n,uapu
{M/uu Mpa} = nupMua - nule/J - T]l/O'M/Lp + nuaMyp

(5.55)

It should be noticed that in quantum theory all Poisson’s brackets will be replaced by
commutators. Such a way it will be possible to get relations between Poincare generators
as operators, and then this will be a relations of the Lie algebra of the Poincare group.

Now let’s come to the next important topic which is called Klein-Gordon field.

Klein-Gordon field

First of all, let’s write the action for this field:

1

sl =1 [ ate|jae@oow -3 (5F) ¢ @) | (5.56)

where it was continued to denote the field as ¢ (). It was recieved that the Klein-Gordon
field is a massive relativistic scalar field. The first term in brackets of the is a
term, which contains kinetic energy and it has already been derived something similar in
the first lecture. This term was derived from the discrete approach, when the model of
masses connected by springs in the limiting case to infinity case and the length of springs
tended to zero was considered. And on the top of that one may add something, which is
proportional to ¢? multiplied with the coefficient, which is designed in such a way that
the physical dimension of the kinetic energy and the term which contains ¢? is the same.

Four-dimensional integration measure d*z is understood as
d*z = dz°drtda?da?® | (5.57)

where as it is known

dz® = cdt (5.58)

and, therefore, the speed of light in front of the action stands to cancel.
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The action is relativistic because derivatives 9, and 0" are paired in such a way that
the corresponding term will be invariant under Lawrence transformations.

Field ¢ itself is a scalar and it is known how it transforms under coordinate transformations.
From the action S it is attainable to straightforwardly derive equations of motion and
they have the following form:

me\ 2
(auaﬂ + <?> > ¢ () =0. (5.59)
Equation (5.59)) is the Euler-Lagrange equation.
It is also possible to rewrite (5.59)) more explicitly in the following way:

Equation ((5.60)) has a name of Klein-Gordon equation. Sometimes equation (5.59)) also

written in a way where the operator 9,0" is replaced by

d=0,0". (5.61)
It also can be noticed that in fact, the combination %< in an inverted way has a
meaning of
h
A= — 5.62
o (5.62)

where A has a dimension of length and is called Compton wavelengths associated with
the particle of mass m.

Usually people prefer to work in the natural units, where

[h] =1[d =1 (5.63)

and therefore the term % is simply becomes m. That is why the action for the field ¢

can be written as
1
S[¢] = / dx (§au¢aﬂ¢ — m2¢2) . (5.64)
It can be seen that if standard units are selected, then it is possible to write the action

in the following form:
1 . 1 /= \2 1 /mc\2
= e L L (ge) L (o) ] |
Slol = [ande |5 = 5 (F0) = 5 () 0 (5.65)
Now it is available to straightly develop the Hamiltonian formalism and this is something

that is needed for quantization. So, it is possible to derive canonical momentum for the
field ¢:

(5.66)

uuuuuuuuuuuuuuu




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

By the way, what is written down in the (5.65)) is an integral over time of Lagrangian:

S[g] = / dtr . (5.67)

Also it can be seen that if the Lagrangian is differentiated or the variation of the

Lagrangian is taken with respect to é, it will be found that:

7 (z) = = “00¢ (z) . (5.68)

If the canonical procedure of passing from Lagrangian to the Hamiltonian is used, the

Hamiltonian for the Klein-Gordon field will be obtained, which has the following form:

H:%/dzﬁ{ 0000+ (T )ﬂ (5.69)

It is also interesting to know what is the physical dimension of the field ¢. So this ¢
will be denoted in the square brackets [¢] and this will be physical notion for the physical
dimension. Such a notation is used for dimension of any physical quantity. It is just taken
in square brackets and transferred to the physical dimension.

It is known that the physical dimension of the Hamiltonian is a dimension of energy:
[Hl=¢. (5.70)

It is possible to apply this approach to the (5.69)) and get that
1
e =1 x 35 x [ =1[g]" , (5.71)
where the fast that dZ has a dimension of [*> and the inverse Compton length (’%)2 has

a dimension of = was used. Such a way it will be recieved that

(6] =4/ - (5.72)

Such a quantity in classical physics 7, which has a meaning of energy per unit length, is
called tension. So field ¢ has a physical dimension of a square root of tension.
It is possible to use the same procedure to find the physical dimension of the momentum.

By doing analogous computation it will be found that

] =+ . (5.73)
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It was obtained that the momentum has a physical dimension of square root of mass
divided by volume or square root of mass density. If the action of the field ¢ is considered,

it will be seen that it is possible to compute the physical dimension of the action:

Loy 1 2
[S]:Exl xl—zx[gzs]
The length divided by velocity was recieved in the (5.75)), which gives us time and it

can be finally computed that:

_lzs_lxs

(5.75)

cl ¢

[S] =t xe. (5.76)

Also it should be noticed that time multiplied by energy is nothing else as momentum

multiplied by length, which is the same as as angular momentum:
[S]=pxl=1hn] . (5.77)

This is a very important fact that the physical dimension of action is always the same
as a dimension of the Planck constant or a dimension of the angular momentum. It does
not only concern a scalar field it concerns any field.

Another important fact is that if there are some two functionals of field momentum
and the field itself, for instance, F'[r, ¢] and G [, ¢].

Then it will be possible to find the physical dimension of the equal time Poisson’s
bracket given by the formula that was discussed at the beginning of the lecture. The
physical dimension of this bracket, which will be denoted as square bracket of {F, G}, will

be offset from the physical dimension of the product:
[F] - [G] (5.78)

by h. In other words, it is possible to write that:
[F]- G
. .

This can be easily understood from the definition of the Poisson’s bracket. It is known

{F,G}| = (5.79)

that the Poisson’s bracket is a differential operation, which explicitly given by the following

. OF oG 0F G
(e = [as [M @36 @ 56 or (@] (5:80)

It has been already computed that dimensions of 7 (z) and ¢ (z) are:
[ ()] = 3V/T
(¢ ()] = /3

formula:

(5.81)
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Therefore, in order to compute the dimension of the right hand side of the
first of all it is necessary to find what is the dimension of the variational derivative. To
complete this it is necessary to consider what is the variation 0 F":

5F = / a7 %&ﬁ (z) . (5.82)
Thus, the result is in is what is called variation of functional F'. From this formula
it can be seen that the dimension of the variation is the same as a dimension of F' and

equal to:
OF

59

where the fact that the integral over spatial coordinates equal to [ and that dimension

[6F] = [F] =1 x { } x [¢9] , (5.83)

of §¢ is the same as a dimension of ¢ was used.
It is also possible to simplify (5.83)) and get that:

6F] = {i—ﬂ X 13 x % . (5.84)

It is practicable to express [‘2—2] from the (5.84) and get that:

{%1 B % ' (5.85)

Before evaluation of the dimension of ([5.80)) it is also necessary to compute variational

derivative with respect to the momentum = (x). To make this we need to find variation

e [0G] = [G] = I x B—ﬂ X [] = B_ﬂ lg\/%' .

The final expression for the (5.86|) will have a next view:

G [G] x ¢
<]- .

Now let’s compute the dimension of the Poisson bracket. It can be seen that according
to the definition (5.80)), it can be obtained that

3 [F] [G] xc
{F,G} =1 x TR (5.88)
If (5.88]) is simplified, it will be found that:
[Flx[G]xe [F]x[G] _ [F]x[G]
F = = — . .
86
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It has been declared that the dimension of the Poisson’s bracket of two functionals is

not equal to the product of the dimensions of this functionals but it’s offset from them
by 1/h:

[F] x [G]
-

Then let’s return back to the Klein-Gordon equation and will write it down in the

{F G} = (5.90)

Hamiltonian form.
Let’s write the evolution of the field and the momentum, which will be given by the

Poisson’s bracket of the field and the momentum with the Hamiltonian:

¢ (x) = {H,¢ (2)}
7 (2) = {H, 7 ()}

Expressions in the (5.91)) are Hamiltonian equations of motion. If this Poisson’s brackets

(5.91)

are evaluated , it will be obtained that:

2
p=cm , (5.92)
F=00— (%) ¢

It is possible to exclude momentum of the field in the (5.92)) by taking a second

derivative of ¢:

. 2
b =i = 2O%p — & (%) ¢ (5.93)
If both sides of the (5.93)) are sevided by ¢ and everything is transferred to the left

hand side, thw dollowing will be obtained

1 - me\ 2
Sé-dt+ (55) 0 =0, (5.94)

which is exactly the Klein-Gordon equation.
Also it is possible to rewrite (5.94) in the following form:

102 02 me 2
Sl — =0 9.95
(028t2 6:)3?+<h>>¢ ’ (5.95)
The next important point to discuss is so called mass-shell condition and in a way this

scalar field on a mass-shell amounts just to solving the Klein-Gordon equation. So there

is the Klein-Gordon equation and now our goal is to solve it. How to do it?
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How to solve Klein-Gordon equation?

The most efficient way to look at the solutions and to understand how solutions look
like is to go to the Fourier space. So it is just necessary to make a Fourier transform by

using the Fourier integral:

b(z) = (%—1)3/2 / A (k) | (5.96)
where gg(k:) is a Fourier image of the field ¢.
The expression kx in the exponent of the (5.96) is a Lawrence invariant scalar product,
which is by definition:

k-x=ka' =Kz —k - & . (5.97)

Very often the value k from the product 1’ has a name of wave vector. It is also

possible to place z° into this equation and get that:
kox=ck® t—k -T=wt—k- T, (5.98)

where w is called frequency and from this equation:
w

== 5.99
; (5.99)

It also should be noticed that if is placed into the exponent, it will be obtained

that
ke — gi(wt=Fk-a) (5.100)
and in quantum mechanics this combination is usually called plane wave.

So Fourier transform for the field ¢ (z) is in fact the decomposition of a plane waves.
And it can be said that the integral in the is an integral of a plane waves which is
taken.

Then it is necessary to take this Fourier representation of field ¢ () and plug it in
Klein-Gordon equation and see what will be recieved for the corresponding Fourier image.

One more thing that it should be noticed that very often people use in the books
slightly different representation for the Fourier transform, namely, they use so-called
energy type variables. It may be found very popular in quantum mechanics, where Einstein
and de-Broil formulas are used, which relate energy, frequency and the momentum with a
wave vector. It’s like a transition between wave characteristics and the particle characteristics.

This is done with the help of the Einstein formula where energy is equal to

E=hw. (5.101)
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Formula (5.101]) was discovered by Einstein, when he studied the photo effect.
The second formula, which is due to de-Broil is that momentum of a particle is
related to the wave vector of the corresponding wave process, represented by the particle.

According to the formula

7= hk . (5.102)
It is possible to express w and k from formulas (5.101)) and (5.102)) and get that
we L andi =L (5.103)
h h

When wt — k - 7 is replaced with the new variables, then the exponent will have the

next form:
i(wt—E~f)

e — EtP I/ (5.104)

The same plane-wave was recieved in the (5.104)), but written by using energy type
variables. In this case also, when the expression for the field ¢ is written, the next

expression will be obtained:

dEdp . IR

The final thing is that if one of representations is taken, for instance, the representation
presented in the ((5.105)) and plug it into the Klein-Gordon equation, it will be discovered

that Fourier image satisfies the following equation:
2
( E ) — 7 —m2e
c
E

P =0"p) = (— ﬁ) : (5.107)

d(p)=0, (5.106)

where ¢ depends on p*:

c )
According to ((5.107]), it is possiblet to rewrite (5.106) in the following form:

[pup” — m*c? d(p)=0. (5.108)

There may be a thought that equation (5.108) has only trivial solution ¢ (p) = 0,
because it is possible to think that the only thing to do is to just cancel the bracket before
qg(p) This would be so if the usual functions are used, but, in fact, one of the important
things, which happen in quantum field theory and also in classical field theory, is that,

in general, there should not be a thought about the field as about usual function on
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space-time. The right way is to think about the field as a distribution. So, if there is ¢ (x)
or ¢ (p), they will be distributions on space-time. Another name for this distributions is
generalized functions.

A very characteristic example of a distribution is, for instance, Dirac’s delta function.
This is an example of a function, which is should not be understood as a usual function,
but rather it is a distribution. Such a way distributions are linear continuous functionals

on a space of basic functions. In any case, if the field ¢ is understood in the distributional
sense, then equation (5.108|) has the following solution:

o (p) =0 (p>—m*P) e (p) , (5.109)

where ¢ (p) is a good continuous function without having any zero, where p? — m2c? = 0.
The condition
pup" = m*c? (5.110)

is called mass-shell condition, because it gives a relationship between the energy and the

particle momentum. According to this statement ([5.110)) has next alternative form:
E? = p?c® + mPct . (5.111)

The condition ([5.111)) is exactly the relation between energy and momentum of a single

relativistic particle from the special relativity:

E = +/7% + m2c* (5.112)
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Lecture 6. More on Klein-Gordon equation. Canonical

Quantization

How to solve Klein-Gordon equation?

Let’s continue with solving the Klein-Gordon equation. It has been already introduced

the Fourier transform of the classical field ¢ (x). Such a way, the next transform is made:

¢ () = ¢ (p) (6.1)

and it was found out that for the Fourier image of ¢ solution exists in the sense of

generalized functions:
o(p) =06 (p*—m*P) e (p) , (6.2)

where (;B(p) is a solution of the Klein-Gordon equation in the momentum space.
And the condition
P> —m?c? =0 (6.3)

is called mass-shell condition for relativistic particle and it gives a standard relativistic
relationship, because between the energy and the momentum of a particle.

It is written with the help of a 3-dimensional vector of momentum and energy,
then it will have the following form:

£\ 2
<;) —p?—m??=0. (6.4)

The solution of the (6.4]) is given by

E = +e/p? 4+ m2c? . (6.5)

There are two solutions with a positive and a negative energy. If the goal is to depict the
function F as a function of the three dimensional momentum, a two sheeted hyperboloid
as it shown on the (fig. will be obtained.

Then let’s take the solution and return it back into the Fourier transform formula
and write the field ¢ (x) as:

dEdj (Bt
¢ (z) = / : )3/20h45p2—m2c2e BP0 (p) (6.6)
s
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Fig. 6.1. The function F as a function of the three dimensional momentum

where it is also possible to write the in the natural units and take
cht=1. (6.7)

In the Fourier transform there is a delta-function and this delta-function is useful,
because it is possible to use it in order to make an explicit integration. At least, it is
possible to integrate over energy variable E and for that it is necessary to apply the

formula of a delta-function of a composite variable:

0(x — a;
() =3 s 9)
where it is apologized that:
flai) =0

6.9
f'(a;) #0 o

Formula can be called as a formula for change of variables in the delta-function.
Let’s apply for the next delta-function

o5 -me) (6.10)

where (6.10)) can be gotten from the § (p* — m?c?) using (6.5)).
Then expression will be used for the delta-function § (p* — m?c?) :

cd (E—c\/ﬁQ—l—chQ) co <E+c\/ﬁ2+m202)
§ (p° —m?c®) = + . (6.11)

24/9P2% + m2c? 24/P% + m3c?
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The (6.11)) will be easy to understand, if the delta-function is represented as:

o (f(E)) , (6.12)
where ,
f(E)= f—Q —p%—m?c. (6.13)
Such a way f'(FE) will be equal to:
2F
fE)=—. (6.14)

The derivative f’(F) should be evaluated at zeros of the function f (£). In one case,

2/t m2 (6.15)
E=ey/5Prmic ¢

The same should be done with a negative root and then the formula will be obtained:

N 6.16)

c

there is

f'(E)

f'(E)

E:fC\/Im
The answer, which will be obtained, if delta-function § (p*> — m?c?) is integrated in

1s:

00) = i | [ 52 e B 4 [ SR R 6

where E here is not an independent variable anymore, but represents a positive branch
of the dispersion relation (/6.5)):

E =c\/p?+ m2c . (6.18)
It is also possible to make a change p — —p’ in the second integral of the (6.17]) and
get the formula which people usually use:

c dﬁz —pZ)/h = dﬁ —1 P 7
)= [/ S W] P(B.F)+ [ S BTG (B —5) | (6.9

where the first term in the bracket is called positive frequency part of ¢ () and the second
integral is called negative frequency of ¢ ().
It also should be noticed that dp’ does not change the sign, when p° — —p is

transformed, because Jacobian modulus is always positive.
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The standard way to proceed further is to introduce the complex amplitudes. One of

them is called a* (p) and this is taken to be

vy _ P (EP)
a = —— . 6.20
) =2 L (6:20)
Analogously, one defines an amplitude a (p), which is by definition is:
_E _§
u . (6.21)

a(p) =03 VT

The gotten functions or amplitudes are only functions of momentum, because F is also

a function of momentum and it comes from this function which was originally a function

of 4-momentum p in the case of 4-dimensional Minkowski space. In other words, function

of E and the function of 3-dimensional momentum p'. It is known that because the delta-

function has been integrated, F in the (6.19]) is not an independent variable, but it is a
positive solution ([6.18]).

Then it is also possible to check that for a real scalar field amplitudes a and a* right

the following
e (B, p) =¢(—E,—p) . (6.22)
Expression (6.22)) comes from considering the Fourier transform and using the fact
that our talk is about the real scalar field. Therefore ¢ (z) is a real function. Then on
Fourier amplitude there will be the relation (6.22)) and this tells us that amplitudes a
and a* are simply complex conjugate of each other. That’s why the star (x) has a simple
meaning of complex conjugation.
The Fourier transform, which is used to solve the Klein-Gordon equation, in terms of
amplitudes a and a* takes the following form:
6 (z) = Chl/Q/ dﬁ3/2 1 (0" (F) €EPOE g () BRI (6.23)
(2wh)” " V2E
Then obviously it is also possible to compute the expression for canonical momentum.

It is known that canonical momentum is equal to

() = %ix) . (6.24)

Computing the time derivative from ((6.24)), the following will be obtained:

1 dp’ x [\ _i(Et—pT)/h =\ _—i(Et+pZ)/h
ﬂ-(x):ZChl/Q/(Qﬂ-h)g/szE [a* (§) e FPE/h — g () e HEHPEI/R] (6.25)
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The important point is the following: it will be seen that the Hamiltonian, which will
be obtained, will be well defined and corresponds only to solutions with positive energy
and this can be seen in the following way. The idea now is to take our original Hamiltonian
H and rewrite it in terms of complex amplitudes a and a*. What the thing that should

be done is to take just the Hamiltonian H, which is equal to:

H=— % / 7 [C%Q + 0,000 + (%)2&} . (6.26)

So what is necessary to make next is to take expressions for ¢ (z) and for 7 (x)
and place it instead of ¢ () and for 7 (x) in the (6.26)).

When this substitution is done, one integration over ¥ and two integration over
momentum p will be recieved. It is possible to exchange the order of integration and
it is practicable to integrate over T firstly. This will affect only on exponentials, because
only they contain variable Z. So integration over ¥ will give us a delta-function. Delta-
function will depend on the difference of momentum related to one copy of ¢ and another
will be related to another copy of ¢. This means that it is possible to use the delta-function,
which is obtained after integration over ¥ to integrate over one momentum variable. At
the end we will be left over with just one integration over momentum. In the process of

evaluating H it is needed to use the expression for delta-function, which has the following

form:
de ...
5 (p) = P/ 6.27
(#) / (2mh)® (6:27)
Then, if the integration over x is done, the result for the Hamiltonian will look as
follows:
1 v ko o
o= [WE@ @)a@) . (6.28)

where E (p') has the form of (6.18]).
The expression for the Hamiltonian (6.28)) has been written down in terms of complex

amplitudes and the Hamiltonian is real and expression a* (p') a (p) is positive and equal

to:
a* (F)a (@) =la@) . (6.29)

It is also possible to rewrite the Hamiltonian in terms of frequency w (p), which is

related to the energy by Einstein formula:

E(p) = hw(p) . (6.30)
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Expression (6.30) will remove Plank’s constant from expression (6.28)). If (6.29) is
rewritten with the help of (6.30]), then the Hamiltonian takes the form:

H= / 7w (7) a* (7) a (7) - (6.31)

Further, it is possible to rewrite also an expression for ¢ (x) in terms of frequency:

¢(z)=c / (;?3/2 ! (a (,;) p—iwt—E) +a*(

2 (F)

The piece in the (6.32]), which is related to a* (E) is called positive frequency and

!

) R )) . (6.32)

a is called negative frequency. The positive and negative is a convention. Sometimes in
the books, people use an opposite convention, they call what we call positive frequency
negative and what we call negative, they call positive. The definition depends on which
literature, you take. This is related to the fact that an opposite way to cause this amplitude

is related to ideas that if it is possible to see the Schrodinger equation:

0 . .
i e = B e (6.33)
E

then the wave with a negative frequency —iwt corresponds to the positive solution.
If the sign in exponent of (6.33)) is changed, then the following expression will be
obtained:

m%ew = —Be™t. (6.34)

That’s why in the literature sometimes exponent of —iwt associated oscillator to it is
called positive frequency. But this convention will not be used since Schrodinger equation
is not important in our case and Klein-Gordon equation is used. Therefore, positive
frequency will be associated with positive exponent of iwt correspondent in quantum
theory to creation operators. The exponent of —iwt will correspond negative frequency
and annihilation operators.

Let’s look at the physical meaning of amplitudes a* and a. It can be seen that from the
solution for field ¢ (x) it is useful to define the time-dependent amplitudes. So, a* (7, t)

we can associate with a* (p):

(6.35)
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It can be seen that this time-dependent amplitudes can be obtained as a solution of

the Hamilton’s equations of motion for a and a* and Hamilton’s equations means that

i = {H.a} (6.36)

da* {H, a*}

dt

where H is a Hamiltonian, given by formula (6.31). The Poisson bracket is the usual

oscillator bracket, which is equal to

{a(p),a" (")} =10 (F —7') , (6.37)

where now there is an infinite collection of oscillators parameterized by the continuous

parameter p. It is also possible to write following Poisson’s brackets:

{a(@),a (@)} =0=A{a"(7),a" (7")} . (6.38)

Such a way a system in terms of complex amplitudes and its equations of motion
according to the Hamiltonian formalism were described, where Hamiltonian is given by
formula (6.31)).

If the classical massive Klein-Gordon field is considered, it is possible to say that this
is nothing is just an infinite collection of harmonic oscillators, which oscillate with the
relativistic frequency w ().

Such a representation of a scalar Klein-Gordon field ¢ (x) in terms of complex amplitudes
a and a* is called holomorphic representation.

If the Poisson’s bracket is used between the oscillators and use this expression is used
for fields ¢ (x) and 7 (z), which we have showed before, it is possible to compute the
Poisson’s bracket between ¢ (z) and ¢ (2'), as well as between ¢ (z) and 7 (z') and also

between 7 (z) and 7 (2):

{¢(2),0(")} =0
{¢(z), 7 ()} =id (x — ') (6.39)

3

Such a way the standard formulas were restored for canonical Poisson’s brackets
between field and its momentum, that has been already discussed.
It is also available to write down expressions for other generators of the Poincare group.

For instance, Hamiltonian is one of the generators of the Poincare group, but there are
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other generators: spatial shifts, spatial rotations and Lorenz boosts. Let’s now use this
holomorphic representation to obtain expression for other generators of Poincare group
in terms of amplitudes a and a*.

In particular, let’s write down the expression for generators of spatial shifts

P = / dz m0;¢ (6.40)
in terms of oscillators, which takes the following form:
1 e e o
P = 7 dppia® (p) a(p) - (6.41)

Generators of spatial rotations M;; is given by:

where this rotation generators were obtained from Noether’s theorem. If solution for the

field ¢ is substituted in terms of complex amplitudes, the following expression will be

found:
My =i / d7a* (7) (pd; — ps0) a (7) . (6.43)
Then it is necessary to find expression for Lorenz boosts. It has the following form:
My = %/dfxif}f —cthb; . (6.44)

So Lorenz boosts are the most complicated generators and they have explicit dependence
on time that one of the features of this generators.

If (6.31)) is rewritten in terms of oscillators, the following expression will be obtained:
1

Moy; =
0 2c

/ AFE (7) (a* (7) a (7) — Oua” (7) a (7)) — et P, (6.45)

where P; is the same thing as in the , which is given in terms of oscillators.

So Lorenz boost have an explicit time-dependence and this is a manifestation of the fact
that in the Hamiltonian formulation the boost symmetries broken. This is not surprising,
because in order to develop the Hamiltonian formalism it is necessary to fix the direction
of time.

In the Hamiltonian formalism time plays always a distinguished role, while on the
other hand, it is known that when Lorenz boost is done, the time direction is mixed with

spatial directions.
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If a boost is considered, then it is possible to get an explicit time dependence in the
expression for this generator, but the conservation law provided by the Noether’s theorem
is of course the law, which holds. So, if a total derivative of boost generator over time is
taken, it is known that in the Hamiltonian mechanics, if our generator has an explicit time
dependence and it is needed to compute the total derivative accurately, first the partial
derivative is computed, keeping all the other variables fixed and the boost is differentiated
over its explicit time dependence and then a Poisson bracket of the Hamiltonian is added

up with My;: L o1
0i 0i

dt ot

That is how time evolution equation should be written for any function, which has an

+ {H, My} . (6.46)

explicit time dependence, and therefore, if this expression for the boost is differentiated

with respect to the time variable, it will be obtained that:

i {]_L MOz‘} —cP; . (6.47)

dMOi

3 1s equal to

In other words, if My, is conserved in time, then the total derivative

zero and from here it is available to get an expression that the Poisson bracket
{H, MOi} =ch; . (6-48)

Expression is nothing else as a part of the Poincare algebra. So H generates
shifts in time and shifts in time commuting with boosts with respect to the Poisson bracket
produce the generators of shifts in spatial directions. This is one way how relations of the
Poincare algebra may be reproduced. But if the Poisson bracket between the oscillators
is used and the Poisson relations of all these generators is computed between themselves,
it will be discovered that they form nothing else as Poincare algebra with respect to this
Poisson brackets for oscillator variables a and a*.

The classical part is finished and the work with classical fields is also finished. The
Klein-Gordon equation was solved and rewrote all physical quantities such as Hamiltonian
and generators of the Poincare group were rewritten. Then the canonical quantization will

be proceeded.

Canonical quantization

Canonical quantization consists in replacing the equal time Poisson bracket of classical

fields with quantum Poisson brackets with what is called quantum Poisson bracket denoted
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by the same expression as a classical Poisson bracket with a subscript A:

{r={h. (6.49)

The realization of this quantum Poisson bracket is known and according to Dirac, this

quantum Poisson bracket must be equal to:

L] (6.50)

SHES

Expression represents a Dirac way of quantizing fields and it’s called canonical
quantization.

On the one hand, one uses for the quantum Poisson bracket expression ([6.49)), while
for the right hand side of this quantum Poisson bracket one uses the same expression
as for the classical Poisson bracket. This means that when we quantize, we promote our
classical field ¢ (x) becomes an operator. The same with momentum = (x): it becomes an
operator, acting in some space, which will be described a bit later.

The essential point is that this operators ¢ (z) and 7 (x) have the following quantum

Poisson brackets: .
[6(t.3) .0 (67 = 1[0 (1) 0 (7)) - (6.51)

In expression ([6.51]) the equal time Poisson bracket is replaced with an equal time
commutator. Since this canonical quantization is considered the quantum Poisson bracket

is replaced by the value of the classical Poisson bracket which is zero, therefore:
i

E, [¢ (t7 f) N0 (tv ]j)] =0. (652)

This means that fields commutes at different space points, but at the same moment

of time. The same should be done for canonical momenta. Also there is zero on the right

hand side: .
{m(t.8). 7 (L) =5 [ (L&) 7 (6F)] =0, (6.53)

while for the quantum Poisson bracket between momentum and field the following is

obtained:
{7T<t7f)7¢(t737)}h =z [ﬂ-(t?f)?Qb(tag)] = 5<f _g> : (654>

Expression ((6.54) can be rewritten as a equal time commutator of canonical momentum

with the field is given by:

[T (t,Z),0(t,7)] =—ihd (X —7) . (6.55)
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[t’s more convenient to write it as a following commutator:

o (t,2),m(t,7)] =ihd (¥ —7) . (6.56)

Relations between quantum fields are called canonical commutation relations. Similarly,

upon quantization the classical amplitudes a* and a are replaced by operators a' and a:

a* (p) = af () (6.57)
7) =

a(p) = a(p)

They are understood as creation and annihilation operators. Meaning of creation and
annihilation will be clarified a little bit later. So the creation and annihilation operators for
harmonic oscillator labeled by this momentum variable p" and the commutation relation

between a and af are given by the formula:

[a (), (“’)] =0
[ t ( ] =0 (6.58)
[a (7 ] = ho (7 — ')

a

In a way, it can be said that now an abstract algebra generated by generators a (p')
and a' () is studied. This algebra satisfies the commutation relations .

The commutativity of fields at different space-time points, but at the same moment of
time is important. In fact, from the quantum mechanical point of view commutativity of
operators means that these operators can be measured simultaneously. The eigenvalues
for this operators can be simultaneously measured. This fields then are independent
observable. It is like the same field, but taken as the one and the same moment of time,
but at different space points represent different observables, because the values of this
field at the same time, but at different space time points commute.

Then, an important representation will be constructed for this moment abstract variables
a and af. Construction of representation means that the a and af will be identified as
concrete operators acting in some space. It is needed that this space to be also the Hilbert
space. The norm in this space will be introduced and the a and a' will be realized as
explicit operators acting on this space. The construction of this particularly important
representation of quantum field theory is carried out in the following way: first of all, it
is needed to introduce a state in the direct notation bra and ket to introduce a particular

state, which can be called as vacuum state
|0) , (6.59)
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which is a state without particles from physical point of view. Then it is assumed that this
vacuum state is specified by the condition that, when any of the annihilation operators

act on it, it gives zero:

a(F)]0) =0 . (6.60)

That’s why these operators have a name of annihilation operators. So, annihilation operators
annihilate the vacuum state. Acting on this state with creation operators, which are a' ()

will create a one particle state with momentum p’, which is denoted in this way as:

2w (p)a’ (7)10) = [P) (6.61)

where a normalization /2w () is indroduced.

In expression (6.61)) it is recieved that a acting on the vacuum gives one particle
states, which are labeled by the momentum p'.

So, our start was from the vacuum |0), then one particle state with momentum |j;) was
constructed. Then it is possiblet to construct a state of two particles with momentums p';
and p's - |P'1,P2) and so on. More and more creation operators with different momentum
are applied and then some number of particles are created, which in physical interpretation
carries this momentum from p’y up to p',, - |[p'1,...,0n). The space of all these states from
vacuum up to n’s particle state is called Fock space. Sometimes the representation of field
operators in the Fock space is called representation of second quantization. This term will
be explained a little bit later. Where does it come from? Why second? What does it mean
second quantization? Why people talk about second quantization, when they talk about
representation of field operators in the infinity dimensional Fock space?

So, the question is why this is a representation. In the Fock space operators a and a'
act in the following way: operator a' simply adds a new particle with momentum 7. If

the creation operator is taken and applied to a state, which has already n particles in it

like, for instance, state |p'y,...,7y), then what this operator does, it’s just adds a new
particle:
. " 1 oo "
a" (P)|P1s - Dn) = ——== 7, F1, -, D) (6.62)
2w (P)

where to keep the normalization it is necessary to divide by the square root of 2w ().
The action operator or annihilation operator a (p) is a bit more complicated. When

this operator acts on a state with n particles, it’s supposed to annihilate:

a(F)|Br,- - Pa) = hy/20 (7) Zé(ﬁ — )

ﬁl)"')f)i7"'7ﬁn> ) (663)
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where /2w (') is normalization and ]%l means that this particle is absent. And also it

is needed to show distinguish action on the vacuum:
a(p)|0)=0. (6.64)

So, all the af operators commute between themselves, all a operators commute between
themselves, that it is possible to verify that this actions are compatible with the non trivial

property is that what happens when a (§) and a' (p') meets. Let’s write:

a(p)a' (5) (6.65)

and then let’s act with this operators on the n particle state and use formulas (6.62) and
(6.63):
— — — — 1 — — — —
a(p)a' (p") [P, Pn) = —m===a (P) [P, P1, .- Fn) - (6.66)
2w (p")

Thenit is neessary to use a (p’) operator:

W) at ()51, ) = B 5 — 7)1y ) + (6.:67)
+h %Z?:lé(ﬁ_ﬁz) ﬁl7ﬁ17'-'af)iv---

D) -
Now the goal is to act with an opposite order of operators:

aT(ﬁ,)a(ﬁ)|ﬁ177ﬁn>:h\/2w(ﬁ)25(ﬁ_ﬁz)aT(ﬁ/> ﬁ17'-'af)i7"'7ﬁn> . (668)
=1

=/

Finally, the operator a' (§”) will add one more particle and we will get:

‘”@) > 5 -5

a" (p") a (P) [P, Pn) =D
) a @) 1) =y

5,71717"'71_57:""7ﬁn> * (6'69)

Then it is necessary to compare the results of two gotten expressions ([6.67)) and (6.69)

for actions of operators a and af, but in different order. If we subtract from the first
actions, the second one, an expression for the commutator will be recieved. If a state with
n particles is studied or, in other words, a more or less arbitrary state with any number
of particles is considered, it will be clear that under the commutator the second term of
cancels the first term of . Such a way, we will get the following formula:

[a(@),a" (B |P1,- F0) = W8 (F = P") |P1,- -, Fn) - (6.70)

The gotten expression is valid for any state in the Fock space. The number of particles
plays no role. Therefore, it can be said that the representation of algebra of operators a

and o has been realized.
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This way shows how to prove that representation of the oscillator algebra of creation
and annihilation operators in the Fock space has been constructed.
An arbitrary state in the Fock space is a superposition of n particle states. An arbitrary

state, which can be denoted by yx, will be given by:

0o n S
x>=2%/n\/%x(pp) Fr) . (67

Expression (6.71)) represents a superposition, where states with a different number of
particles are superposed and this is reflected by the term with sum from zero to infinity
and also particles with different momentum are superposed.

The momentum could be different, but since momentum continues, summing over
continuous variable is the same as to integrate over this variable and arbitrary coefficients
in front of different momentum can be implemented by putting functions x,, (7'1,...,7x)-

Of course, it is possible to compute the norm of such a state. First of all, there is an
assumption about the vacuum state that this is a state with a well defined norm equal to
one. The norm of this state is scalar product of the state with itself and by definition is

taken to be equal to one:

(0]0) =1 . (6.72)

It is possible to use the definition of the n particle states to compute the scalar product

of states with different particles:

<Jl7"'7§n‘ﬁla'-'7ﬁm> . (673)

What is meant by definition is that it is understood that if a state is created by acting
with a creation operator on the vacuum, then conjugation means that the conjugate state

will be a state with bra vacuum acted by a (p'):
a' (7)10) = (0la (p) . (6.74)

In other words, operators a and a' are considered to be Hermitian conjugate to each other.
Then, if then this assumption or this convention is used for how the conjugate states are
understood, then it is possible to write in terms of annihilation operators the bra state
(@1,--.,qn| and with creation operators the ket state |p'1,...,p,). Then it is needed to
move operators of annihilation through the creation operators to reach the right vacuum

and produce zero:

m

6.73) = [] V2w (@0 [[ V2w 50 (0la (@) .-a(@)al (71) ..ol (F)]0)  (6.75)

=1
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Then it is necessary to use commutation relations between a and a' to move a through
a' to the right. Such a way a will reach the right vacuum and annihilate it and then
analogously a! move to the left and then annihilate the left vacuum. Every time a is
commuted through a' a delta-function will be recieved, due to the commutation relations

between a and af. If this computations are done, the following result will be obtained:

n

6.73) = 6mn | [ (200 (7)) 8 (5 — G'0s) - (6.76)

P =1

where symbol P means a sum of all permutations. Permutation is understood as a map

1 2 ... n
b= (6.77)
a; gy ... QOp
and permutation is a bijective map from {1,2,...,n} to itself. That is what is called a
symmetric group. So, such bijective maps from 1 to n form a symmetric group, which
mathematical name is .S,,. And permutation is an element of the group .5,.
Expression ([6.77)) shows how the scalar product between particles with definite momentum

looks like. If now the scalar product is used to compute the scalar product of an arbitrary

state (1|x), which are built on the functions ¢ and Y, the following result will be found:

CIVED DY FEA R AP S) | (28 (6.78)
n=0

This is, in a way the standard scalar product, which will be used use in quantum mechanics
to make the space of square integrable functions on a space R" or simply on R to become
a Hilbert space. The represents a structure of the Hilbert space is introduced by
means of the scalar product and in a sense this is the quantum mechanical generalization
or simply generalization to the case of infinite number of particles of the standard quantum
mechanical scalar product, which supplies the space of square integrable functions with
the structure of the Hilbert space. So, Fock space is a Hilbert space. This also partially
explains why the \/W is introduced in the definition of states obtained by creation
operator, it’s explained by the fact that, if a scalar product of two states is considered,

for instance, of two one particle states (p'|7), then it gives us:

(P1q) =2hw (P)6 (P —q) , (6.79)
which is the same as
PIT)y =206 (5 — q) , (6.80)
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if it is written in terms of zero component of the momentum, then the scalar product,
because of the factor 2hw (p'), is relativistic invariant.

What does it mean? It means that if the Lorentz transformation with p and ¢ or is
done, in other words, go to another frame by applying Lorentz transformation on both p
and ¢:

=AY, g =Ag (6.81)

then the product (7|¢’) will be relativistic invariant.
So, if (Ap'|Aq’) is done, where A is an arbitrary Lorentz transformation, then the scalar

product remains invariant:

(AFIAG) = (PlT) - (6.82)
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Lecture 7. Second Quantization. Commutation and

Green’s Functions, Pauli-Jordan Function

Last lecture the procedure of canonical quantization was discussed, where the Poisson
brackets for fields and the momenta of the fields have been essentially replaced with
quantum Poisson brackets that are commutators and the construction of the Fock space
has been also discussed, which is an infinitive dimensional Hilbert space constructed by a
successive application of creation operators to the unique vacuum state.

In this lecture our goal is to develop these operator concepts.

Now it is possible to come to the question about the Hamiltonian. In the classical
theory it is known that the Hamiltonian can be written in terms of creation and annihilation

operators in the following way:

H = / dfw (7) a* (7) a (7) - (7.1)

The was a classical expression for the Hamiltonian. If a similar computation for
the Hamiltonian H in quantum field theory is done, of course, it is known that a* (p)
and a (p') will be replaced by a' () and a (p'), but it should be done carefully, because
these two operators: af () and a (7)), do not commute with each other and, therefore,
the order of these operators in any operator expression, which was constructed with the
help of the a and af, matters. For the case of the Hamiltonian one accepts to write the

following expression for the quantum Hamiltonian:
1= [ 5o @)d ()a () (72)

meaning that operator a' stands on the left from an operator a. This way of ordering of
operators a and a' is called normal ordering. In other words, normal ordering is a rule of
ordering of operators a and a' in such a way that operators a! always go to the left or
always stand on the left from the operator a.

In other words, if there is a certain expression from operators a and a'
aa’aa’a (7.3)

and then the procedure of normal ordering is applied to this expression, then this expression
should go to
a'a’aaa . (7.4)
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It should be recalled that the order of operators a between themselves and a'-s between
themselves does not matter, because operators a commute between themselves and a' also
commute. Their relative order does not matter, but what matters is that all af-s stand
on the left from operators a. To symbolize this way of ordering people use the special
notation, which is called normal ordering and they write double dots on the left from the
expression, which will be put in normal order and to the right of it. So, expression (7.3])

in the normal order form is given by the expression:
caataata . (7.5)

The same idea of normal ordering is also applied to fields. If there is a set of fields
{$1(Z1),...0n(x,)} and our goal is to put their product in normal order, that means
that in the resulting expression first of all all the fields will be written in terms of creation
and annihilation operators and then all creation operators will be placed to the left from
all annihilation operators.

The idea of adopting such ordering prescription goes to the fact that the energy of any
state in Fock space becomes a well-defined quantity. In particular, vacuum carries zero

energy, because if H is applied to the vacuum state then that would be

H10) = / dfw (7) ' (7) a () [0) . (7.6)

Since vacuum is annihilated by operator a (p'), then the result of application of H to
the vacuum state will give us zero. On the other hand, if the Hamiltonian is written in
the opposite way or if anti-normal ordering is assumed, for instance, where a' is placed
to the right, then, in fact, our Hamiltonian will create first a one particle state out of the

vacuum and then this one particle state will be annihilated by means of operator a:

a(p)a' (p)10) . (7.7)

As can be seen, in order to compute the result of this action it is necessary to compute
a (p) through a' (p'), which will result into the d (0), because it would be § (7 — 7). So, the
4 (0) is actually infinite and in this case it can be seen that the action of the Hamiltonian
on the vacuum state will give us a non-sensic equation, because the result of application
will give us just zero. In order to prevent the problem with defining the Hamiltonian
of any state in the Fock space and just to make it well defined, it is possible to apply
the normal ordering prescription. It’s very important to remember about this, that in

quantum field theory for operators acting in the Fock space one usually uses the normal
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order and prescription. In particular, this is done for the Hamiltonian in order to render
the energy of Fock states well defined.

Now if our field ¢ is considered again, then in terms of creation and annihilation
operators the field ¢, which now is an operator has the following expansion. First of all
there is the measure factor. If it is written with all A and ¢ constants it will look like:

dp 1 L\ i(Bt-pF o\ i(Et—pE
o =e | s (@ DTN () )

Let’s now take the positive frequency part of the field ¢ (), which contains a'. This
piece will be denoted as ¢*:
— dﬁ — —wnx /h
ot @0 =c [ et e (7.9)
(27 h)*?
Let’s take the vacuum state and act on this vacuum state by operator ¢*. Such a way

shows that:
dp’ 1
ot (Z,0)1]0 :c/
(010 (2#71)3/2 2w (p)

In particular, if another one particle state with a non-trivial momentum p’ is taken

e PEM 5y (7.10)

and a bra state (p| is taken, then it will be seen that

ﬁ|a+ (cf)|0>e‘iﬁ/h , (7.11)

it B c oq

(Ple* (7,0)[0) = (27h)*? / \/m<
where the variable, over which the integration is, is denoted by ¢ and p is a certain fixed
momentum, which defines the one particle state (p|. It is possible to compute the quantity
described by and it is necessary, first of all, to write down an expression for a state

(p|. It is known that it can be represented as:

P =(0la(p) vVaw(p) - (7.12)
When ([7.12)is plugged in the scalar product from (7.11)), a (p') will be commuted with

a' (7) and a () will be moved to the right vacuum to annihilate it and as a result of this

evaluation the delta function on p" — ¢ will be obtained:
(Oa(p)a™ (§)|0) ~ 6 (5 — ) (00) ~ 6 (7 — ) - (7.13)

Then it is necessary to substitute expression (7.13) into the integral (7.11). Such a
way, it will be seen that the result of the evaluation will become simply an integral of a

delta function and when the delta function is integrated it will be found that:

e—i0E /I
(Flo* (%,0)]0) = :

—_— . 7.14
2 h)*? (7-14)
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Expression is recognized from quantum mechanics. It is known that this is a wave
function of a free particle. Every particle moving with momentum p’. In other words, the
procedure of applying the positive frequency part to the vacuum positive frequency part
of our scalar field to the vacuum creates a particle with a standard quantum mechanical
wave function, which corresponds to free particle moving with momentum p'.

Let’s also make a comment about the procedure of constructing the Fock space, which

also is known under the name second quantization.

Second quantization

The Klein-Gordon equation, which has been solved and already studied, was introduced
by Schrodinger himself. His motivation for introducing the Klein-Gordon equation was
rather simple. Basically it is known that there is the standard relativistic dispersion

relation for relativistic particle:
= 2 _m2l=0. (7.15)

The relation ((7.15]) is called as Mass-Shell condition, but in fact this is a dispersion
relation for relativistic particle, which relates energy of this particle with its momentum
and Schrodinger’s idea was simply to pass to quantum mechanics by replacing a three-

momentum p with an operator of momentum, which equals to

0
) = —th— 7.16
P =—ihgs (7.16)
and replacing energy with 5
E — ih— . 717
— 1 T (7.17)

Energy is, in fact, an eigenstate of the hamiltonian and the hamiltonian generates
time evolution. So, shifts in time, while momentum is responsible for the space shifts and
it’s realized as a derivative from . After this replacements on the left hand side of
the dispersion relation the Klein-Gordon operator is discovered. If this little calculation
is done, it will be seen that the operator will have the next form:

1 02 0 m2c?

Instead of the usual mass-shell condition, which is formulated in terms of E and p’

now there is a second order differential operator and in a way the natural substitution

110

nnnnnnnnnnnnnnn




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

of the dispersion relation would be to take this differential operator and apply it to the

1 02 0 m2c?

In fact, then it is possible to say that the expression, which is in the (7.18]), on the

one hand mathematically is the kernel of the wave operator. On the other hand, from

wave function ¢:

a physical point of view, written in the , is a Schrodinger equation for the wave
function ¢. And the fact that this equation contains second order derivative in time rather
than first derivative in time is due to the fact that relativism is considered, which puts
time and space variables. Since this variables are on equal footing and they are rotated
into each other by means of Lorentz transformations, the second derivatives in the space
directions are accompanied by second time derivatives in the time direction. In a way this
is a relativistic version of the usual non-relativistic Schrodinger equation and this is an
equation which defines the wave function ¢. When the wave function is defined by means
of equation it is necessaryt to continue with the usual quantum mechanical analogy
for the wave function ¢. Then a number of problems arise immediately. Especially, in the
case, when non-trivial interactions or self-interactions are considered for this theory. To
clarify this let’s introduce instead of a real field actually complex field, because complex
field is more suitable to regard it as a wave function, because wave function in the standard
quantum mechanics is a complex function. So, if a real scalar field is passed to complex

scalar field, then the action for this field is written in the following way:

Sfel = 1 / d'z W@W - (%C)ch*qs] . (7.20)

Similar to what happens in the non-relativistic case, it is possible to introduce two
important quantities. One of them is a probability density p and another is the probability

current denoted as j These quantities are defined explicitly as

h
p =5 (6706 = 6010") (7.21)

and ,
j=—5-(6Ve—eVe). (7.22)

These quantities are introduced, because in the non-relativistic quantum mechanics it

can be seen that these quantities satisfy the standard continuity equation

L 4Vji=0. (7.23)
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The continuity equation is satisfied due to the Klein-Gordon equation, especially, it
reduces to the Klein-Gordon equation for a field ¢, when p and j are plugged into formula
(7.23]) will be seen that there will be zero, because the Klein-Gordon equation is satisfied.

Now it looks like the standard paradigm of usual quantum mechanics is followed. p
and j were introduced, which satisfy the continuity equation as our goal is to have this
quantity in the non-relativistic case. In fact, it is also possible to understand that what
is written down in the is nothing else as they’re written down the covariant form
of the current conservation

0" =0, (7.24)

where J* is a 4 current with components

Jh — (cp,]') . (7.25)

The current J* is conserved in equations of motions and is simply a direct consequence
of Noether’s theorem, because the existence of this conserved quantity is due to the fact

that the action for relativistic complex scalar field has the following symmetry
b — %, (7.26)

where « is a constant parameter. From expression ([7.26]) it can be seen that if the field ¢ is
changed by multiplying it with the phase and ¢* is simultaneously changed by multiplying
it with a conjugate phase, then this phase disappears and the action is simply invariant
with respect to these transformations. By Noether’s theorem it is known that symmetry
must correspond to a conserved current and this current exactly or the probability for
current was written in expression . On equations of motion, which are a Klein-
Gordon equations for ¢ and ¢* the current J* must be conserved and this is exactly what
can be verified by direct means.

The problem is however that probability density is not positive. So, p is not positive
in contrast to the expression for p which is in non-relativistic quantum mechanics. In

non-relativistic quantum mechanics p is defined as

p=0¢"¢=|9" . (7.27)

This is an explicitly positive density. It can be given an interpretation of probability
density: probability is is always non-negative.
For our case it can be seen that p is not positive from an explicit expression for p

(7.21]). That is because in the relativistic case the second order differential equation is
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considered. Since we deal with the second order differential equation supplying it and
solving it it is necessary to supply it with initial conditions and since it is of the second
order, it is needed to supply as initial conditions not only the value of ¢, but also the
value of its time derivative at an initial moment of time. This values of ¢ and ¢ can be
chosen in an arbitrary way and if they can be chosen in an arbitrary way, so, ¢ and ¢
might also be taken negative values and therefore p is not any more positive defined. In
general actually p goes in the non-relativistic limit: when a speed of light tends to infinity,
it goes to the density of non-relativistic quantum mechanics. This can be explicitly traced
by using the expression for ¢ in the so-called WKB approximation and this expression for
¢ then starts from

¢~ e 4L (7.28)

where ... are corrections to the expression and 1 is taken as a wave function from non-
relativistic theory. Then it can be seen that, when expression ([7.28)) will be differentiated

with respect to time, the first time derivative will be not acting on . It will just
b ~ imc2e™ My (7.29)

Then from expressions (7.28) and ([7.29) it can be seen that at leading order in the

limit ¢ — oo, it will actually be obtained that:
G O ~ Y (7.30)

and time derivative will disappear. So, p is nice in all respects that it’s a part of the
conserved for current. It is a quantity, which has a correct non-relativistic limit, but it loses
one important property, which allows to interpret it really as a probability density. Namely
it’s not positive anymore and, therefore, the whole quantum mechanical interpretation
of the quantity ¢ as, in particular, a quantum mechanical wave function breaks. If the
interaction is considered, thenit is possible to show that p cannot be served as a quantum
mechanical probability density.

The correct interpretation of field ¢ has been found later by Pauli and Weiskopf.
According to Pauli and Weiskopf, the field ¢ must be treated as an operator rather than
the wave function. So, for us ¢ is not a wave function, but rather ¢ is an operator, which
then should be used to define with its help the amplitudes and a consequence creation
and annihilation operators, which are used to build the Fock space of the scalar field. We
naturally come to the Fock space representation treating ¢ as an operator, because this

operator should act in some space and the natural space, where it acts is a Fock space.
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Such a treatment of ¢ as an operator acting in the Fock space is exactly what is called
second quantization. This term is historical, because when second quantization is said,
in a way it is suggested that under the first quantization act the classical scalar field is
replaced by a wave function ¢ just like Schrodinger did, but in fact it’s not a wave function
and it is needed to quantize it again to promote it to an operator acting in some Hilbert
space, which in this case is a Fock space.

Today, perhaps, it is not a good thing to to talk about first or second quantization, it is
just known that it is necessary to treat ¢ from the very beginning as an operator acting in
the Fock space and in this respect it is possible to refer to this as quantization of the scalar
field, as a process by means of which we an operator is directly put in correspondence to a
classical field and then for this operator a representation is constructed. It is represented
in terms of creation and annihilation operators.

The next topic that is necessary to introduce is commutation and greens functions.

Commutation and Greens functions

In the theory of interacting fields even in the classical theory, it is known that solutions
of inhomogeneous field equations with point-like sources play a special role. These solutions
of such inhomogeneous equations with point-like sources have a special name, they are
called Greens functions.

As it is known from the classical electrodynamics, greens functions can be of different
nature. For instance, there could be retarded Greens functions, advanced Greens functions
and, in particular, in quantum field theory the interest is in the so-called causal Greens
functions, which are also known under the name of Feynman propagator.

Now let’s to discuss how these functions are defined and explicitly constructed for
the case of the Klein-Gordon field. Therefore, what is needed to consider here is the
Klein-Gordon field.

Let’s start from solutions of the Klein-Gordon equation without sources. This is related
to such objects as commutators of quantum fields at different space-time points. Since
our talk is about commutators, these functions sometimes are referred to as commutation
functions.

It is necessary to answer a question: what is the commutator of quantum fields at
different space-time points is? Not at the same time, where the commutation relations are

canonical, because we have already discussed it, but at different space and time points.
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The first very important commutation function, which will be discussed is the so-called

Pauli-Jordan function. This function is defined in the following way
[0(Z,t),¢ (&', t)] = ihcD (x - 2') | (7.31)

where D is a Pauli-Jordan function and x and 2’ are points in the four-dimensional space-
time. By definition a Pauli-Jordan function is a commutator of two quantum fields at
different space-time points. As it will be seen D is a function and it is not an operator.
Although the operator is being calculated, the result is a number ¢, which is a number or
a function multiplied by the identification operator.

Before the derivation is sketched, an explicit form of what is going to found will be

written. Since D (z — 2’) depends on one argument, it can be written as follows

5 ()

D) == |06 -5 (5) 0 ) = |

- (7.32)

where 0 (z?) is Heaviside function, .J; is a Bessel function. It should be also noticed that

in our case instead of 22 the following is used
(z—2) = t—t) — (& —1') . (7.33)

One more variable that it is needed to introduce is €:

+1,t>0
€et)=0(t)—0(—t)=<0,¢t=0 . (7.34)
—1,t<0
Let’s also remind what is 6 (¢):
+1,t>0
0(t) = (7.35)
0,t<0

It can be seen from formula ((7.32)) that, because of the presence of the prefactor € (),
D (x) turns out to be zero if t = t'. This means that the equal time commutator vanishes,
which is good, because it shows that it’s compatible with the fact that for the same time

argument fields commute. So,

[¢(Z.t), ¢ (T )] =0 (7.36)
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and this is the result of canonical quantization and this is how canonical Poisson bracket
requires to have when to the quantum theory is passed under the procedure of canonical
quantization.

The second feature is that it also can be seen that commutator of two local fields
vanishes if their space time points are separated by the space-like interval. So, z? is
space-like, if 22 < 0. In our case our talk is about condition that if (z — 2)*> < 0, then
Pauli-Jordan function vanishes. Therefore, fields, which are separated by such an interval
are commute and this is in a way if our goal is implementation of causality principle
in quantum field theory. This is an important fact, which is manifestation of causality
principle in quantum field theory. Why it is so? That’s because there is no signal known
that can propagate faster than the speed of light and this means that if there are two
events or fields which will be measured at points, which are separated by the space-like
interval, then measurement of field in one point and the measurement of the field in the
other point do not correlate, because these measurements are completely independent.
Signal is not enough to propagate from the point x, where a measurement of the field ¢ is
made to the point 2/, where it is implied that a measurement of the field at the point '
is made. In other words, field values separated by the space-like interval are independent
observables and it is known that if there are two independent observables in order to be
able to measure them according to the basic principles of quantum mechanics, they must
commute. The last comment about the explicit expression, which is going to be found by
means of computation is that expanding the Pauli-Jordan function around the light cone

the following expression will be found:

D (z) = —g {5 (@) 5 (55) () + } . (7.37)
Essentially what we are expanding in the is the piece of the with Ji, where
around light cone means that this function is expanded around Va2 =~ 0. So, when V22
tends to 0 the ratio J; to the v/22 goes to 1. Therefore, it can be seen that on the light cone
there are severe singularities for the Pauli-Jordan function. Passing through the light cone
D (x) experience singularities of two types. One of them is just delta-function singularity
and the second type of singularity is finite discontinuity is given by the function @ (z?). So,
finite discontinuity is something which is usually understood as function jump, because
of the #-function.
Now the question may be asked: how to derive the gotten result? In particular, how

to construct the function D?
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Let’s explain how it can be done and let’s construct a scheme.

1)

It is possible to use an expression for fields in terms of oscillators. Let’s start from

the expression for the commutator

(6 (Z,1),0 (2, 1] (7.38)

given in terms of creation and annihilation operators. Up to a prefactor, which

contains ¢, 27 and h, the following will be obtained:

~ Ldl?’/ +(F) . a(k i(wt—w't)—i(RZ—K'Z")
+f[;/4<w?><’ Ei <<E/)>] Zg(wt)lj)ﬂ(izfﬁ/f/)) ' " (7.39)

So, the Fourier decomposition of ¢ was used and then formula ([7.39) was recieved.

7.3

0

Commutation relations between quantum oscillators are used and it is replaced by
delta-functions. Then it is possible to integrate the corresponding delta-function.

So, the first and the second commutators in the (7.39)) will be replaced by
5 (E - E’) and — 8 (/2 - E’) (7.40)

respectively. Then it is possible to integrate over k' by using these delta functions,

simplify a bit and as a result the following expression will be obtained:

—2 dlg T (22
7.38 = ihe—— / kET D sinw (t—t) . (7.41)

%6

where the coefficient was added before expression ([7.38)). If the gotten expression is
compared with the definition of the Pauli-Jordan function, it will be seen that this
prefactor ihc is also in the ([7.31)). So, it is recieved that

D(z) = __% %ei’;f sinwt . (7.42)
(2r)°

So, a subject of our further computation is obtained.

Then it is necessary to continue the computation and it is needed to evaluate
the three-dimensional integral or evaluate it in terms of known functions like, for
instance, a Bessel function. It is convenient here to come to spherical coordinates.

So, it is necessary to introduce a quantity r which is
r=Vz?2 (7.43)
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ANz

-
r

Fig. 7.1. Change of coordinates to r and k variables

and k, which is

k=VEk?. (7.44)
Our coordinate system is oriented along direction of 7 (fig. [7.1)).

Therefore, the D (x) will be obtained in spherical coordinates in the following form:

92 0o 1.2 27 s )
D(x)=— ¢ Wdk sin wt de [ sinfdgeirreos? (7.45)
2w

0 0 0

where it was used that

eiEf — eirkcosﬂ ] (746)
The integral in the (7.45) can be elementary computed. It can be seen that the
measure sin #df can be replaced by

sin 0df = —d (cos0) . (7.47)

Such a way, integral with exponent can be elementary integrated and then integral

over d¢ is also elementary taken and, therefore, D (x) upon this integration becomes

D(z) = ‘ / @sinwt sin kr . (7.48)
0

22y w

In the ([7.48) evaluation was reduced to the one-dimensional integral and this can

be further written conveniently in the following way:

c 10 [* dk

—— in wt cos kr . 4

27T2r8r/0 N0 sinwt cos kr (7.49)
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where w is the function of k. When we will be integrating back over r, the cosine

will turn into a sine, but it also produce k that was in the numerator of the ([7.48]).

Let’s remember what w is. Now it can be seen that the integral ((7.49) is a bit non-
trivial, it’s not easy to take, because w (k) is an explicit function of k, which is not

pleasant function, it’s equals to

wk)=c\/k2+ 72 =c\/k2 + 12 | (7.50)

where p is

= - (7.51)

So, explicitly D (x) then if we substitute the expression for w take the following

form:
110

; 24 2
47rrc97“/ \/mcoskrsmxo\/k: + 12, (7.52)

where integral limits were changed to from —oo to +00. The integration was extended

D ()

for negative values of k, because the function, that is integrated is even. Then the
integral is divided by two and that’s why 272 turns into 472 in denominator. An

argument of sine was also changed according to the formula

== (7.53)

Such a way an one dimensional integral ([7.52)) is obtained, which will be taken. It
can be seen that it is quite non-trivial, because it involves the parameter k£ under

the square roots.

It is convenient to introduce the function F' (r,¢) and simply define it as
400 dk

\/]#7 cos krsinxo/ k% + p? . (7.54)
+u

To proceed, of course, it is needed to find a clever choice of variables, which somehow
should efficiently deal with the \/k? 4+ p?. The way to do it is to introduce the

following change of variables:

F(rt)=

k= psinhp, —0o < ¢ < 400, (7.55)

where ¢ is not an angle, but just a variable. That’s efficient change, because if
\/k? 4+ p? is now computed, it will be seen that this is

\/k2+u2:\/u2sinh2<p+u2=ucosh<p>0 . (7.56)
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The gotten in the ([7.56) expression is always positive. Moreover, it can be seen that

if measure decay is taken it will give us
dk = pcosh pdp (7.57)

and cancels exactly with pcosh ¢, which is in the denominator .

Under such change of variables function F' will take the following form

1 [t
F(rt)= —/ de cos (prsinh ) x sin (uz° cosh p) . (7.58)

T 00

The integral (7.58]) is obtained, but the formula can be used further for the product
of two trigonometric functions cosine multiplied by sine. So let’s proceed and write

(7.58) as
F(r,t) =3 fj;o d(p[sin (prsinh o + pz cosh ) —

~ or

(7.59)
— sin (ur sinh ¢ — pa® cosh ) ] :
The first step in our next considerations is to start distinguishing three different cases
depending on inequalities between 2° and r. For definiteness in further computation
the case where 2°, which is the same as ct is bigger than 7 and r is bigger than 0, will
be considered. That is needed, because every time a certain inequality is picked up
between the ¢t and r, it is necessary to make its own change of variables in order to
proceed. Thus, for the case that is being considered here, it is necessary to perform

appropriate further variable modification, namely

= cosh pg——=——=—=—== =sinhp . (7.60)
(@)? 12 (@) -2

Once again, a new change of variables is needed and this is needed in order to turn
the sum of sinh and cosh into something simple. Indeed, if a change of variables is

done, then the expression for F' (r,t) takes the following form

F(rt)= % fj;o dy sin {,u (:760)2 —r2cosh (¢ + cpo)] +
(7.61)

+ sin {,u (20)* — r2 cosh (¢ — cpo)]
An interesting point is that since the integration is over all ¢ in the first integral it

is possible to make a shift of variables ¢ — ¢y to remove the ¢g from integration and
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in the second integral it is possible to make a change ¢ + ¢y to remove this shift.

Then integrals are equal to each other and the answer doubles and gives us

Frt) = % /_ ™ dpsin {M (29)? — 2 cosh (@} | (7.62)

o0

Now finally if we look at the books looking for an explicit integral representation
for the Bessel function, then it will be seen that what is written down in the ([7.62])

is exactly the integral representation for the Bessel function:

F(r,t)=J (u (20)? — r2> . (7.63)

So our goal was achieved and the function F'(r,t) was reduced to just a Bessel
function of index zero. If this calculation is niw done for other inequalities between

ct and r, the following will be found:
(
+Jo (,u (z0)? — 7‘2) , ct>r
F(rit)=40 —r<ct<r (7.64)

—Jo (;L (20)* — T2) , et < —r

\

The three gotten results for F' (r,t) can be combined in one expression by saying
that F' (r,t) is given by

F(rt)=e(t)0 ((ct)? — %) Jo (”%C (ct)? — 7"2) . (7.65)

The final step consists in evaluating D (z), which is derivative of the expression for
F (r,t) with respect to one over r. So, the following is recieved

- %% [9 ((ct)® —1?) Jy (%C (ct)® — rﬂ . (7.66)

When the ([7.66) is differentiated over Or, differentiating of terms in the brakets

will give us delta-function, which has been seen in the expression for § (x) and then

D (=)

differentiating the Bessel function with zero index will produce the Bessel function

with index one. So, finally the expression for the Pauli-Jordan function will be found:

€ men 2 1 mTc\/J?
Do) =2 o () - 1 (1) 0 () ;WT>

That’s what concerns important commutation function, which is called Pauli-Jordan

(7.67)

function and which is a commutator between quantum fields at different space-time

points.
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In fact, what can be shown further is that it is clear that the commutator has been

calculated
(6 (x,t),0 (2, t)] = iheD (x — 2') . (7.68)

It is possible then to show that since ' and ¢’ are different from x and ¢, it is possible to

act on both sides of the relation with the Klein-Gordon’s wave operator, which is

1o @ (@)2 , (7.69)

2o 912\ h

1

It is possible to act with (7.69)) on both sides of the ([7.68]). So, then the next expression
will be obtained:

[Op00 (z,t), ¢ (2, t)] = iheD, 4D (x — 2') . (7.70)

Since ¢ is a solution of the Klein-Gordon equation, the first term in the commutator of the
is zero and, therefore, on the right hand side it is necessary to find that the result
of applying box with respect to coordinates x and ¢ to Pauli-Jordan function also gives
us 0. Thus, in fact, what was obtained also means that D (z — ') is an explicit solution

of the Klein-Gordon equation:
0.:D (z —2') . (7.71)
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Lecture 8. Retarded and Advanced Green’s Functions.

Feynman Propagator. Yukawa Force

In the last lecture we have introduced the Pauli-Jordan function. The Pauli-Jordan
function is a commutator of two field operators taken at different space-time points.

Now we will define two more interesting and important functions, namely the retarded
Green’s function and the advanced Green’s function. We will look how they are explicitly
constructed and then we will come to the very important notion in quantum field theory,
the notion of Feynman propagator.

Let’s start with the definition of the retarded Green’s function.

Retarded Green’s function
So, the retarded Green’s function is a A,.;, which is defined in the following way
ANy (x—2")y =0t —t)[p(Z,t),0(Z' )] . (8.1)

We see that if we compare this to the definition of the Pauli-Jordan function, then
what is written down in the (8.1]) is simply

Avet (x—2") =ihed (t —t')D (x — ') . (8.2)

Advanced Green’s function

Analogously, the advanced Green’s function is defined as
Aoay (x —2') = =0 (' = 1) [0 (7, 1) , & (&', )] . (8.3)
Again, we need to compare the (8.3)) with the definition of the Pauli-Jordan function:
Augy (x — 2') = —iheh (' —t) D (x — 2 . (8.4)

We have to show that the functions introduced in such a way as in and
are really Green’s functions. In other words, they solve the Klein-Gordon equation with
a delta-function source on the right hand side. This showing can be done in different
ways. The simplest way, probably, to take a A, and act on it with the Klein-Gordon
propagator.

123

SUINHECKNA -
SAHYNBTET - m
MIY WMEHIA

MBNOMOHOEOBA N EHUMM YHEHBX MLY




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

Of course, we need also to use then the fact that the field ¢ (7,t) solves the Klein-
Gordon equation. Let’s see how it works.

So, we take the Klein-Gordon operator, which is essentially

(7202 — 32+ 1?) (8.5)
where we denoted p as
mc
H= 7 (8.6)

And then we apply (8.5)) to retarded Green function:

(=0 =07 + ) (Ot =) [o(T, 1), 0 (", 1)) . (8.7)

We need first to apply derivative with respect to time and applying it, we will get the

following:
— 0 O (=25t —1)[p(T,t), 0 (@ N +0(t—t)[r(z,t),0(Z 1)) . (88)

Then we have the part of the Klein-Gordon operator, which straightforwardly gets
inside the bracket and acts on the field ¢. So, these are derivatives with respect to spatial

directions. What we get here is

— 0P+ Ot =) [(=07 + 1) o (T,1),0 ()] . (8.9)

Now we have to continue and act with the remaining time derivative on the result
inside the brackets of the , but before doing that, we know that, because of the delta-
function we would have a non-trivial result only when ¢t = #’. So, we go to the support of
the delta-function, but in this case, when ¢ = ¢, we have an equal time commutator of
two quantum fields ¢ and we know that from their canonical commutation relations for
t = t', this commutator vanishes. So, in fact, the whole term with delta-function produce
a vanishing contribution and we can just drop it.

Then we need to apply the time derivative for the second term in the brackets of the
and the resulting expression for the will have the next form:

BA=0(t—t)[r(Z,t),0F t))+0(t—1t)[(P0] — 0 + 1) ¢ (F,1), ¢ (&', )] . (8.10)

What do we see from formula (8.10])? The first thing that we see is that since ¢ (7, 1) is a
solution of the Klein-Gordon equation, then the first term of the commutator (c20? — 0? + u?) ¢ (%, t)
in the (8.10) vanishes, because ¢ is a solution.
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Such a way the whole result turns to

BA=6(t—t)[x(%,t), @ )] . (8.11)

We got something, which we can easily compute, because due to the delta-function
in the , the time argument ¢’ can be replaced for t. As a result we got an equal
time commutator between the momentum of the field and the field itself. Because of the
canonical commutation relation, we know that what is written down in the commutator

brackets is in fact
[T (Z,t), 0 (@', 1)) =—iho (t —t) o (T — ') . (8.12)

In other words, we restore on the right hand side of the (8.12)) the four dimensional

delta-function and the final expression can be written as:

= —indW (z — 2') | (8.13)

where

2’ =ct . (8.14)

Let’s act the bracket (O + p?) on the retarded Green’s function A, (z — z’). Then
the result of this will be

(O+ p?) Aver (x — 2') = —ihes™ (v — ') | (8.15)

where A,..; (x — 2’) is a Green’s function for the Klein-Gordon operator.

Why the A, (z — ') is called as retarded? It’s called retarded, because due to the
presence of # function in the definition, it can be seen that the Green’s function has a
distinguished property that A,.; (x — z’) vanishes for ¢t < ¢’. The Green’s function with
such a property is called retarded.

For Auq, (z — 2') computation is absolutely the same. It can be found that A,q, (z — 2)
is also a fundamental solution of the Klein-Gordon equation. The fundamental means that
it’s a solution with a right hand side represented in the form of a point-like source.

There is another way to show how the A, (x — 2’) allows to obtain a useful representation
for the Green’s function.

Let’s look at the following representation, which in fact uses the integral representation
for the Pauli-Jordan function

0t i ., —iw ik @
Ayt (z) = —ﬁc(27(r>)3 /@ [ — em ™t etk T (8.16)
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Expression (8.16) is integral representation for the function A, (z), where ky is a

ko= \Jk2+pu2 =" (8.17)
&

According to the (8.17)), the integral representation can be modified. Let’s start from

component of the wave vector

some auxiliary or additional integral, which apparently at first sight has nothing to do with
the A,¢. Then the complex analysis should be used, in particular, as a residue theorem
to compute the following integral:

+o0 —ickotdko
/ c = . (8.18)
o (K04 i€) — k2 — p2

The integral is taken along the real line, but it is more convenient to use a complex
analysis. In the the complex plane of the variable k° was considered for computation
of the integral over variable t°.

Let’s look at the denominator of the and forget about the little piece ie, which
was added to k°. An € is a positive and small and, therefore, it is a little shift in the
imaginary direction. This little term should be used, because without it the denominator
in formula looks like

(K%)= k2 — 42 (8.19)
and then, when £° will be running through the whole real line, eventually it will meet the

problem, because at certain values of k” the expression in the denominator may become

K= +\/k2+p2 . (8.20)

Therefore, without 7e¢ term singularities along the real line will exist and then the

equal to zero. This happens, when

integral will not be well defined and will diverge.

Exactly, to overcome this problem and make sense of the integral one adds up a little
term e for shift the pole in the lower half plane. It can be seen that now poles are shifted
from the real line a little bit down (fig. 8.1)).

That’s because a different from the (8.19) equation should be solved:

(K +i€)” — k2= p2=0. (8.21)
The square root of the (8.21)) will give:

KO +ie = £/ k2 4 2 . (8.22)
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Fig. 8.1. The poles of the integral (8.18)) at k° plane

K= —ie+\Jk24 2. (8.23)

Because of the —ie poles are shifted in the lower half plane. This means there are no

Therefore,

problems; if integral over the real line will be taken. It also should be noticed that the
Cauchy’s theorem can be applied to compute the integral by closing the correspondent
contour in the lower half plane. Integral goes through infinity and close the contour in the
lower half plane like presented at the (fig. .

Then the integral can be computed by Cauchy’s residue theorem in the following way:
the two poles are exist and residues at these poles should be taken. So, the integral will

be transformed to

—ickOt —ickOt

_/+°° dk® e B e
0 9\ k24 p2 (KO — \[E2 42 +ie KO 4 \/k2 4 2+ ie

where the expression was transformed into 2 decomposed terms, which are residues at the

8.18 (8.24)

first and the second pole. According to the Cauchy’s residue theorem, the direction of the
integration should be taken into account and the integration contour should be enclosed
in such a way, that the region enclosed by this contour must remain on the left. The way,
which was presented in the (fig. stays the integration contour on the right and that
is why the sign should be changed.
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One more point to discuss is why the contour was enclosed below the real line. That

is because for t > 0 in the exponential
—ickOt
e (8.25)

k° should have a negative imaginary part. It should behave like —i |£°|, in order to produce
minus in front of the argument of the exponential. It should be so to provide the dumping
in the spatial infinity, which can be achieved by increasing of the radius of a circle. For ¢
bigger than zero the integral was closed below the real line.

Then, of course, two poles should be encountered. One pole is at

KO = \k2?+ 2 —ie (8.26)
K= —\/k2 4 pu2 —ie . (8.27)

By Cauchy’s theorem, the result will equal to

g1g— — 2T {eicv’”ﬂ”t - eicv’”*“ﬂ . (8.28)
24/ k2 + p?

Expression (8.28)) is the answer for this auxiliary integral. In the original integral ¢

and the other pole is at

can be anything. It can be bigger than zero and it can be less than zero. For ¢ > 0 the
contour should be closed in the lower half plane. For ¢t < 0 the situation is actually the
opposite in order to guarantee the exponential damping of the function at large values of
k°. Therefore, for ¢t < 0 the contour should be closed in the upper half plane, but in the
upper half plane there are no poles and the function has its poles only in the lower half
plane. That is why the integral will be equal to zero.

It can be obtained that that the integral has interesting property: for positive ¢, it
gives a non-trivial answer given by expression , for negative t it actually vanishes.
On the other hand, it can be obtained that the integral, in fact, is the next quantity from

(18.16]):
1

2k0
where w and k° should be replaced by ck® and 4/ k2 + 1? respectively.
Instead of expression (8.28)), which was gotten before, the original integral representation

[t — e | (8.29)

can be substituted for the retarded Green’s function:

4 .
Aves () :hc/ Ak !

- e ik 8.30
(27m)* (kO +ie)* — k2 — 12 (8:30)
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where integration was performed not only for spacial directions of k, but also for the k°

variable. The scalar product kz in the (8.30)) is a relativistic scalar product:
kx = k,z* . (8.31)

Let’s write one important property of the A,.. From the courses on mathematical
physics, it can be known that the Green’s function is not unique, because of the fact that

the following equation should be solved:
O+2)G=6%(z -2 . (8.32)

It can be clearly seen that if one particular solution of the equation was found, then a
solution of the homogeneous equation can always be added to this solution and the gotten

expression will be again a Green’s function:
G = Gy + G"™ (8.33)
Solution of the homogeneous equation means that
O+ )G =0. (8.34)

Playing with the solution of the homogeneous equation, the properties of the Green’s
function can be adjusted. For instance, we can have retarded solution or advanced solution.

Another type of solution is also exist, which is more interesting to observe and called
Feynman propagator. But before that let’s denote what is retarded means. Retarded
means just a specific property that Green’s function appears to be developed after the
acting of the impulse. For instance, if a delta-function source is exist, which switches at
t = t/, then the signal propagates at later times and that is what retarded Green’s function
is taken care of. In a more convenient way, a retarded Green’s function has a retarded
property, which means that at the later values of time, we expect to get consequences of

the signal. This consequences is observed, because
At (t—1'>0)#£0. (8.35)
On the other hand, before the source switched on
Nt (t—1<0)=0. (8.36)
An advanced Green’s function has an opposite property.
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With the integral representation (8.30) it can be also elementary checked that Klein-
Gordon operator acting on A doesn’t produce a delta-function. And if the integral representation
is used, then it will be seen that:

A4k (kO)Z—/;Q—/ﬂ

—ikx
= e . 8.37
2m)" (kO +ie)? — k2 — p2 (8.37)

(O+p?) Aver = ihc/

As can be seen from the (8.37), the numerator and the denominator have the same
expression and there is only different that a little ie in the denominator exist. Then the

limit € — 0 can be taken and the resulting expression will be:

'k
——e (8.38)
(27)

The integral in the (8.38)) is a Fourier image of the four dimensional delta-function:

. ) .
1%(D+M)Aret— zhc/

lim (O + %) Ay = —ihes™ (z) (8.39)

e—0

Finally, according to , Klein-Gordon operator acting on delta retarded produce the
delta-function source.

The most interesting function to consider, which is essentially used as an element of
quantum field theory, is a so-called causal Green’s function. This is the same as Feynman

propagator.

Feynman propagator

Feynman propagator can be denoted simply by symbol A. It also depends on x — z’
and the motivation for its introduction can be given in the following way. Let’s look at

vacuum expectation value of two quantum fields:

(0l¢ (x) ¢ (2")]0) (8.40)

where ¢ (x) ¢ (2') is a two point function. Two point means that it depends on z and on
2’. It is also important to notice that ¢ is a quantum field.

Expression can be written in terms of creation and annihilation operators. After
that the product of operators should be put between two vacuum states. Often this is
called as vacuum expectation value for the product of two operators. The result of this

evaluation will have the following form:

(0l¢ () ¢ (2)]0) = (0]~ (x) ¢* (2)|0) = (0] [¢™ (x) &* (+)]]0) (8.41)
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where the fact that field ¢ (z) can be split into positive and negative frequency parts was
used. It should be noticed that the contribution of the ¢~ (2’) will produce zero, because
this part depends on the annihilation operator and the annihilation operator annihilates
vacuum. Analogously, if ¢T (x) is used, than due to the fact that ¢ () depends on the
creation operator, zero will be produced after acting on the left vacuum.

The last expression in the (8.41)) with commutator was written, because

(0l6* (') 6~ (2)]0) =0 . (8.42)

Then the commutator from the (8.41]) can be evaluated and, therefore, the result will

have the following form:
0] (z) ¢ (2')]0) = iheD™ (z — 2') . (8.43)

where D~ is the negative frequency part of the Pauli-Jordan function.
On the other hand, the expression on the left hand side of the (8.43]) can be physically
interpreted as an amplitude for the process, when at the moment ¢t > t' a particle at a

point 2’ is created and a particle at a point z is destroyed (fig. |8.2)).

t>t
destroy cr%te
X X'

Fig. 8.2. Creation of a particle at a point 2’ and destroying a particle at a point x

The process presented at (fig. [8.2) can be described in a bit different way. A similar
amplitude may be considered, when a particle is created at x, but then it destroyed at z’.
To combine this processes in one go, one introduces the notion of the Feynman

propagator A (z — z'), which is constructed in the following way:

Az —a) =0t —1)0l¢ (z) ¢ (2')|0) + 6 (t — 1) (0|¢ (') & ()]0) , (8.44)

where 6 function prescribes the way how creation and annihilation happens in time. For
instance, 6 (t — ') means that particle is created at a point 2’ and a time ¢’ and then
annihilated at a point x and a time ¢.

The Feynman propagator can be written in a different way. The two terms presented
in the can be encoded into one formula:

Az —a') = (0T (¢ (x) ¢ (2))[0) , (8.45)
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where the operation of T ordering explicitly means that the 7" checks the time arguments
of fields ¢ (x) and ¢ (2’) and then it orders them according to the time dependence of fields.
The field with a less value of T" always go to the right and this rule can be remembered
by slogan that ,, Youth is always right*.

The Feynman propagator also can be expressed in terms of a Pauli-Jordan function
and, in fact, half the work to obtain this representation has already been done. Additionally,

a Pauli-Jordan function should be supplied with #-function:
Alx—a)=ihc[0(t—t)D (z—2)+0{l —t) D (' — )] . (8.46)

The Pauli-Jordan function have a positive and negative frequency parts, which are

connected with each other according to the formula:
Dt (x) =-D (—x) . (8.47)

Let’s consider the Feynman propagator in more detail. It is useful to repeat the same
exercise as was done for the retarded Green’s function. First of all, the integral expression

for D~ should be written:

- ¢ dk —ickot+ik &
D™ = —<27r)3 \/2—1{06 kot+ik . (848)

Then, expression (8.48]) need to be put in the Feynman propagator. The result will

have the following form:

dk - [00) _, 0(—t) ,
Alx—2a') = hc/ eFT x [—6 ickot L gickot) 8.49

where kg as it was before equal to

ko =\ k24 p2 . (8.50)

The integral can be evaluated by the same trick as before. So, the integral taken along

the real line in the complex ky plane should be found or, in other words, an auxiliary

dk —ickot
/L , (8.51)

k? — pu? + e

integral should be found:

where the term e was used in a different way in comparison to what was done before,

when ie was put close to ko:
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It also should be noticed that
k2 = k2 — k2 (8.53)

and, therefore (8.51)) can be written as

dE —ickot
/ foc . (8.54)
kg — k2 — p?+ie

Poles of the integral are now located as shown at the (fig. [8.3]). Due to the (8.54)), the
left pole will be shifted up and the right pole a little bit down.

Fig. 8.3. The poles of the integral (8.54) at k° plane

What is the purpose of such a different shift? The purpose of the shift is to actually
realize the properties of the f#-function. One function should be equal to 1, when t is
positive and another should be equal to one when ¢ is negative, where ¢ is a difference
between ¢ and t'.

Similarly to the previous contour integral, a contour should be closed in the lower half
plane. The difference is that now only one pole in this integration contour exists. And so
the non-trivial contribution in this case will be found.

The denominator of the integral should be split into simple poles and the expression

with simple poles will be equal to:

dk —ickot —ickot
8.54 :/ 0 x < - c (8.55)
24/ k2 + p? ko —\/ k24 p?+ie  ko+ 1\ k2+ p?—ie
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Condition for kg, which defines the poles, should be written in the following way:

ko = £\ k2 + p2 —ie (8.56)

where the term e is under the square root. But € is small and for small € the following

+ k24 2 —ie — k24 2 Fie . (8.57)

According to the (8.55)) the next statement can be formed: for ¢ bigger than 0, the

replacement is right:

contour should be closed in the lower half plane and only one pole gives the contribution;
for t less than 0 the contour should be closed in the upper half plane. For instance, for
the retarded Green’s function, the integral’s result was 0, because there was no pole in
the upper half plane.

Now the integral can be evaluated by using the Cauchy residue theorem:
1 ; E24,,2 ; L2142
8.55| = 2mi—— {—9 (t) e VETTIEE g (—t) eleVETRIL (8.58)

20/ k2 + 12

The result of evaluation of the integral is that now the integral representation for the

Feynman propagator can be written:

d*k ) -
A(z)=h —ikz )
(x) c/ (27r)4 e —e (8.59)

The causal properties are now encoded exactly in the little shift 7¢ in the denominator.
From expression it also can be seen that the propagator in the Fourier space will
be simply: .

i
A (k) = m . (8.60)

It also can be explained where the term ie comes from. It comes from encoding
the causality acts of creation and annihilation particles with the help of the T-ordering
product. So, T-ordering seats in the ie shift in the denominator of the Feynman propagator.

The integral can be actually computed explicitly and as the result A in the z-space

will be gotten in terms of known special functions:

h 2 Ky (B4 —x2 + e
Aw) = do (mey B liv i) (8.61)
™ 7 —x* + 1€
where K is the Macdonald function, z? is a relativistic interval, which looks like:
vt =2l - 7% (8.62)

The last thing that needed to be discussed concerning the scalar field is what is called

Yukawa force.
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Yukawa force

The Yukawa force topic is linked with the action of a scalar field. The expression for

the action was already introduced and can be simply written as:
smy~é/&xB@a@—%¥%hu@¢@), (8.63)

where J(x) is called as source term. This term can be considered as a source for a
field ¢ and the simultaneously what it does, it changes the Hamiltonian of the field ¢
itself. In other words, the Hamiltonian and the energy receives an extra contribution from
interaction of the field ¢ with the source. The source here is supposed to be in a way
external.

It is interesting here to study the response of the field ¢ on the presence of the source
J (z). In fact, the term with J is a part of the theory, which is called linear response
theory.

It is important that in the presence of the source the Hamiltonian H receives an extra

contribution, which can be denoted as H;. This is given simply by

fﬁ:—/ij¢m. (8.64)

H; comes with a minus sign, because if the Hamiltonian will be derived from the

action S, the canonical procedure should be applied, where the Hamiltonian is given by:
H=mnp—-L. (8.65)

When taking the minus Lagrangian, then the term comes with a minus sign and this
will produce an extra contribution to the Hamiltonian of the field.

On the other hand, equations of motion for the field will be changed. It will not just
the Klein-Gordon equation, but it will be inhomogeneous Klein-Gordon equation, where

on the right hand side a source term will exist:
(0,0" + p*) ¢ (z) = J (2) . (8.66)

When the action will be varied to find equations of motion, the field ¢ will be also
varied and a contribution from the source term will be gotten.

Then all the knowledge about the Green’s function can be used. So, Green’s function
becomes important because it is known that if an homogeneous equation exists, it can
always been solved by using the method of Green’s functions. The right solution is:

i

6@) =[G =) T W) (5.67)
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If a Klein-Gordon operator is applied to the field ¢ (), then the Klein-Gordon operator
will hit the Green’s function under the integral:

(0,0" + 12) 6 () = é / dty (0,0" + 1) G (x — ) T (y) . (8.68)

When Klein-Gordon operator hits Green’s function, it will produce by definition of Green’s

function a term:

(0,0" + 1) G (z —y) = —ihicd® (z —y) . (8.69)

Then the integral should be taken and due to the delta-function presence, the result
will be:
(0,0" + 1*) ¢ (z) = J (2) . (8.70)
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Lecture 9. Yukawa Force. Dirac Equation

Yukawa force

At the previous lecture the action for a scalar field was introduced in the presence of

the linear source and this action is given by the following expression:
1 1
Slg) = - /d%; {éaﬂww — §u2¢>2 +Jo| , (9.1)
c

where J is a linear source.

If the dimension of the field ¢ is recalled, the dimension of the source will be easily
deduced. Recalling that the dimension of the action is the same as the dimension of £ (the
Plank constant) and dimension of % is the same as a dimension of angular momentum, it

can be found out that the linear source has the following physical dimension:

Vhe

] =5 (9.2)

An interesting thing is that the quantity v/Ac has the same dimension as an electric
charge. Therefore, the source J has a dimension of the density of electric charge.

As soon as the source is added up, the energy is changed and the Hamiltonian receives
an extra contribution from the source term. This extra contribution to the Hamiltonian

can be denoted as H; and it can be given by

m:—/wjm¢@, (9.3)

where ¢ () is a real scalar field.
It is also can be seen that equations of motion for ¢ in the presence of the source gets

change and new equations of motion will have the following form:
(0,0 + %) 6 (2) = J () . (9.4)
The solution of equation can be written as
o) =3 [ 9G9I | (9.5

where G (z —y) is the Green’s function, which is a solution of the fundamental Klein-
Gordon equation, where on the right hand side of this equation a delta-source or point

like source:
(0,0" + 1) G (v — 2') = —ihes™ (x —a) . (9.6)
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It is well known that there are many solutions of equation , because to any
solution of the inhomogeneous equation the homogeneous part can be added up. That
is why, there are such Green’s functions as retarded Green’s function, advanced Green’s
function and Feynman propagator exist. But for the present discussion it does not matter
which Green’s function will be picked up. The can be easily gotten if ¢ (x) in the
(19.4) will be replaced by the and if Klein-Gordon operator will be moved into the

integral for acting on the Green’s function:
7

- / d'y (8,0" + %) G (z — ) T (y) - (9.7)

According to the (9.6), expression (9.7) can be modified:

: [ a1 =10 (9.5)

The goal now is to calculate the interaction energy. This is quantity, which is mediated

(Qﬁ“ + N2) ¢ (x)

by a scalar field between two equal charge static sources, represented by point-like particles,
sitting at positions z; and xo (fig. . So, these particles are static and this means
that their positions are fixed and they are not changing with the time. But due to the
interaction mediated by field ¢ around, these particles will interact with each other and
there will be a force, which this particles will exert on each other, in particular, because
a particle at x5 will be interpreted as a source of the field. Another particle will find itself

under the influence of the scalar field and will be considered as a test particle.

-
X2

: source particle
test particle

Fig. 9.1. Interaction of the point-like particles, sitting at positions x; and x5

In terms of mathematical formulas this means that:
Jy () = Vhed (B — T3) (9.9)
where J5 is a source of a scalar field ¢ (z).
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It can be seen that, when z is equal to x5, then the delta function will be different from
zero and the magnitude of the source is proportional to the quantity with a dimension of
electric charge.

The source function J; can be used in the right hand side of equation and then the
response to the presence of the source will be a scalar field ¢ (z) arising in the surrounding
space due to the fact that the source was put at a position xs.

The first particle, on the other hand, will be represented in a similar manner. A

function J; (z) will be associated for this source with the same properties:
Ji (z) = Vhed (& — 24) (9.10)

where J; is a function of the test particle.

The energy H; can be interpreted as an additional contribution V:
V.=Hy. (9.11)

The energy of field ¢ due to the interaction of the test particle with a field ¢ will be
given by:
V=- /de1 ()¢ (z) . (9.12)

Formula (9.12)) is similar to formula (9.3)), except the fact that now a particle concentrated
at the position x;.
On the other hand, since ¢ () is a scalar field produced by the source J, an explicit

solution for ¢ can be written in terms of the Green’s function:

V= _hi'c / AZdYyJ; ()G (z — y) T (y) | (9.13)

where in the ¢ (x) was replaced by the integral with the Green’s function according
to the (9.5). J2 (y) is the source, which generates a field and this a field interacts with a
test particle, which can be also considered as another source. Therefore, the source of the
field is interchangeable. It is also can be seen actually that formula is completely
symmetric with respect to x and y. There is only little difference for the moment that dx
is a three dimensional integration and dy is the four dimensional integration, but it can
be reduced also to three dimensional integration.

Integrals in the (9.13)) can be computed by using the knowledge of the Green’s function.
First thing to do is substitute the expression for the source. For simplicity a source with

a unit value of charge will be introduced, but if an arbitrary value is needed, then the
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expression may be multiplied with a number. So, let’s multiply each of these sources with

a number ¢, which is just number, and then
qV he (9.14)

will have the dimension of electric charge.
And the ¢ value will be chosen in the same way and, therefore, particles will have the
same charge. Upon substituting the point like sources J; and .J,, the following expression

will be gotten:
V= —iqz/dfd4yG(x—y)6(f L F) 6 — ) . (9.15)

Then, the transformation to the Fourier’s representation of the Green’s function can be
done. As a Green’s function the Feynman propagator will be used, but it does not really

matter which one to take. The result of the transformation will have the following form:
he —ik® (20 —y°) ik (7 -7)

(!

First of all, expression (9.16]) can be integrated over  and y. This is trivial, because

V:

/dfd‘*ydl%dko ‘ F—71)0(] — ) . (9.16)

(k0)? — k2 — 2 + ie

Z and ¥ in arguments of delta-functions will be replaced: ¥ by ¥, and i by Z5. Another

thing, which can be done immediately is the integration over 3°, because
d*y = dydy® (9.17)

and then the integration over y° can be performed, because 3° comes only with the
exponential

o k0 (a0—10) _ —ikOa® Lik0y" (9.18)

When the integration over y° will be completed, the proportionality coefficient will be a
delta-function on the variable &°, because an integral with exponential is just proportional

to the delta-function:

1 -1.0,,0

— [ dy’e* v =5 (K°) . 9.19

o [ e =5 (k) (919
According to the facts, which was discussed above, the simplified expression will have

the following form:
Qh . ik (Z1—%2)
V=1 Cg/dk; - , (9.20)
(2m) k24 p? — e

where in the denominator since the integration over & was completed, k° can be replaced
by 0.
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The term ie in the denominator of the can be removed by taking a limit e — 0,
because the integral over k has no problems with the denominator, because k2 + u? is
non negative. That’s actually shows that any Green’s function can be chosen, because all
Green’s functions differ by the e prescription.

The simplified integral for the V' value will have the next form:

V=— QQHCS /dEM . (9.21)
(2m) k2 + p?
The integral can be computed explicitly. This can be done by passing to spherical

coordinates. Let’s introduce the modulus of vector k , which can be denoted by k without

vector symbol on it
k= ‘IZ’ (9.22)

and the distance between points z; and x5 should be also introduced, which is:

Then the spherical coordinate system can be chosen by directing the axis z along

Z1 — @9 and then the integral will be written in the following way:

2h 0o s 27 ikr cos 6
V= _% / k2dk / sin 0d0 / dgp;T/ﬂ. (9.24)
T 0 0 0

The spherical coordinate system can be described in the following way: the direction
of the z axis is the same as the direction of the vector ¥; — ¥5 and x and y axes are also
existed. Then the vector k is also defined, which is a running vector in the integral, and
then angles 6 and ¢ should be introduced as it shown on the (fig. [9.2)).

The standard measure of the dk is:
dk = k?sin6dk . (9.25)

Nothing depends on angle ¢ in the integral (9.24]) and it can be immediately integrated.
The result will give just 2.

Then the integral over angle € can also be taken, because:
sin@df = —d (cos @) , (9.26)

which is very convenient, because cos @ is standing in the exponential e*"<**¢ Then, the

integral will have the following form:

2 [ee) :
q~he 5 . Am  sin (kr)
V=-—— k*dk— « ———= 9.27

(2r)? /o kr o k2 + p? (9.27)
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Fig. 9.2. The spherical coordinate system

where the expression

sin (kr)
kr
come from integrating of the exponential in the (9.24]).

Expression ((9.27) can be simplified to the next form:

2 00 :
q°he ksin (kr)
V=- dk———= . 9.29

2m2r /0 k? 4+ ,U2 ( )

(9.28)

The integral from the (9.29)) will be denoted as I (1), where:
() /Oodkksin(kr) (9.30)
)= _— .
0 k2 + p?
This integral can be computed by using the Cauchy residue theorem in the theory of
complex variables.

The I (r) can be also rewritten as:

g [, cos(kr)
[(r)= -2 k . 31
=5 | (931)

Then the cosine can be represented as a difference of two exponentials and, in fact, the
denominator should be also expanded into simple fractions. One more step to complete
is to make integration also from —oo to 400 using the fact that the function under the
integral is even. Therefore,

10 +o0 ezkr e—ikr
= _ZE/ ((k Tia) (k—ia)  (k+ia) (k- m)) / (9-32)

—0o0
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where, the variable a is equal to:

mc 1

mf is known as an inverse lens % and this is

something which is called as Compton wavelengths of a particle with mass m.

As can be seen the integral (9.32)) is always real line, but the contour can be closed

In fact, in physical dimensions the quantity

in the complex plane and, in particular, for the first integral exponential e**" it should
be closed in the upper half plane. For the second integral the situation is opposite and
it should be closed in the lower half plane. Then it can be seen, which poles ends up in
the lower half plane and the residue theorem should be used to compute the integral. The
corresponding pole in the up half plane will be equal to £ = —ia. In the lower half plane
it will be equal to k£ = —ia.

So, the integral reduces to:

10 e
I(r)=———=|(2m — 2mi . 34
(r) 4 0r < " %ia m—?ia) (9:34)

I(r)=———e"", (9.35)

I(r)y=—e. (9.36)
In terms of Compton wavelengths expression ((9.36)) can be written as:
Te-r/x (9.37)
2
Now expression ((9.29) can be simplified and the result will be equal to:

_ L ghe
A7 7 ’

V= (9.38)

Thanks to the the potential between two equally charged static sources was gotten
and this potential is called as Yukawa potential.

In particular, from expression , several facts can be highlighted. First of all, a
very interesting thing is that this potential appears to be negative and changing ¢ — —q

will produce the same expression, because of the existence of ¢2. And this potential with
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a minus sign actually means that the force is an attractive, because having a smaller
distance between the particles will decrease the potential and it will take more and more
negative values.

It should be also noticed that it’s preferable to approach each other to diminish
the energy. Diminishing the energy corresponds, therefore, in this case, to the desire
of particles to be closer to each other.

The second thing which can be seen is that there is the exponential, which dumps the
potential, when r becomes sufficiently large, in particular, when r becomes bigger than
the wavelengths of the particles potential shows exponential decay. So, potential goes to
0 very fast, actually exponentially with a distance increasing.

It is also should be noticed that the interaction range set up by the exponential does
depend on the Compton wavelengths. It’s governed by the effective length, which is turns
out to be Compton wavelengths.

This additionally shows, why people call the Greens function as a propagator. The
propagator propagates interaction from the one source to the other source or from a
source to a test particle. And it propagates interaction, represented by the field ¢.

Generally, a very physical calculation was performed, which showed explicitly what
happens if two particles are existed inside the space field with a scalar field ¢. And because
of interacting with this field they start to attract.

One more important fact is that when A — oo, which essentially means that m — 0
according to

1 mec

the field will be massless scalar field, instead of massive scalar field and then the potential
between two static sources actually becomes a Coulomb potential:
1 ¢*hc

%4
(r) = 4 7

(9.40)

When mass is non trivial, the Coulomb potential gets screened and becomes short range
because of presence of the exponential.

In the mid of 1930s Yukawa tried to understand the origin of the strong force, which
holds together protons and neutrons in the nucleus. So, the nucleus consists of protons
and neutrons. It was also known that the force acting between these protons and neutrons
inside nuclear is a very short range.

Yukawa made a conjecture that the strong force was mediated by particle similar to

photon, which like photon in electrodynamics mediates interactions between electrons and
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positrons. He assumed that something similar creates place inside nucleus and there is a
hypothetical particle, which mediates interactions between this protons and neutrons.

Assuming that this mediating particle is massive and following absolutely the same
analogy with electromagnetism, one sees that one needs to add mass to the wave equation
and this produces as a result, the short range mediating force between two static sources.

Yukawa actually predicted the existence of a novel type of particle and from the known
data on the range of nuclear forces he was actually able to predict with quite a good
accuracy, the mass of this particle. So, if the range of the strong force is known, which
can be actually done experimentally, then A can be deduced or equivalently the mass of
the particle can be found. And indeed later, this particle called m meson or sometimes
people call it simply pion, pion was discovered in cosmic rays. It also appeared later in
this cyclotron experiments, where it was predicted by Yukawa.

Although, today, there are several types of mesons are known and it is also known that
mesons are not elementary themselves, but rather they are composite particles made of
the quark and it’s anti quark. Nevertheless, Yukawa theory made a very right qualitative
picture and it also, in a way, paved the development of what is called QCD or quantum
chroma dynamics. Nevertheless, that was very important step towards development of
QCD by assuming the nature of strong force as a rising from a massive particle with zero
spin.

As a general computation the field of any spin can be applied to a mediator and
similar computation takes place also for electromagnetism, where instead of minus sign
plus sign can be seen in the potential, and, therefore, there will be repulsive force instead
of attraction. Then for particles, it is more preferable to take a large distance between
them, in order to decrease the energy, because then energy is positive and it will be
decreasing when the distance will tend to infinity. So, sign is very important and sign
eventually comes from the equations of motion that induced by the type of action. For
instance, if a particle of a given speed was chosen to describe, as a result it leads to the
physical consequences of attraction or repulsion.

Then, a new chapter in the quantum field theory, namely the Dirac equation should

be introduced.
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Dirac equation

It’'s a new and very interesting story called the Dirac equation. In 1928, the Dirac
discovered his relativistic equation trying to overcome difficulties with negative probability
densities of the Klein-Gordon equation.

As it was already shown Schrodinger made this attempt before to write down relativistic
quantum mechanics by taking dispersion relation between energy and momentum of
relativistic particle and transformed this condition in the language of operators by replacing
momentum and energy with the corresponding operators, shifts in a space and shifts in
time. And also he wrote down the Klein-Gordon equation, which was later rediscovered
many times by Klein, Gordon, Fock and many others.

But it was the problem to treat this equation as a relativistic equation for a wave
function ¢, because it has difficulties with probabilistic interpretation, because equation
have the second order. That’s allows to fix initial conditions and the initial velocities and
leads to the appearance of negative probability densities.

The reason, which led Dirac create his equation was essentially the following. First of
all, the target is to prevent the occurrence of negative probability densities. This means
that time derivatives in the formula for the probability density should be avoided. So,
the equation must, therefore, not contain time derivatives higher than the first order. For
instance, the Schrodinger equation in the usual quantum mechanics has the first order of
time:

)
ihat = HY . (9.41)

To achieve a good probabilistic interpretation, a wave function must satisfy the equation,
which contains only first derivative.

On the other hand, if relativistic covariance is wanted, then it requires that the
spacial and time components, in particular, spacial derivatives and the time derivative
must be treated on equal footing. For example, in the standard Schrodinger equation of
quantum mechanics, this is not the case, because, typically, the Hamiltonian contains
second spacial derivative. That’s immediately shows that the equation is non-relativistic,
because relativism requires that ¢ can be converted to x and x can be converted to ¢ by
means of linear Lawrence transformations. It is impossible to have this, if derivatives in
the equation have a different order.

Now also, one needs linearity to have a superposition principle like in quantum mechanics.

So, equation must be linear.
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Like in the usual quantum mechanics a superposition principle exists, because linearity
means that if there are two solutions of the equation, then they sum will be also a solution.
The last important point is, that since the relativistic particle is described, it must

still satisfy the standard on-shell condition for relativistic particles. So,
E? = p?c® + m?ct. (9.42)

For 1) this would mean that ¢ must satisfy the second order Klein-Gordon equation:

10> 0° me 2
= _ 2 - =0 9.43
(028275 8w?+<h>)¢ ’ (9.43)
because this equation will produce the relativistic dispersion relation.

Dirac said the following: let’s try to write down something, which would be linear for

1 and contains derivative of the first order:

L oY . he oY o o 2
“5—7(m£ﬂﬂ%ﬁ+%&ﬁ+&“¢’ (9-44)

where the left hand side looks like non-stationary Schrodinger equation, but on the right
hand side, there are terms, which are the linear combination of first order derivatives
function .

Coeflicients «; cannot be just usual numbers, because if they’re usual numbers, which
have a certain values, then the equation is not even invariant with respect to usual three
dimensional rotations, because three dimensional rotations will act on coordinates zi, x5
and 3 and they will be just then produce changes of coefficients a;, as, a3 and will
immediately destroy the equation.

So, Dirac said that it’s not possible for these ay, as, a3 to be numbers and supposed
them to be matrices. If they are matrices, then 1 cannot be just scalar and it should
be some multi component object. ¢/ should be something, which would contain many

components: ¥; and so on:

(G
=1 ": ) (9.45)
Vn
v also cannot be a scalar also for another reason. From relativistic covariance it is

known that probability density, which would be

p= (9.46)
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it must be relativistic invariant or to be a zero component of a vector, because for p the

continuity equation exists, which is written as
Lisi=0. (9.47)

Expression describing a vector probability, where a vector, probability density
and probability current are defined. And p with j forms a four vector (p,j'). That is
why, p must be a component of a 4-vector. It means that ¢ cannot be just scalar in this
case.

Indeed, the suggestion is to treat a; as matrices and v as a column with a number of
components 1, ..., ,. Dirac called the object 1, presented in the as spinor.

By the way, if o are some matrices, then 5 is also a matrix and v is a column.

Then, equation can be written in the following form:

L0 0 2\
(zha + thea pyoie pme > v =0. (9.48)

Let’s get the relativistic dispersion relation for . This can be seen as follows. If such
an equation for a n-component object exists, it can be hit by the following operator:

9, g, 9
Zha — ihca pye + pme’ (9.49)

which is a matrix differential operator. Firstly, it’s differential operator, because it contains
derivatives. Secondly, it’s a matrix.

When the (9.48) will be hit by the operator from the left, the expression will
have the following form:

s 0? el ‘od +adat 9%

o2 P D0 (me*)” 5% =0, (9.50)

+ ihmc® ( ‘B +,8ai) ng —

where initially there are nine terms to proceed, but four terms will cancel out. The second
derivative of 1) with respect to 2% and 7 . This two derivatives acting on ¢ commute and
the derivative can be written in different ways, because it’s symmetric.

Obtained expression is a consequence of equation . It was assumed that 1
satisfy the linear equation and as a consequence it might satisfy the second order equation
, because it contains second order derivatives. It also contains a first derivative and
the term without derivative.

If the equation is multiplied by —hQ—ICZ,, then the equation will take the following form:

10% ol +alat 02 me w
For T 2 dwow n @At

( ) By=0. (951
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Now it’s pretty clear what conditions on matrices o and 3 should be imposed to turn
equation into the Klein-Gordon equation.

It is wanted to make exactly the Klein-Gordon equation for each component of ¢ and
each component of ¢ must satisfy the Klein-Gordon equation, because v is supposed to

describe relativistic particle with a standard dispersion relation. It can be seen that:
a'ad +alat =267 (9.52)

where ¢ and j run from 1 to 3. Then the second term of (9.51)) will be turned simply into

824
axiQ .

Then the following should be required:

second derivative

a'f+pa’=0. (9.53)

Such a way the term with the first derivative will be removed.
Finally, to get the standard Klein-Gordon equation for a particle of mass m the next

condition should be completed:
g=1. (9.54)

So, the equation, which will be gotten for v is the following:

2 o0t2  Ox'?

10% 0% me 2
@E)¢=o. (9.55)

This equation is valid for each component of 1), because there are no matrices. They all

now proportional to identity matrix. It also can be written in the next form:

(00" + p2)
(0,0" + p2) o = : =0. (9.56)
(auau + :U’2) 77Z)n

From relations (9.52)) - (9.54) it is immediately can be seen that if indexes ¢ and j will

be equal to each other, than expression ((9.52) will have the following form:
a'al +ala =2 (9.57)
and then
(@) =1. (9.58)

Including the condition (9.54)), it was gotten that all squares of matrices equal to 1, where

1 here is the identity matrix, because a and  are matrices.
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Conditions and means all values of this matrices can be only equal to +1
or -1.

Second important observation is that all these matrices have zero trace and it can be
seen from the condition . [ is invertible, because of the (9.54)) and, therefore, it can
be written that:

ol =—pa'p. (9.59)

Now a trace of a’ can be taken and due to cyclic property of a trace it will be equal
to:
Tra' = —Tr (Ba’B) = —Tr (a'*) = —Tra’ =0 . (9.60)

Analogously trace for matrix g will be equal to:
Trp = Tr <(ai)2ﬁ> =Tr(o/Ba’) = -Tef , (9.61)

where the following property was used:

A'f+Bat =0 — o'fa’=—F. (9.62)
Therefore,
Tra! = 0
(9.63)
Trg =0

It means that the number of positive eigenvalues must be the same as the number of
negative eigenvalues. And as it was gotten eigenvalues can be equal only to +1 or -1.
One more important conclusion is that the dimension of matrices o’ and 3 should be

even or, in other words, n must be even.
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Lecture 10. The Dirac Equation and Lorentz

Transformations

In the last lecture the Dirac’s equation was introduced. The physical principles, which
are standing behind the derivation of this equation was basically discussed and an object
which is called spinor was introduced.

The main consequence of Dirac equation as it was computed is that this equation also
satisfies the Klein-Gordon equation. In other words, every component of our spinor satisfies
the Klein-Gordon equation, which means that every component describes a relativistic
particle, that means a dispersion relation for this particle is relativistic.

The equation also involves a set of matrices which satisfy the following properties:

there are three matrices o, which satisfy the following algebraic relation:
a‘a? + ol =26 . (10.1)

And there is one matrix 3, for which the following conditions are right:

o'+ fat =0
(10.2)
g =1
It also was shown that traces of all these matrices are equal to 0. So,
Tra' =0
(10.3)
Trs =0

According to and cigenvalues of matrices o’ and 3 are equal to +1 and
-1. Due to the condition matrices can be realized only in even dimension.

Then the concrete realization of these matrices should be gotten. The first idea is that
since matrices must exist only in even dimensions, let’s try the minimal even dimension,
where such matrices have a chance to exist. The dimension, which satisfies this condition

is a dimension with n = 2. Therefore, matrices o and 8 will be 2x2 matrices.
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In two dimensions there are three distinguished matrices, which are Pauli matrices

(

) 01
g =
10
0 —
o? = (10.4)
¢ 0
5 1 0
o~ =
0 -1

\

They actually obey the desired relation, namely the anti-commutator of these matrices
{o", 07} =264 | (10.5)

which is similar to the anti-commutator of matrices o' and alpha’. However in two
dimensions the fourth independent matrix would be just the identity matrix, but, unfortunately,
this cannot be identified with [, because identity matrix would commute with Pauli
matrices, while we should have a non-trivial relation between o-s and matrix 3, which is
not just a simple commutation relation.

This means that in dimension with n = 2 such realization of Dirac matrices cannot be
found. The next trial would be to ask for such matrices in dimension with n = 4. Indeed,
it appears that the minimal dimension, where one can construct the four matrices o and

[ with all properties above is 4. Concretely, the following construction for o’ can be taken:

} 0 o
o = (—ai (D) ) (10.6)

At the same time, for S the next matrix can be taken

1 0
(). "

It can be checked that matrices, indeed, satisfy all the relations above and they are
traceless. So, that’s concrete and explicit realization of the matrices, which should feature
in the Dirac equation.

In the last lecture it was found that the Dirac Hamiltonian and the Dirac equation in

the Hamiltonian form can be written in the following way:

o
ihs s = Hi) . (10.8)
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where H is the Dirac Hamiltonian, which can be called as first quantized Hamiltonian
meaning, that here the pedestrian approach to the theory was used. ¥ can be treated as a
multi component wave function for the Dirac equation, which has a form of the standard
Schrodinger equation.

The Dirac Hamiltonian is a matrix, which can be written in the following form:
H=cdp + fmc* . (10.9)

In a more explicit form, expression ([10.9)) can be presented as:

, 0

H = ca’ (—iﬁ ) + Bmc? | (10.10)
ox’

where p° was replaced according to the definition of the momentum operator. H is a

differential matrix acting on four component wave function v or simply on column
IS ) (10.11)

Now, the algebra of the matrices, which enter the Dirac’s equation, should be investigated
and this is needed in order to discuss covariant properties of the Dirac’s equation, in
particular, to understand how this equation transforms under Lawrence group, because
the Lawrence group is very important and it’s a symmetry group of relativistic quantum
field theory.

In order to to do this the structure of the matrices should be better understood. And
to complete it the Dirac’s equation should be multiplied by the ratio % Also, the new

notation can be introduced:

W' =8, = pa’, (10.12)
where ¢ is running from 1 to 3.
Let’s also identify 2% with:
2° = ct (10.13)
and, therefore,
0 0
— = 10.14
0x0 ot ( )
Then the Dirac’s equation can be written in a more symmetric form:
0 . 0
A=+ ) - =0 10.15
in (1755 7' ) = me| w =0, (10.15
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where in the last term the variable (3 is disappeared due to the property ((10.2)).

Now, the relativistic definition of a relativistic scalar product can be used

(wau - %) =0, (10.16)
With a natural choice of units
h=c=1 (10.17)
equation takes the form:
(iv*0, —m) =0]. (10.18)

And the ((10.18)) is the final form of the Dirac’s equation.
Is also can be seen that with the new matrices v the algebraic relations, which was

introduced for a and 8 can be also uniformized in one relation for matrices v*, namely
AEAY At =2 1 (10.19)

The free algebra generated by symbols v# modulo the relation or subject to this
relation is called Clifford algebra.

The name goes back to the Clifford and this algebra has been known to mathematicians
before the discovery of the Dirac’s equation, but miraculously turns out that this mathematical
background, on which the Dirac’s equation is based on actually already existed in mathematics
in the form of the Clifford algebra.

From the definition of matrices v* it is clear that matrix 7° is Hermitian. So, it satisfies

the following relation:
(70)+ =40, (10.20)

while the matrices +* are anti-Hermitian:

()" =" (10.21)

(10.21)) are right, because 7' are given by the product of 8 with o'. 8 and o' are
Hermitian, but under Hermitian conjugation the order of matrices should be changed.

Therefore,
i\t i\t i i
(+)" = ()" B = —Ba’ = —". (10.22)
The presented in ((10.20)) and (({10.21)) properties can be combined in one relation, which

can be written as

(Y1) =" (10.23)
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For instance, when p is specified to zero,
_l’_
()" =1""" =" (10.24)
according to the fact that (1°)> = 1.
One more important fact is that n* in the (10.19) is Minkowski metric. Another
important observation is that actually one concrete realization of + matrices, which
satisfies the Clifford algebra relations, is found. In fact, there exist an infinite number

of possible realizations and this can be recognized by noting that actually if the following

similarity transformation is performed, v* can be taken and transformed as:
At U (10.25)

where U is an arbitrary unitary matrix. Then v matrices obtained after this transformation
will satisfy the same Clifford algebra relations and also the same Hermiticity properties.

The fact that Clifford algebra relations are satisfied is trivial, because
Uy + 4"y U = Uty U + Uy Ut . (10.26)
Then the following property can be used
U'U=0U"'=1. (10.27)
to simplify the (({10.26)):
= UyPU U U 4+ Uy U U U (10.28)
The can be written as:
gy (10.29)

As a result
10.29 = 271 . (10.30)

So the new v matrices obtained by the unitary transformation satisfy the same Clifford
algebra relations and it can be also checked in an analogous way that due to unitarity of
U, hermeticity property of newly introduced ~ matrices are the same as for the old ones.

The concrete representation, which was introduced for o and /3 in terms of  matrices,

can be read in the following way:

1 0 , 0 of
7’ = , 7= 7). (10.31)
0 -1 —o' 0
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The concrete representation of v matrices introduced above is called Dirac representation.
In this representation " is diagonal and has the form presented in the .

It also should be noticed, that other representations can be obtained by applying, for
instance, to the Dirac representation the unitary transformation with arbitrary U.

Let’s investigate properties of v matrices in more detail. From matrices v* 16 linearly
independent Hermitian matrices was constructed in the following way: first of all, an

identity matrix can be built if
1 = pttytyt (10.32)

will be constructed, where there is no summation over index p and it should be either 0
or 1, 2 and 3. It can be seen that from Clifford algebra the product of v matrices with
the same index and multiplied with Minkowski component of the Minkowski metric will
obtain identity.

Then four Hermitian matrices 7° exist and then ~, which will be also Hermitian
matrices if they will be multiplied by .

Six matrices, which can be denoted as ¢, also can be formed and they will be given
by the following formulas:

o' = TN — g < 0 =1,2,3

oM = (10.33)

The number of matrices in the ((10.33]) is equal to 6. It also should be noticed that
these matrices are skew symmetric.
Then, there is one important matrix, which has a special name of 7°, where 5 stands

for historical reasons. These matrix can be introduced as:
v’ =iy, (10.34)

where i is added to provide uh the hermiticity property for ~°.
Finally, there are also 4 matrices 7# introduced in the following way:
i i
T =", 1=12,3
T (10.35)
70 = 705
So, in total 16 hermitian « matrices was constructed with the help of ~-s.
It is also should be noticed that 7° matrix introduced in the (10.34) satisfies the

following properties:
(¥ =1, ()" =+". (10.36)
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In the Dirac representation due to the definition of % (10.34)) the explicit form of this

matrix is:
0 1
75 = . (10.37)
1 0

Then 7 is off diagonal in Dirac representation as soon as 7° is diagonal.

It can be checked that all other possible products of v matrices and their linear
combinations can be expressed by 16 hermitian matrices that was introduced. This means
that these 16 matrices provide the basis in the space of 4x4 hermitian matrices.

Indeed, they form a basis it is needed to be shown that they are actually linearly
independent. This can be done in the following way. To show linear independence it
may be noticed that all these matrices except identity matrix have vanishing trace. For

instance, let’s do it for v* and use the fact that
Wy =1, (10.38)

where one matrix v have low index v and another is upper index v and there is no
summation over index v. The result is gotten due to the Clifford algebra.
Indeed, if the upper index p in the ((10.19) is replaced by the lower index pu, then the

expression will have the following form:
YWY+ Ymu =26, -1, (10.39)

where Minkowski metric was replaced by the Kronecker’s delta 0ju. Now, if index pu is
equal to index v, then formula (10.39)) will be transformed into:

2y, =264 -1=2-1. (10.40)

That is why, (10.38)) is right.
Coming back to the trace of 4#, the following standard trick to prove that trace

vanishes can be used:

1
Ty =Ty =T (ny™")) =5 (0" +9"7) (1041)
VER

where the property (10.38)) and cyclic property was used. This is the way how to manipulate
the product v,v” under the trace and then due to the Clifford algebra relation since index

v was chosen not to coincide with index pu, the sum in the brackets of the (10.41)) is
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actually 0. So, the result of the (10.41)) is 0, which shows that all traces of v* is equal to
0:
Try# =0 . (10.42)

Analogously it can be shown that traces of all other matrices are 0. In particular, trace
of ¥° is 0 and in the Dirac representation it can be explicitly seen from the form of the

matrix (10.37)):
Ty’ =0 . (10.43)

The fact that traces of all matrices excepting the identity matrix vanish can be used
to show that these 16 matrices are linearly independent. This can be shown by assuming
the opposite: it should be supposed that this matrices are linearly dependent and then if

a linear combination of all of them is created, it will be equal to
F=a-1+0b4" 4o +d'rtH + ey’ | (10.44)

where a, b*, ", d* and e are arbitrary coefficients. The statement that this matrices are
linearly dependent means that F' can be equal to zero with some non-zero coefficients. In
other words, the goal is to show that the situation when F' = 0 and some coefficients of
the linear combination are not equal to zero is not possible.

The proof can be done in the following way. First of all, a trace of the left and the
right hand side should be taken and since on the left hand side F' is zero, trace of F' is

also zero. So, the expression will have the following form:
O=adltl=4-a—a=0, (10.45)

where the fact that traces of all matrices excepting the identity matrix are vanished was
used.

Since on the left hand side of the stands zero, a must be equal to zero. So, the
term with a is absent. Then the expression for F' should be taken again without identity

matrix and it should be multiplied with some v matrix 7. So,
Tr (’y)‘F) = b'Tr (fy)‘”y“) + T (a’“”y)‘) + d"Tr (fy’\T“) + eTr (’y)‘ff’) : (10.46)

Now, it can be shown by analyzing all traces, that all of them are equal to zero except
the trace with the argument v*v*. For u equal to A due to the Clifford algebra the identity

matrix will be gained and, therefore,
Tr (YV'F) =40 — b =0. (10.47)
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In this case, only coefficients ¢*, d* and e remain. Then multiplying the rest by y*+” it
can be shown that coefficients ¢*” are equal to zero, then the same is for d* and, finally,
for e. In this way proceeding similarly to what was explained before, it can be shown that
all coefficients in the linear combination must be equal to zero. Therefore, these matrices
are linearly independent. This means that all found matrices form a basis in the space of
all complex 4x4 matrices.

Linear combinations of 16 matrices with complex coefficients allow to reconstruct any
complex 4x4 complex matrix. This statement is very similar to two dimensional case with
the Pauli matrices. If there are three Pauli matrices and an identity matrix, then it can
be seen that linear combinations of these matrices with complex coefficients can form any
2x2 complex matrix.

It also should be noticed that transforming v matrices to another set of v matrices
would be equivalent to transforming the wave function ¢ by unitary transformation
and unitary transformations are always allowed in quantum field theory and quantum
mechanics. This is the same statement as that changing the basis of v matrices can be
compensated by the change of the wave function. And it can be seen from the Dirac
equation

(iv"0, —m) =0 (10.48)

Now, this equation should be passed to another basis. So, v matrices will be changed

to the new basis according to:
A UMU = UAPUT (10.49)

where

Ult=U". (10.50)

Then in the new basis of v-s expression ((10.48)) will be changed in the following way:
({UA*UT9, —m) ¢ =0. (10.51)

Since the fact that UUT = 1, (10.51]) can be transformed to the following expression:
(iUy*UF0, —mUUT) 9 =0 . (10.52)

Equation (10.52)) then should be multiplied from the left by U~! and after this manipulation
the expression will look like
(iv"0, —m) U =0, (10.53)
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(10.53|) returned to the original form of the Dirac equation, where wave function v

was modified by a unitary transformation to wave function ’:
W =UT . (10.54)

The change of the wave function by unitary transformation should not result in the
change of the probability.

Now, the discussion of transformation properties of the Dirac equation under Lorentz
transformations can be performed.

Let’s remember what is spinor 1. 1 is a function on space-time, which represents a

4-component object of the following form:

Y1 ()
Yo ()
) = 10.55
Y () s (2) ( )
Yy ()

So, it consists of 4 functions on space-time. The question, which should be understood is

what happens to ¥ under performing the Lorentz transformation.

Lorentz transformations of spinors

It is already known that all Lorentz transformations form a Lorentz group and the
Lorentz group has four different components and one component, which contains identity
is a subgroup of the Lorentz group. It’s a subgroup, which contains proper orthochronous
transformations. Other components of the Lorentz group are obtained from this one by
means of parity or time reversal operations or combined parity with time reversal.

Under proper Lorentz transformations, it is known how the variable x transforms. So,
x is a space-time coordinate and under Lorentz transformations it undergoes the following

change:

't = Ata? (10.56)
where A# is a matrix of Lorentz transformations with the defining property that
Nu NGNS = Tags - (10.57)

The (|10.57)) is the defining property of the Lorentz transformation, which actually tells
what Lorentz transformation is. Lorentz transformation is a linear transformation of space-

time coordinates, which preserves the Minkowski metric.
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ochronous

ansformatio

Fig. 10.1. Four components of a Lorentz group

It is very natural to assume that what happens under Lorentz transformation is that
wave function v (z) goes to ¢’ (z’), which is related to the old function ¢ (x) by means of
application of some matrix, which is unknown, but which is needed to be found, and act
on ¢ (x):

U () =’ (@) = Sv (2) | (10.58)
where S is some matrix and this matrix must be a function of the transformation A, which

is applied to transform space-time points:
S=S5(A) . (10.59)

This matrix S should be found. This can be done by applying the Einstein relativity
principle. This is a general principle, which can be applied to all equations of physics
saying that in the new Lorentz frame the Dirac equation must look the same as in the
original frame.

Namely, after the Lorentz transformation new function ' (z') must still satisfy the

same Dirac equation:

ox'+ h
Then, the reverse procedure should be completed. It should be turned back to the

(i’y“ o _ @) W () =0. (10.60)

original form of the Dirac equation, which would allow to relate ¢’ (z’) with ¢ (z). To do
this, first of all, the derivative =2 should be investigated:

Ozt
o o2 0
Ozt Ok Oz’
where the transformation of derivative under the change of coordinates was written and

then using the (10.56]) the expression can be simplified:

(10.61)

0 0
=AY ) 10.62
OoxH KOV (10.62)
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The relation ((10.62) can be inverted and written in the following form:

i 00
(A )“83;”_837’”'

Expression (|10.63)) can be gotten by the (10.62) by multiplying both sides of the

equation with an inverse matrix A~
Then, the Dirac equation in the new frame ({10.60|) should be multiplied from the left

with the matrix S—1:

(10.63)

0 mc
-l pwg_~ 7T —
<ZS Y S@x’“ - > Y (z) =0, (10.64)
where ¢’ (2") was replaced according to the (10.58)) and in the second term the expression
S—1S was gotten, which is actually equal to 1.

Let’s also substitute the change of the derivative. So,

0 mc
co—1_v —1 H_ o — 1 )
(zS 77S (A )vaxu h)w(:c) 0, (10.65)
The old form of the Dirac equation in the original frame will be reproduced if the
condition
STIS (AT = (10.66)
is right.

Expression (10.66)) means that matrix S' is a solution of this expression. So, it is needed
to understand how to solve this equation and find how S is related to A.
The ((10.66)) can be multiplied by matrix A from the right:

STINS = A 47 (10.67)

Another way to write it is to multiply the original equation by S from the left and by

S~! from the right and also then it will lead to another form:
SySTh = (AT (10.68)

It can be seen that the index v as the index of a vector is transforming with matrix
A the same as index of a vector should transform under Lorentz transformation, but this
should be compensated by acting of on y* with the matrix S by similarity transformation.
And one needs to find the matrix S, which does the Lorentz rotation on the indices of ~
matrices by means of similarity transformation. So, it’s very convenient to come to the

infinitesimal form of the equation by assuming that a Lorentz transformation is close to
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identity. In other words, there exists a small parameter, which can be called as e and A"
can be considered as a function of this small parameter € and then we expand it in powers

of €. Terms of this operation can be written in the form:
A (e) =8 +enPw, + ... (10.69)

where w,, is a infinitesimal generator of Lorentz transformations. n*# is a Minkowski
metric, which raises the index of p. It was introduced just for convenience, because indices
of A are located on a different level: p is up, v is down. Then, for Lorentz generator one
of lower indices up with the help of the Minkowski metric.

Then, it can be actually found what are w-s in the equation by taking the defining

relation for Lorentz transformation:
NN (€) AG (€) = 1as - (10.70)

A-s in the (10.70)) can be expanded and then according to the (10.69) only terms of

linear order in € will be kept:
ny,y (55 + 6"’]/’Lpujpcy + .. ) <6g + EnUTwTﬁ + .. ) = 77046 N (1071>

Then brackets in the (10.71)) should be opened and only the leading term in e should
be kept. It will be seen that in the equation on w the leading term on the left hand side
will be equal to the leading term on the right hand side and this is 1,5. So, there will be

cancelation of terms and at linear order in € it will be found that
Wy = —Wyp (10.72)

which is simply means that the generator of Lorentz transformation with lower indices is
simply a skew symmetric, where © and v run values from 0 to 3. Matrix has six components

from the expression

=6. (10.73)

And these are exactly 6 Lorentz transformations making all 6 parameters of Lorentz
transformations: 3 rotations and 3 Lorentz boosts. So, w,, are infinitesimal parameters of
arbitrary Lorentz transformation.

Then, a relationship between the Lie algebra and its Lie group should be used. The
representation of the one parametric subgroup of the Lorentz group can be written down

by simply exponentiating their Lie algebra element representing the Lorentz transformation:
A (€) = exp (enw) . (10.74)
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The exponential (10.74]) will give a one parametric subgroup of the Lorentz group,
where the parameter of one parametric subgroup is exactly the e. nw is a matrix, which

by definition equal to
()l = 1"y (10.75)

Two matrices n and w was already introduced and nw is one parametric subgroup of
a Lorentz group. This means that the original equation, which is wanted to be solved can

be now written in the following way:

S7H(e)y"S (e) = A¥ (e) ", (10.76)

v

where the equation is written by picking up as a Lorentz transformation elements A* (¢)
of the one parametric subgroup of the Lorentz group.

When € is equal to zero, the identity matrix will be gotten and, therefore, on the right
hand side v* will be gotten and on the left hand side a matrix S must satisfy the property

that when e = 0, it’s just an identity matrix:
S0)=1. (10.77)

The first strategy will be to find a differential equation for S with respect to the
parameter € and then solve this differential equation. In this way, to find what exactly the
matrix S is. Therefore, the (10.76|) should be differentiated with respect to e:

ds dS  dA¥(e)

_o-1YP o1, -1.pn v
S deS S + STy o P (10.78)

d(s—1(e)
de

This relation further can be written in the following way. If the auxiliary variable X is
introduced, which is by definition

dsS

X = d—S_l s (1079)
€
then equation ((10.78)) can take the following form
dA#
v, X] = d—”sy”s—l : (10.80)
€

In other words, in the (10.80)) equation ([10.78|) was multiplied by S from the right and by
s~! from the left. Then, the left hand side reduces to a commutator of v* with X. The

expression Sv”S~! comes from multiplications and then this is actually nothing as:
vo—1 -1\ . B
Sy'STH= (A1) (10.81)
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Therefore,

dA N\,
[V, X] = (EA 1) O (10.82)

If the solution for the one parametric subgroup is substituted into the (10.82]), than

the result will be equal to:

[V, XT = 0wy’ |- (10.83)

Equation ((10.83) for X, which is needed to be solved, is purely matrix equation. So,
all elements here are matrices. This equation tells that the commutator of two matrices

~* and X is another matrix, where w,, are parameters of Lorentz transformations.
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Lecture 11. Lorentz Boosts. Parity

Last time, the matrix S was introduced, which performs the transformation of wave
function v in such a way that the transformed Dirac equation has the same form as an
original one. And it was found out that if for a Lorentz transformation a one parametric
subgroup given by

A (€) = exp (enw) (11.1)

where nw has components (nw)” given by the formula:
(1) = 17 (11.2)

Then for matrix S the corresponding formula for Lorentz transformation turns into

the following equation:
S7HE) S () = AL ()" (11.3)

As the next step equation ([11.3)) should be differentiated with respect to € and the

quantity X given by

X = %S‘l (11.4)

should be introduced.
Then the equation for X takes the form:

V", XT = 0wy |- (11.5)

And this is an equation, which should be solved for the matrix X.

The convenient way to solve it is to look for a solution in the following form:
X =M,y . (11.6)

So, a solution, which is linear in generators w and w are generators of Lorentz transformations,
carries indices p and A and this is the way how the form, in which the expression for matrix
X contains, looks.

Substituting the into formula will lead to an equation of the following
form:

1
gu/\pA _ /\pkvu _ 3 (n“”vA _ U#A’Yp) ’ (11.7)

where on both sides w is canceled. Also the fact that w is skew symmetric was used:
Wor = —Wxp - (118)
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A is also can be taken to be skew symmetric
MY =\ (11.9)

to satisty the condition of this type.
With this assumption equation for \** can be solved and, directly, the solution will

have the following form:

1 1

W= Sl = 5 (0 =) (11.10)

Due to the Clifford algebra expression ((11.10)) can also be written as
1
A = Z—L'y“v” , (11.11)

where index g is not equal to v. This is explicitly taken into account by the anti-
symmetrization procedure and, therefore, it can be checked that this is solution by
substituting matrix A into equation and using the Clifford algebra relation for
~ matrices.
Then, on the other hand, since A was found, the equation for S can be now specified
as follows:
ds 1

- = = MY .
P XS 2V W S . (11.12)

The (11.12)) is an explicit differential equation, on the right hand side of which is the
product of a four by four matrix, because v* and " are 4x4 matrices multiplied with
matrix S. This equation must be supplemented with the initial condition. If € is equal to

zero, the corresponding matrix S must be simply equal to the identity matrix:
Se=0)=1. (11.13)

The differential equation together with the initial condition has a unique solution and

this unique solution is simply given by:
1
S (€) = exp (Zevuv”ww) : (11.14)
If expression ([11.14)) is differentiated with respect to epsilon, then the matrix
1 v
7V W (11.15)

comes down and exponential remains and, therefore, expression ((11.12)) will be right.
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So, what is written down in the (11.14]) is a solution, where € is a one parametric
subgroup and it is equal to any real number. In the described case, the variable € is small
in order to consider expansion around € is equal to zero. It can be fixed, for instance, to

be equal to one and, in this way, S is taken as:

1
S = exp (Zy“yyww) : (11.16)

which can be also written due to the skew symmetry of the matrix w in the following

form:

S = exp (% Zv“y”ww) . (11.17)

pn<v

The (|11.17]) is the final formula for the Lorentz transformation of a spinor. This means
that under the Lorenz transformation A from the proper Lorenz group the Dirac spinner

transforms in the following way:

V(@) = exp (i > ww) Ui . (11.18)

p,r=0

where 2’ is obtained from z by means of Lorenz transformation with the element A:
o = Az . (11.19)

The answer that has been found is rather interesting. The first thing that can be
noticed is that the matrices A¥, which feature in Lorenz transformations, satisfy the

following algebraic relation, which is the commutator of two matrices:
MY NPT] = P NHT — pHP VT — T NP - o NP (11.20)

In fact, it can be recognized that the is nothing else as the commutation
relation between generators of the Lie algebra of the Lorenz group. This means that the
Lorenz transformations, which were constructed, are transformations realizing the spinor
representation of the Lorenz group.

It’s important to realize that this representation is different from the vector representation
acting on coordinates z* with the help of AX.

Let’s investigate this Lorenz transformation that was found before in more details.

First of all, the transformation can be specified for the case of spatial rotations.
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Spatial rotations

This means that just rotations are considered. As it well known the usual three-
dimensional rotations can be specified by given a rotation axis and this can be done by

specifying the unit vector 7 with components n;:

i = {n'} : (11.21)
i=1,2,3

where unit means that if the length of this vector is computed, then the length is equal

to one:

il =1. (11.22)

So, 71 is a rotation axis e.g. the axis around which rotations will be performed. A
rotation angle should also be specified and it can be denoted by 6. In other words, there is

axis, which is specified by the unit vector and an angle theta by means of each rotations

will be completed (fig. [11.1]).

Sl

Fig. 11.1. Rotational axis formed by the unit vector 7

Then there are also elements w;;, which should be expressed and which are equal to
Wij = —0- eijknk s (1123)

where n* is the infinitesimal matrix of a transformation.

Then, the following expression can be computed
Yy wi; = =07y ern” . (11.24)
Expression sometimes can be written in the following way:
Y wiy = 2i0%n" (11.25)
where the following property was used:
YAl eijr = =205 . (11.26)
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where Y with an upper index due to the Clifford algebra relations of 7-s can be written
in the next form:

= 45400 (11.27)

It can be shown that due to the Clifford algebra relations is the same as an

expression (|11.27)). It can be also seen that the object, which was introduced is the matrix

and this matrix has 3 components. ¥ is the collection of 3 matrices labeled by the index

i
Y= {xh ¥ n3) . (11.28)

In this way, > can be identified with 3 vector:

=% (11.29)
In fact, if a variable J; is equal to
1 1.
Jp ==X, =—=", 11.30
5 5 (11.30)

then it satisfies the following algebraic relation:

[JZ', Jj] = —’iEiijk . (1131)

From expression it can be recognized that this algebraic relation is nothing
else as the algebraic relations of the generators of the Lie algebra of the rotation group.
On the other hand, it is known that the is a commutation relation for angular
momentum. In this way, operators J; can naturally interpret as spin operators. So > and
J can be called as spin operators. These objects are related to the notion of spin and the
notion of spin comes from characterizing the transformation properties of an object with
respect to three-dimensional rotations. Spin is a property of a wave function to transform
under three-dimensional rotations of space.

If not rotation by infinitesimal, but by finite angle 6 is performed, then the general

formula should be used and for such a transformation S will be equal to
S (i1, 0) = exp (%iﬁe) . (11.32)

where indices v and p are taken only values 1, 2 and 3.

Expression ((11.32)) can be gotten explicitly starting from the formula

1 . .
S(1,0) =exp (ﬁvl'ijiﬂ) : (11.33)
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where the realization of w;; (11.23)) can be used, which involves the Levi-Civita tensor.
Then the definition of ¥ should be used, which are 4x4 matrices. Such a way, the
exponential can be computed explicitly in the usual way by expanding in the Taylor

series:

0 < 7
S(ﬁ,&):]l-cos§+i2ﬁsin§. (11.34)

Formula ((11.34)) realizes a transformation by finite angle #. What is interesting about this
formula is that if a rotation by angle 27 is performed, then because in the expression the

arguments of half of the angles are involved, this will be nothing else as:
S(n,0+27)=-5(1,0) . (11.35)

In other words, when a full rotation is performed, the spinor does not come to itself, but

it changes the sign. If the transformation of a spin is considered, then

V(@) = = (2) (11.36)

but it does not return to itself. The point 2’ in the opposite actually returns to itself,
because x’ transforms with a matrix A and matrix A is a matrix, which depend on angle
in such a way that it is periodic, up to upon rotation by 27 and, therefore, after rotation
by 27

W (2) =~ (2) | (11.37)

Such a representation, which has the property described above is called double valued
representation of the rotation group. This is a specific of the spinor representation, because
the property occurs at the one and the same space-time point. Under performing a loop
in space and returning back to the original position a spinor can change the sign. From
this transformation it can be seen that such representations have a specific name in the
representation theory, they are called double valued representations of the rotation group.
So, the rotation group is SO(3) has a topological property of being not simply connected.
If one try to draw it from a topological point of view, it is looks like a circle and it is
connected, but it’s not simply connected, which means that there are loops in SO(3) that
are not contractable to an identity. Such loops, which are not contractable to the to the
identity, mean that the corresponding space is not simply connected.

At each point of SO(3) two values of another group exists, which is called a double
cover of SO(3) and it turns out that this double cover of SO(3) is is know as SU(2) group.
And SU(2) group is a double cover of SO(3), which is simply connected (fig. [I1.2).
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SU(2)

]
]
500

Fig. 11.2. SO(3) and SU(2) groups

This leads to the existence of a special class of representations, which are called as
spinor representations or double valued representations of the rotational group. In fact,
this also means something else. This means that the spinor cannot be observed itself,
because if one is an observer and a transformation of the Lorentz frame by 27 is performed,
in fact, one returns back to the original point by making a loop in space. This means that
Y (z) cannot be observed, but what can be observed is the quadratic combinations, for
instance, quadratic combinations of spinor components or some quantities like 1.

So, these quantities are quadratic in ¢ and these quantities remain invariant upon
making the rotation in space. Such quantities would be invariant and such quantities then
provide observables, but not the components of the spinor itself.

It is also should be noticed that every representation is characterized by a spin. Spin

can take half integer values, which are 0,11, 3 and any representation of a given spin

999 Lty 9y
has 25 + 1 components. For instance, for the case of spin zero, only one component exists
and this is a scalar. For the case of one half there are two components and although the
representation is realized on 4-dimensional spinors, the following is can be seen: if one

compute explicitly what ¥ is in the Dirac representation, then it will be found out that

. ot 0
Y= < ) . (11.38)
0 o

Expression (|11.38)) is a diagonal in terms of Pauli matrices. Then with this explicit

this is given by:

form of X% the formula for S can be written in the following way:

S (i.0) ]l-cosg-I—ic_fﬁ sing 0 (11.39)
n,0) = :
0 ]l-cosg+i5ﬁsing

If a four component spinor is represented in terms of two component spinors, the
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expression for 1 can be written as follows:

Y= <¢> : (11.40)
X

where two components ¢ and y transform independently with respect to three-dimensional
rotations and, moreover, they transform in the same way. That is exactly the representation

of spin %, which realized by means of the following 2x2 matrices

R(ﬁ,&):]l-cosg—i—i&’ﬁsing. (11.41)

In fact, one can build up representation corresponding to any half integer spin. In
particular, vector representation is a three-dimensional representation.

It should be noticed that for the representation of spin % the matrix S factorizes
into diagonal blocks and a spinor can be reduced on two component spinor, which do
not mix with each other. So, they transform completely independent for the reason that
¢ and y do not mix at all. That means that the four-dimensional representation just
breaks into two representations for two component spinors and each of them is just a
representation of spin % realized by 2x2 matrices. This classification of representations
characterized by spin is connected with the term of irreducible representations. In other
words, representations, which cannot be decomposed further and do not have inside
themselves invariant subspaces, are so-called irreducible representations. The classification
of irreducible representations of the rotation group tells that any such representation is
uniquely characterized up to unitary equivalence by a half integer number, which is called
spin. And if this number is fixed, then the dimension in which the representation is realized
is related to spin by the formula 25 + 1.

Once again, every reducible representation in representation theory sometimes are

called as D; and parameterized by half integer number, where j is half integer number

called spin. The dimension of this representation D; for a given spin j is equal to

dimD; = 2j +1 . (11.42)

Lorentz boosts

For Lorentz boosts there is wp; exists, which is given by by the formula:
woi = n'Y (11.43)
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where ¥ ia an hyperbolic angle. Then the matrix of Lawrence boosts S (77 ,4) is given by:

1 ..
S(1,9) =exp (5707%’19) , (11.44)
which is the same as
1
S (7,9) = exp (5627?19) : (11.45)

where the following replacement was applied:
Py =at . (11.46)

The ((11.45) again can be explicitly computed and the following expression can be
found:
— 19 —_ = . 19
S(1,0) :]lcosh§+ozn s1nh§ . (11.47)

The fact that we are dealing with Lorentz boosts now shows itself in the appearance of
the hyperbolic functions. Hyperbolic functions signaling that now transformations occurs
due to Lawrence boosts.

Since in the Dirac representation matrices o are block off-diagonal, the spinors ¢ and

X, which was introduced above mix under Lawrence boosts, because explicitly matrices

a = ((ﬂ @) . (11.48)

As a result, when the matrix @ will be computed explicitly, it will be seen that this

o' are given by:

matrix will mix the ¢ and y. Therefore, this matrices are not relativistic covariant.
Let’s also mention the Hermeticity properties of Lorentz transformations that were
found. For space rotations it can be seen that if one take ST e.g. compute the Hermitian

conjugate of matrix S, then this will be equal to:
I 4
§7 =exp (5 > 7ty +wij> 7 (11.49)
i<j

where w;; are real numbers. Using the fact that matrices 4 are anti-Hermitian, then the
(11.49) can be written in the following form:

1 -
ST =exp (5 > iy wij) : (11.50)

i<j
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Then if the matrices v is put in the old order by anti-commuting them, it will be gotten
that:
St =exp (—% nyivjwij> . (11.51)
1<)
This, finally, it was gotten that
St =971, (11.52)

In other words, what was found is that
StS=1. (11.53)

Obviously, such matrices was called as unitary. It is seen that rotations are realized
by unitary matrices or, in other words, a unitary representation of the rotation group was
realized.

For Lorenz boosts the following is right:
+ L v o
ST =exp 37 i | (11.54)
It is known that ~? is anti-hermitian and +° is hermitian and, therefore

1 .
St = exp <—§v’vow0i) : (11.55)

Then the anti-commutation relation can be used for matrices v¢ and 7° by using the
Clifford algebra and the following expression will be gotten:

1 .
St =exp <§'yofyzw0i) =S. (11.56)

This is different from the unitarity condition, rather the condition (11.56|) shows that
matrix S realizing Lorenz boosts is Hermitian. In fact, both properties under Hermitian
conjugation e.g. behavior of rotation matrices and behavior of Lorenz boosts can be

combined in one formula, which looks as follows:

St =40571501, (11.57)

when it can be seen that actually 7° commutes through matrix S~ and (y°)” is equal to
1. On the other hand, if S is a Lorenz boosts, then 7° anti-commutes with ¢ standing in

the exponential and for this reason the equality of S~! and S will be gotten.
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Both together Hermiticity properties are encoded in one formula, which looks like
(11.57)). In fact, this formula motivates to introduce the notion of a Dirac conjugate

spinor, which is defined as follows:

=10 (11.58)

So the 1) is not a column, but this is a row consisting of 4 numbers, which can be also

written as
=9t (11.59)
which means conjugation and transposition multiplied with 4°. This is because it’s spinor

1) has a simple transformation property under Lorenz transformation:
V(@) = (S¥)"° (11.60)
which is according to the discussion the same as
() = tStA0 (11.61)
In all cases, ST is given by formula and then
P (2') = 0571400 (11.62)

The (11.62)) can be simplified and then the final expression for the ¢/ (z') will look as

follows:

Y () = (v)S~h . (11.63)

In other words, under Lorenz transformations the Dirac conjugate spinor transforms

simply by multiplying it from the right by S~!. The Dirac equation now can be written
in the following form:

(8 (iv“aﬂ + %) =0, (11.64)

where now the derivative acting on the 1, which is on the left hand side. The (11.64)
represents the Dirac equation for a Dirac conjugate spinner. It is of course follows from
the original Dirac equation by taking conjugation of the original Dirac equation and
multiplying it with 7°. Then it can be independently checked that this equation for the
Dirac conjugate spinor remains to be Lorentz covariant exactly due to the properties that
under Lorentz transformations a Dirac conjugate spinor transforms by multiplying with

matrix S~! from the right.
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In general, the transformation properties of spinors with respect to the rotation group
and with respect to Lorentz boosts, which all together provide the realization of the
proper orthochronous Lorentz transformations were introduced and it was done in the
Dirac representation of v matrices. And in this Dirac representation for ~ matrices it
was shown that a rotation group is realized in the form of a reducible representation,
which splits into two irreducible two-dimensional representations, while Lorentz boosts
mix these two-dimensional representations between themselves.

Now discrete transformations should be introduced, which are left over. They have to
be taken into account if we want to talk about the full Lorentz group. Therefore, it should
be realized how spinors transform under parity and under time reversal. Let’s start from

parity.

Parity
Parity is an operation, which takes three-dimensional ¥ and sends it to minus —7':
P X — -, (11.65)

where time remains unchanged.

While coordinates z* are reflected this means that

(11.66)

Then, again for ¢’ (2) in the new Lorentz frame obtained from the old one by means

of the parity transformation as follows:

V(@) =Py (z) | (11.67)

where P is some matrix is needed to be found and which leaves the Dirac equation to be

a covariant. It is very simple to check, because if for the Dirac equation in the old frame
(iv"0, —m) ¢ (z) =0, (11.68)
then this must be the same in the new frame
(in"d, —m) ' (2') = 0. (11.69)
Then, from the (11.69) it can be seen that the term
i7" 9o (11.70)
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will not be changed, because time is not changing under the parity transformation, while
all spatial derivative must change a sign, because of the ((11.66]):

(moao — W% - m> Py (z) =0 . (11.71)

From the (11.71)) it is seen that if this equation is multiplied by P~! from the left,
then to get the original Dirac equation following conditions should be to satisfied:
PP =40 (11.72)
while
PlIyP = —o". (11.73)

If the matrix P, which satisfies conditions (11.72)) and (11.73|) is found, then the
transformation of spinors under parity transformation will be gotten.
Equations ((11.72]) and ((11.73)) can be elementary solved if matrix P will be proportional

to 4% with some proportionality coefficient, which can be denoted by ny:
P=n . (11.74)

From the , P will commute with +° and the is trivially satisfied and
then due to the fact that 7° is anti-commuting with ~* the second equation ([11.73]) will
be satisfied.

It is also should be noticed that a number 7y is called as internal parity. P can be

required to be a unitary operator
Prp =1, (11.75)

which means that the number 7, must be a phase and it’s modulus should be equal to
Inp| =1. (11.76)
Then, if parity is performed twice, the original point must be achieved. Therefore,
PP=1. (11.77)

On the other hand, it is known that we are dealing with a spinor and actually in this
case we can say that after application of parity twice ones returning to itself up to a minus

sign. And, therefore, in the second situation the following can be required:
PP=-1. (11.78)
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So, in the first case (11.77]) for internal parity
ny = £1 (11.79)

while in the second case
Ny = +7 . (1180)

It can also be found that P anti-commutes with ~°:
PP =P (i) P . (11.81)

Then P is proportional to 4 and 7 should be moved through all v matrices. As a result
it will be found that

1181 = — . (11.82)

If a four component spinor written in terms of two components ¢ and x is taken, then

the parity operation act on it as follows:

P <¢> = npry° <¢> : (11.83)
X X

In the Dirac representation this is nothing else as

11.83= ( o ) , (11.84)

—TrX

where parity preserves two component spinors and they do not mix, but from this computation
it is seen that components have a different parity.
If the internal parity is chosen, then with respect to the parity it can be seen that the

bilinear combinations of spinors can be classified in the following way:

1) 41, which is the scalar product of the Dirac conjugate spinor with the spinor itself
and, therefore 1) is a number. And under Lorentz transformations this object here

transforms as a scalar.

2) 17°%. Under Lorentz transformations, because Lorentz transformations anti-commute
with matrix +°, then this object appears to be a pseudo scalar. It also can be seen
that this object goes to minus itself under parity transformation due to the property
that under parity

Py = 9. (11.85)
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3) ), which transforms under Lorentz transformation as a vector. It is very important

combination, because it’s a current, which has the dependence on the index pu.

4) 9py*y°4p, which is a pseudo vector. It’s transforms as a usual vector with respect to
Lorentz transformations from proper orthochronous Lorentz group, but it does not

change a sign under parity.

5) ta*¥1) is bilinear combination of spinors, where ¢#¥ is anti-symmetric tensor, which

was introduced earlier.
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Lecture 12. Time Reversal. Weyl Spinors and Weyl

Equations

At the previous lecture the transformations of the Dirac equation with respect to
Lorenz group was discussed and it was finished by understanding how a spinor transforms
under parity transformations.

Now, it is time to discuss the remaining type of transformations, which wasn’t discussed,

namely, time reversal.

Time reversal

At this topic it will be observed how a Dirac spinor transforms under transformations
of the type
t— —t. (12.1)

Classically, having such a transformation or having such a symmetry means that all
solutions or all trajectories ¢ (t), which are solutions of equations of motion, are time
reversible.

In other words, if a solution is passed to another solution or to another function g, (),
which is

Grev (1) = q (1) (12.2)
then this ¢, (t) also appears to be a solution of equations of motion.

In this respect, it can be said that this transformation is in fact the symmetry of
equations. In a quantum mechanical situation of the Dirac equation, the procedure is
absolutely the same as was done, for instance, for parity.

First of all, one assume that time reversal symmetry is some operation, which can be

denoted as T. This transformation is assumed to act on a spinor v in the following way:

T (@) =T (a) (12.3)

where an operation of time reversal does not do anything to spatial coordinates, but

transforms the time coordinate. So,
270 = 2" (12.4)

while
2 =at . (12.5)
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Let’s look at what actually happens in quantum mechanics under time reversal without
going even to a field theory to the Dirac equation. First it should be understood how
this operator actually acts in usual quantum mechanics. And in quantum mechanics,
transformations of operators under symmetries is done in the following way. If some

operator A exists, then under time reversal it transforms as:
TJAT 1= A", (12.6)

In quantum mechanics, it should be assumed that if an operator of coordinate exists,

then this operator does not change under the J transformation:
TJET ' =7 . (12.7)

So, coordinates of a particle do not change.
In addition to an operator of coordinate, there is also an operator of momentum and
since momentum through its definition involves the time:
dx
-3

—

D m, (12.8)

where the ((12.8) is a classical definition of the momentum. Therefore, in non relativistic
quantum mechanics under such an operation operator of momentum must change the
sign. So,
p— —p . (12.9)
On the other hand, if the fundamental commutation relation of quantum mechanics

[pi, 27| = ihd! (12.10)

is introduced, which is Heisenberg commutation relation, then this commutation relation
will be invariant under such a transformation with T only if this operation T acts also on

imaginary unit in the following way

TiT = —i . (12.11)
If the property (12.11]) is applied to the (12.10), then
T pid?] T8 = [pl,a"] = — [pi,2’] | (12.12)

where the fact that p is change the sign and ¥ is not is used. On the right hand side of
the (12.10)) the following expression will be gotten:

— [pi,a?] = TiT 'he! = —ihs! . (12.13)
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It is clearly seen that the is the same as the . This means that in
the quantum mechanics Hamiltonian is invariant and, therefore, Heisenberg equations
are invariant with respect to time reversal operation. In general, such a transformation
is realized by the so called anti-linear anti-unitary operators. Anti-linear transformation
is clear from the definition of what linear transformation is. If a wave function exists
and it multiplied with a complex number « and then for this construction 7T is applied,
an usual linear transformation would mean that o can be taken out, but for anti-linear

transformation the complex number « will be conjugated:
T (o)) = a*TY . (12.14)

Anti-unitarity means something else. The notion of unitarity is defined with respect
to a chosen scalar product in a Hilbert space and anti-unitarity means that if there is a
scalar product of two elements of an space x and y is existed and the operator T is applied

to this scalar product, then the result of this transformation will be equal to

(Tz[Ty) = (zly) = (ylz) (12.15)

where the conjugated expression was gotten.

Time reversal quantum mechanics is different from what was normal for transformations
and symmetries in a sense that symmetries were realized by unitary operators. And the
time reversal is realized by anti-linear anti-unitary transformations. Of course, this feature
of quantum mechanics goes to the quantum field theory and the operator which will be
found in the Dirac theory, which corresponds to this time reversal, has a property of
similar types.

Therefore, the following should be assumed: transformation from ¢ (z) — /' (2'),
which is transformation

Y (2") = T () (12.16)
can be explicitly realized in the next way. First of all the complex conjugation should be
involved. From a spinor ¢ we come to a complex conjugate spinor and then this is not the
end of the story, because the equation is a matrix equation and, therefore, the possible
multiplication of the conjugate spinor ¥* with some matrix 7" should be admitted, where

T is a normal unitary matrix:
12.16|=Ty* (z) . (12.17)

Now, to find what is actually the matrix 7" should be, the Dirac equation should be

taken and, as before, we assume that in the transformed Lawrence frame by means of
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time reversal, the Dirac equation should look like in the original frame:

0 mc
- " / / —
(m T > () =0. (12.18)
In other words, the ((12.18)) is the usual Dirac equation, but with x replaced by z’. That’s
the standard way of implementing the Lawrence covariance of the Dirac equation.

First of all, the usual Dirac equation can be taken and then transformed into the
(12.18) by means of complex conjugation and multiplication with the matrix 7. The

usual Dirac equation has the next form:

0 me
. 9 me -
(w T ) Y(x)=0, (12.19)
Then the ((12.19) should be conjugated:
0 . Jd  mc
—iy— — iy — — — | ¢*(2) =0. 12.20
(w Dl h)wm (12.20)
The (12.20) can be simplified and the result will be equal to
0 -0 me
- %0 . %9 * _
<2’y 50~ g ?) Y (z)=0. (12.21)

The final thing which can be done is a multiplication of the equation from the left by
T. Then the equation will have the following form:

o w0m1 O i O me .
(va oT 18:1:’0 — iy Erie ?) Ty* (x) =0 . (12.22)

Now, expression ((12.22]) should be compared with the (12.18)). From this comparison,

it is clearly seen that
Y (a') = Ty" (x)
Ty*0T—1 =40 (12.23)
T =
To solve relations for a matrix 7" the representation for 4 and ~* should be specified,

because we need to explicitly realize how the conjugation acts on this matrices.

For instance, in the Dirac representation for v matrices
g% =4° (12.24)

and
=52, (12.25)
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That’s because ~? is constructed with the help of the Pauli matrix 0% and this is a diagonal
matrix containing ¢ and —1.

And matrices v! and 73 are real, because they are constructed with the help of Pauli
matrices o' and o3, which are real matrices. Therefore, eventually for this matrices the
following is right:

= (12.26)
A3 = A3

Finally, for expressions in the (12.23) can be rewritten as follows:

T,yOTfl — 70
T’)/2T_1 — 72

o 1 (12.27)
TyT™ =—y

T’)/gT_l — _,.}/3
\
It can be easily seen that the solution for T is equal to:
T =+, (12.28)

because v° anti-commutes with v! and anti-commutes with 7. Therefore, when ~v'v? will
be passed through 4" one will get 4°. In other words, matrix 7" must commute with ~°
and +2, but anti-commute with v! and ~3.

In principle T' is defined up to an arbitrary phase and very often people just fix this

phase, take a convenient choice and usually they pick up 7" to be equal to
T =iy'y* . (12.29)

This means that the action of the time reversal operation on the spinor is built up

and it looks like the T operation apply to ¢ (z):

V(@) = T (2) = iv'y*y" (2) (12.30)

So, this operation is known and in the presented case it is called as a Wigner time reversal
operation and it is represented by anti-linear anti-unitary operator, which can explicitly

realized as

T=T-K, (12.31)

where K is an operator of complex conjugation.
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The same result about the form of time reversal operator can be alternatively derived
just by requiring that Dirac Hamiltonian is invariant with respect to this operation of
time reversal.

Now, an another important class of spinors can be introduced and the question about
reducibility of the proper orthochronous Lawrence transformations can be clarified. And

the subject, which will be discussed is the subject about Weyl spinners.

Weyl spinoes

In the last two lectures a representation of the proper orthochronous Lawrence group
was built on 4 component spinors. This representation is realized in terms of 4x4 matrices
and this matrices were denoted by letter S (R). They depend on the Lawrence transformation,
which can be performed on the space-time points or vectors. And it was shown that S is
a spinor representation of the Lawrence group. Very interestingly that it turns out that
the representation, which was constructed is reducible.

There are two definitions of what can be called a reducible representation and this
definitions are equivalent. The definition number one says that representation of a Lie
group, which is Lawrence group is irreducible if there are no proper invariant subspaces,
where proper means subspaces, which are different from zero and the space representation
space itself. If zero subspace is excluded, then the definition of irreducibility means that
the representation is irreducible if there are no other invariant subspaces exist.

In other words, if start from any vector is performed in a representation space, then by
group transformations any other vector in a space will be reached and it does not happen
such a situation that there will be a subspace in a representation space, whose elements
transform via themselves and never get out of this subspace.

The second definition is telling that representations of a Lie group is irreducible if only
operators, which commute with all group elements are only those, which are proportional
to the identity operator (c¢-1). In other words, these operators, which commute with any
group elements are operators of the form constant multiplied with identity operator and
no any other non-trivial operators except this one exists.

If the action of the group element in the representation space is exist and depend on
the group element g, it’s like a matrix 7 (g) acting on the concrete representation space.

Then, irreducibility means that there is non-trivial operator, like O such that it commutes
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with the 7 (g) for any group element g¢:
m(9)0 =0 (g) , (12.32)

for Vg € G where
O#c-1, (12.33)

because ¢ - 1 always commute with any 7 (¢), but if this case is excluded, then there any
such O should not exist.

In fact, in representation theory, a theorem that the first and the second definitions
are equivalent exist.

If there is an invariant subspace, then there is also a projector on this invariant
subspace and an nontrivial projection operator, which projects on this invariant subspace,
can be constructed. But then, because it is invariant, it can be seen that this projection
operator, which does appear, is an operator which breaks the irreducibility from the point
of view of the second definition.

So, it is then clear how the proof should go. One should rely on the fact that actually
the projection of the representation space can be built and it gives a nontrivial operator
which breaks irreducibility.

If we look from the point of view of the second definition on the representation, which
was constructed, and ask ourselves why a representation that was constructed by S (R)
acting on spinor representation of the proper orthochronous Lorentz group is reducible.

It will be reducible if the nontrivial operator, which does commute with all group
elements or, in other words, with all S (R) representing elements of the proper orthochronous
Lorentz group can be found. The statement is that such an nontrivial operator does exist

and it’s very easy to see that this operator is simply equal to

7S (R) , (12.34)
because
[v°,S(R)] =0. (12.35)
The reason for that is that S (R) realized explicitly as
1
S(R) = exp (Zv“v”ww> , (12.36)

where v* is Dirac matrices and an index p is from 0 to 3. Then, 7° is a matrix, which has

a property that the anticommutator of 4° and ~* is equal to
{2} =0. (12.37)
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But if 4° anticommutes with ~#, then, in fact, it commutes with the product of any two

~ matrices. More explicitly, it can be written that

755 (R) = y5e 7wy (12.38)
where the fact that (v;)> = 1 was used. Then the can be rewritten as

Y55 (R) = 737" 150 /4 (12.39)

~5 can be moved through v#~* and 5 matrices will cancel each other and, as a result, the

following expression will be gotten:
155 (R) = S (R) %5 . (12.40)

According to the logic of the definition of irreducibility the representation of the
proper orthochronous Lorentz group is reducible and the matrix v helps use them to
construct invariant subspaces, which remain invariant under proper orthochronous Lorentz
transformations. This is done by means of constructing two projectors P, which are given
by

Py = % (1£4°) . (12.41)

Py have properties of being a projector. This means that

P? =Py (12.42)

and that Py are orthogonal:
P+P_:P_P+:0. (1243)

The third property is that these projectors realize the decomposition of identity:
P.+P =1. (12.44)

Other properties follow immediately from the properties of v°. For instance,

PP, = i 1+9°) (147°) = i (1+29°+1) = % (1+9°) =Py . (12.45)
At the same time, P, P_ is equal to:
P,P_ = i (1+7°)(1-7") = i 1- (%)) =0. (12.46)

=1
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Projectors provide a decomposition of the identity and this means also that P
commute with all proper orthochronous Lorentz transformations. This means that objects,
which realize the invariant subspaces, can be defined and these objects are special spinors,
which are called Weyl spinors.

A Weyl spinor is defined is defined as a two component complex spinor, which transforms
irreducibly under proper orthochronous Lorentz transformations, where this transformations
form a group with the name SO™ (1, 3). Complex means that two components of the Weyl
spinor are complex numbers. In other words, a four component Dirac spinor realizes the
reducible representation of the proper orthochronous Lorentz group, but it can be split into
two component spinors and each of these two component spinors will realize irreducible
representation of a proper orthochronous Lorentz group.

Explicitly, these two component spinors are constructed from a four component Dirac

spinor by applying the projection P, ¢ and the projection P_ to :

Yy =Py
Yo =P

(12.47)

where 1 is a four component Dirac spinor and 4 are two component Weyl spinors.
In fact, Weyl spinors ¢4 are called chiral and people say that ¢/, have different chirality.
To understand more how two component Weyl spinors look like and why they are two
component a transformation from the Dirac representation of the Clifford algebra, which

explicitly is given by ~ matrices of the next form

1 0 . 0 ‘
A0 = , Y= ‘ 7 , (12.48)
0 1 —o" 0

to another representation, which is called as Weyl representation, can be done, where in

the Weyl representation matrices are realized in the following way:

0 0 1 . 0 ot
Ve = s Ve = . , (12.49)
10 —o' 0

where 7 is taken to be off-diagonal and 7% remains to be the same as 7*. Lower index c
means chiral.
It can be seen that 7 is nothing else as 7° in the Dirac representation and 2, which

can be construct through chiral matrices in the chiral representation is equal to

ve =40 (12.50)
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As it was pointed earlier all representations of the Clifford algebra in 4 dimensions
are related to each other by means of unitary transformation and, therefore, there should
be a unitary transformation, which relates these two explicit realizations of the Clifford
algebra. Indeed, it can be seen that there is a matrix U, which does this job. When it is
applied to all matrices v of the Dirac representation, matrices of the Weyl representation
will be gotten:

UyrUt =+ . (12.51)

Explicitly, this matrix U is given by

1 {1 —1
U= NG (1 ) ) (12.52)

Utu=1. (12.53)

and it has the following property:

What is good about new ~ matrices is that if spinor is written

Y= <¢> ; (12.54)
X

where each of this ¢ and x is two component, then the following can be seen.

In the Dirac representation the matrix S has the form

1cos? + i sin? 0
S(,0) = 2 2 (12.55)
0 ]lcos%%—z'&'ﬁsin%
and shows that under rotations ¢ and x transforms independently. This matrix was

constructed from the general formula:
S (i, 0) = ei? Ve (12.56)

where the indices of v matrices are 1, 2 and 3. Therefore, the construction does
not involve 7°, but since passing from Dirac basis to Weyl basis of « matrices there is no
change of 7" and then this result for S (7i,6) for Lorentz transformations corresponding
to rotations will hold also in the Weyl representation and the result will be the same.
For Lorentz boosts in the case of the Dirac representation ¢ and y mix, but it is
interesting to see what happens in the new basis, because here the matrix 7 in the Weyl
basis is off-diagonal and Lorentz transformations corresponding to Lorentz boosts have

the form:
1" woi/2 (12.57)
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Now, the following can be seen: 7° is off-diagonal and gamma® are off-diagonal and
if two such off-diagonal matrices is multiplied, a diagonal matrix will be gotten. If it is
diagonal, then it can be seen that the matrix corresponding to Lorentz boosts will be

diagonal and it can be computed explicitly:

Y _ 25 inh @
S (i 0) = 1 cosh 5 — S sinh 5 0 . (12.58)
0 ]lcoshg+§ﬁsinhg

The meaning of the (12.58]) and (12.55)) is that ¢ and x do not mixed under any proper

Lorentz transformations neither under rotations nor under Lorentz boosts, because the
corresponding matrices in the Weyl representation are block diagonal. That’s, of course,
shows that, indeed, ¢ and y are Weyl spinors, they transform independently under proper
orthochronous Lorentz transformations.

The other important remark is the following. It can be seen that the difference between
¢ and x is also visible from formulas and . Under rotations ¢ and y
transform completely in the same manner, but for Lorentz boosts ¢ and x looks different
and the difference is in the sign of the elements of S (77, ¥).

Once again, a Lorentz group topologically looks like some set set of transformations.
Within this set there is a smaller subset, which has a name of proper orthochronous
Lorentz transformations and this subset has a name SO™ (1,3). Now we established a
transformations of the spinor ¢ with respect to SO (1, 3) and when it was realized that
this representation of SO™ (1,3) on 4 dimensional spinors turns out to be reducible and

it splits into two invariant subspaces.

S N

Fig. 12.1. Topological representation of the Lorentz group

The following question can be asked: if components of ¢ transform with different
matrices realizing Lorenz boosts, then representations can be still equivalent. Two representations
are called equivalent if there exists a unitary transformation such as U and matrices of the

first representation 7 (g) transformed with this unitary transformation have the following
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form:

Un(g) U™ =p(g) - (12.59)

In this case equivalence is just a statement that one representation is gotten from the
other by changing the basis with the help of the unitary transformation. In fact, in
representation theory people agree to consider unitary representations of Lie groups up
to unitary equivalence.

The question can be formulated as follows: in spite of the fact that in the there
are different signs, representations may be still equivalent and changing the basis in the
representation space say of spinor y will lead to a representation of spinor ¢ and in this
case these two representations will be equivalent. The answer to this question is negative
and it can be proofed in the following way. Let’s suppose that they are equivalent. It

means that there exists a matrix U such that it takes a matrix of the first representation
0, . 0,
U <]l coshE — o'n'sinh 5) Ut (12.60)

and takes out of it the matrix of the second representation

v - v
11.61|= 1 cosh 5 +o'n' sinh§ . (12.61)

The (|12.61]) be valid for any ¥ and any n. If this should be valid for any 9 and any n,
then n can be picked up, for instance, in the form (1,0,0) or (0,1,0) or (0,0,1). Then

three equations will be gotten

v , ¥ v, v
U (]l cosh 5 o' sinh 5) U~! =1cosh 5T o' sinh R (12.62)

where now instead of summed up o¢, there are individual ¢ standing. In the (12.62) U
can be passed through the first term and then the gotten expression can be divided by

sinh g. As a result the following formula will be exist:
Uos'U ™' =o', (12.63)
which can be rewritten as follows:
Uo'=—c'U . (12.64)

The (|12.64]) is an equation, which should be satisfied. From this expression it can be
seen that if a matrix U exists, it must be 2x2 matrix, which anti-commutes with all three

Pauli matrices, but such a matrix does not exist. This means that these two representations
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of the proper orthochronous group acting on spinors ¢ and y are inequivalent. Therefore,
these two representations of spin one half people agreed to denote differently. So, representation
for ¢ is denoted as (%, 0) and the representation realized by y is called (O, %) The spinors
realizing this representations for ¢ and y can be denoted as v, which is a two component
spinor with index «, where « takes values 1 and 2. But to distinguish them on writing we
will denote spinor of the type (%, 0) by putting dot on «.

The two spinors 1, and 14 are two Weyl spinors, which realize different representations
of the Lorenz group. Earlier, when the construction of the Lorenz group was discussed, it
was mentioned that, in fact, the proper orthochronous Lorenz group, which is SO* (1, 3) is
not simply connected and it looks like a circle topologically, but it has a simply connected
cover. So it can be covered by another group, which is simply connected, and the name
of this group is SL (2,C). SO™ (1,3) and SL (2, €) have the same Lee algebra, where the
same means that Lee algebras are isomorphic, but these are not isomorphic as groups and
one is the universal cover of the other. In fact SL (2, C) is a double cover, which covers
twice the group SO™ (1,3) and, in fact, SL (2, €) are 2x2 complex matrices. And spinors
1, and 1), realize two inequivalent two-dimensional representations of SL (2, C). In fact,
this is a kind of a general statement. So, in general irreducible representations of a proper
orthochronous Lorentz are characterized by two half-integer numbers (71, j2). In one case,
representation 1 is a representation, which corresponds to the choice j; to be 1/2 and
Jo to be 0, while the undotted spinor is characterized by choice of 0 and 1/2.

From the point of view of rotation group the group SO (1, 3) looks like a multi-valued
representation and it’s related to the fact that when the rotation by 27 is performed a
spinor is not returning to itself, but it changes the sign. From the point of view of universal
covers SL(2,C) there is nothing strange happens and we deal with two-dimensional
spinors, which are usual two-dimensional objects transforming by multiplying with the
2x2 complex matrices.

Another remark is the following. Let’s return to the (fig. , which was drawn earlier.
It is understood that the representation of SO¥ (1,3) is reducible and it can be reduced
to Weyl spinors, which form irreducible representation of SO™ (1,3). But what about
full Lorentz group, which includes all the other elements, which can be obtained from a
SO™ (1,3) by applying parity and time reversal operations? For instance, under parity
operation components transforms not independently and if one look at parity operation,

which was discussed at the previous lecture, it will found that the parity operation is
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realized by means of
P = ey . (12.65)

In the Dirac representation +° was diagonal and thanks to that (12.65)) can be written as

Py =y (1 ’ ) Y. (12.66)
0 —1

If ) is written in the matrix form, than the expression for the (12.66|) will be simplified

to:
Py = < o ) . (12.67)
—TNPX

Therefore, in the Dirac representation components of ¢ do not mix. However, when pass to

the Weyl representation will be completed, parity will be still given by the same formula,

(0 (9. .
P (¢) = (U?X) . (12.69)
X N

According to the ((12.69) to describe the full Lorentz group both spinors are needed,

because with respect to the full Lorentz group the parity operation should be realized.

but ~? is off-diagonal and

Therefore,

If the Dirac equation is observed from the point of view of ¢ and y, it will be seen the

following. The Dirac equation in the Weyl representation will take the following form

IXel) smc., __
—o' = +15x =0
v w X (12.70)

= ol

3¢
ot
9x i9X 4 ;me b

5 to' 3+ =0

C

In fact equations are coupled and equation for ¢ contains x and equation for y
contains ¢. But there is one case, when they actually decoupled from each other and
become independent and this is the case, when mass of a particle is equal to 0, because
when mass is 0 the last term disappears. The equation becomes independent and this

equation for massless particle are called Weyl equations

196 _ ;id¢ _
co (12.71)
o=
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Weyl equation is covariant with respect to the proper orthochronous Lorentz transformation,
but it’s is not invariant under parity.
The time reversal operation can be also included. So, time reversal operation in the

Wiley representation can be written as
T (2) = To* = iy = i’y (12.72)

where ! and ~? are the same in Weyl and in Dirac representations. They are both off-
diagonal and their product is diagonal. So, under time reversal nothing bad happens and

spinors ¢ and x continue to transform independently.
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Lecture 13. Solution of the Dirac Equation

In the last lecture the concept of Weyl spinors, the concept of irreducibility were
discussed and it was found that representation of the proper orthochronous Lorentz
group on four-dimensional spinors is reducible and it is decomposable into two irreducible
representations, which are realized by means of two-dimensional Weyl spinors, which are
called as dotted and undotted spinors. Also it was found that under parity transformation
one species of Weyl spinors, say, dotted spinors go to undotted ones and vice versa.
From this point of view these four-component spinors realize irreducible representation
of the full Lawrence group, which includes in addition to proper orthochronous Lorentz
transformations also parity and time reversal. Especially, parity acts non-trivial by transforming
into each other Weyl spinors.

Let’s write the Dirac equation again. This can be written as

mc

(mﬂau _ 7) b =0 (13.1)

It is interesting to look for solutions of equation (13.1), which are given by plane waves or

which are described by plane waves. An answer for ¢ (7, t) given by the following formula
Y (Z,1) = u(p) e BP0 (13.2)

where u (p') is an amplitude, which depends on components of the momentum p only.
So, the is a usual quantum mechanical plane wave and this wave is called plane,

because the value of the amplitude u (p) depends only on momentum, but it does not

depend on x and the phase of this wave is one and the same follow points on the same

plane. This is a plane for which the scalar product
p T = const . (13.3)

In fact, this plane is perpendicular to vector p and p points to the direction of propagation
of this wave. In other words, if there is momentum p" pointing in a certain direction, then
a plane, which is orthogonal to p' to every point on this plane the phase p’ multiplied by
x is one and the same. That is why the front of this wave is just a plane. It can be seen

geometrically (fig. [13.1]), because every plane is described by the following equation
F==Tg+sd+1b, (13.4)
where s and ¢ belongs to R.

196

nnnnnnnnnnnnnnn




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

Tl
)
ol
x|

® >

=<l

Fig. 13.1. Plane, for which ([13.3) is satisfied

@ and b will be two independent vectors on the plane. Then (|13.4)) is how any point
on the plane is described. Then it can be seen that product ([13.3]) will be equal according

to the (13.4)) to

p-¥=p-xy=const, (13.5)

where p is a vector orthogonal to the plane and, therefore, it’s orthogonal to vectors @
and b.
Now the ansatz ((13.2)) should be taken and pluged into the Dirac equation and in this

way an equation for the amplitude u (p) takes the following form:
(B7° —ey'p' —mc®) u(p) = 0. (13.6)

Now, it should be noticed that what is written down in the is nothing else as

a eigenvalue problem for the Dirac Hamiltonian H, for which the following expression is
right:

Hip = (ca'p' + m®B)u = Eu (13.7)

N J/
-~

Dirac Hamiltonian

where E is an eigenvalue of the ([13.2)) which coincides with the energy and to come
from equation ([13.7)). And to transform the ([13.6)) into (13.7)) the first equation should be

multiplied with 7° from the left and 4° is the same as:

Y=3. (13.8)
In this way, 7* will turn into
V=al. (13.9)
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And then we should get the Dirac Hamiltonian and put the energy to the other side.
Then, it will be seen that what is gotten is simply eigenvalue for the energy. This is very
similar to the way of solving Schrodinger equation by means of the plane wave. Plane
wave should be plug into the Schrodinger equation and then a eigenvalue problem for the
Schrodinger Hamiltonian will be absolutely the same.

It is convenient to take u and represent it in terms of two component spinors. So, the

u is a four-component, but it can be split into ¢ and x:

u= (¢> (13.10)
X

and plug into equation ((13.6) and then the expression for a and f in terms of Pauli
matrices can be used. Therefore, the equation will take the following form:
E—mc®)¢p—cd-p-x=0
( ) X (13.11)
—cd p-dp+(E+mc*)x=0
The ((13.11)) is simply a system of 4 homogeneous equations for the components of
spinors ¢ and Y. In terms of the 2x2 blocks the corresponding matrix, which acting on ¢

and y can be written as follows:

E—-m? —cip
me meSP ) (0) Ly (13.12)
—cdp  E+mc®) \x

This is a homogeneous system of of four algebraic equations for components of this spinors
¢ and y and it is known that in order for this system to have a non-trivial solution it
is necessary that the determinant of the matrix, which defines this homogeneous system
must be equal to zero. Otherwise there is no non-trivial solution of this system at all.
This means that the condition to have a non-trivial solution should be imposed and

determinant of the matrix from the ([13.12)) must be equal to zero:

E—mc* —c5p
oo, (13.13)
—cip  E+mc?
The determinant (13.13) is a
13.13|= E2 — (mc®)* — 2 =0, (13.14)

From the ([13.14)), it can be seen that the condition of vanishing of determinant of

the matrix is nothing else as a relativistic dispersion relation or dispersion relation for
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relativistic particle, which tells that the energy of the plane wave solution is related to

the momentum of the plane wave by the following condition:

E = £+/p?c? +m2ct . (13.15)

The relation can be also called in the context of Klein-Gordon equation as the
on-shell condition.

It is interesting that the classical Dirac theory contains solutions with both signs of
energy. It has positive solutions and it has negative solutions. Therefore, from classical
point of view, the Dirac theory is not well defined, because solutions with negative energy
should not exist. Energy typically in usual dynamical systems is quantity which must be
restricted from below. But it can be seen that solutions with any value of negative energy
are possible. It will be shown that this kind of unwanted feature of the classical Dirac
theory will turn into advantage of this theory, when a transition to the quantum case will
be completed.

Meanwhile, the sign in front of the expression for the energy can be chosen and an

explicit solution can be produced. If the positive sign is fixed, then the following solution

s <p>=< o ) , (13.10)

E(p)+me

can be gotten:

where u, means the solution with positive sign of the energy. So, solution is given in
terms of two components spinor ¢, which remains to be unrestricted. Once forever F ()

will be fixed to be positive:
E(p) = P2+ m?ct . (13.17)

If the negative sign is fixed in front of the square root, then the following solution will

u_(p) = ( C;ﬁ ) ) (13.18)

“E(p)+me?

be gotten:

where E (p') again given by the same positive solution .

Since ¢ remains arbitrary there are two solutions with positive energy, where two
solutions means two components of ¢, and two solutions with negative energy. The fact
that we have two solutions hints that there exists another operator, which commutes with
the Dirac Hamiltonian and which distinguishes between themselves two components of

¢. So, the fact that ¢ remains to be arbitrary and unspecified and has two components
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means that there is another operator, which commutes with the Dirac Hamiltonian and
which distinguishes between these two components of ¢ and this operator indeed can be

constructed in an explicit way and it has a name Helicity operator.

Helicity operator

The Helicity operator is constructed as follows:
1 o
J= ﬁ’y‘r”yov’pl . (13.19)

If v matrices are presented in the Dirac representation, then the following answer will be

1 (@7 0
g=— (77 . (13.20)
I\ o é&p

Then from the discussion of the law of matrices transformation, which realize a representation
of the Lorenz group, the (13.20)) can be written as:

found:

g = (i ﬁ) , (13.21)
where 77 is a unit vector in the direction of momentum and it’s equal to
— ﬁ
2

Y is understood as a 4x4 matrix on the one hand. On the other hand, Y is a vector

S = . (13.23)
0 &

and the operator X can be called as the spin operator, because 3 matrices ¥ satisfy the

built up from three Pauli matrices

Lie algebra relations for the angular momentum and this is an operator, which can be
identified with the spin of a particle.

It can be seen that the operator, which was constructed in — is nothing
else as a projection of spin on the direction of propagation or the direction of motion.

Now, it can be checked that an operator J commutes with the Dirac Hamiltonian:
[H,3]=0. (13.24)

From the course on linear algebra it is known that if there are two commuting operators,

then they can be simultaneously diagonalized and this means that these operators will
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have the same basis in the Hilbert space made from common eigenstates of these two
commuting operators.

Properties of this operator are the following. The square of the Helicity operator is
equal to

=1, (13.25)

which means that the eigenvalues of this operator are simply 1. Thus a state with positive
energy can also be an eigenstate of the helicity operator with either positive or negative
helicity and the same, of course, true for states with negative energy. If we now take the
general solution for states with positive energy and the same general solution for states
with negative energy and further use these states to diagonalize the Helicity operator
on these states, which are already made to be eigenstates of the Hamiltonian, then the
following explicit solution for this the amplitude u will be found, which is simultaneously
an eigenstate of both operators of H and of J. Somehow to distinguish states with positive
and negative Helicity indices 1 and 2 will be used. For instance, for u, (p) a solution with

positive energy and positive Helicity can be written in the following way:

P’ + 7
14 ;2
D +p
ul (7) =n(p) dp|(p*+p1) | (13.26)
mc?+E(p)
clp|(p' +ip?)
mATEG)

where 7 (p) is a normalization, which can be used for normalization of the spinor in a
convenient way. This is how the solution with positive Helicity and the positive energy
looks like.

Then, it will also be an eigenstate of the Helicity operator with negative sign and the

solution for positive energy and this eigenstate will look as follows:

— (' —ip?)
3 —
P+ |7
G @) =00) | ape-m) | - (13.27)
M E(p)
cl7|(p*+17])
mc2+E(p)

201

nnnnnnnnnnnnnnn




THE PRINCIPLES OF QUANTUM FIELD THEORY THESE LECTURE NOTES ARE PREPARED
BY STUDENTS AND MAY CONTAIN MISTAKES
GLEB ARUTYUNOV STAY TUNED FOR THE UPDATES AT VK.COM/TEACHINMSU

Analogously, solutions with negative energy and different helicities can be written as

cl7|(p°+17])
mc2+E(p)
_dpl(p +ip?)

ul (p) =n(p)|  meTED) (13.28)
P’ + [P

and
clp|(p—ip?)
-~ mc+E(p)
clp|(p>+171)
u(p)=n(p) | mE@ | (13.29)
= (p' —ip?)
P’ + 1P|
Overall, normalization can be chosen in a convenient way to provide a convenient
orthogonality relations for the four different solutions presented above. It turns out then

if the normalization is chosen in the following way:

n(p) = 1\/ me + E(p) (13.30)

2\ me* (p? +p*pl)

then solutions are conveniently normalized in the following way:

wy (p)ul (F) =07, (13.31)

where @ is Dirac conjugate spinor. In other words, the scalar product of Dirac conjugate
spinor with positive energy spinor of different helicity gives 0. For negative energy solutions
with different helicity the story is similar with a little exception that on the right hand
side it will be -1:

u” (p)u® (p)=—0"". (13.32)

In fact, these relations also can be found by using the projector operations or projectors
on solutions with a definite helicity simply by using the fact (13.25)). So helicity plus and
minus projection operators can be introduced, which are simply equal to

149

J+ 5

(13.33)

Because of the fact that J squared is equal to 1, J+ have all the properties of projectors
and, in particular, it can be also checked that they satisfy the following properties. If J4

is an operator, which depends on momentum, then it can be seen that
I+ (F) = 3= (-P) - (13.34)
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This is one of the properties that can be verified explicitly from the form of the operator.
In fact, solutions that was found for an amplitude u look pretty complicated, because
there is a certain amount of symmetry broken, because of the fact that components of
momentum entering differently in different elements of the corresponding spinors. But, in
fact, these formulas immensely simplify if we go to the rest frame of a massive particle.

So, if particle is massive, a transition to the rest frame can be done, where
p=0. (13.35)

Then it can be checked that components with positive and negative energy and definite

helicity are simply turn into

1 0 0 0
0 1 0 0
ul = , ul = ,ul = , Ul = , (13.36)
0 0 1 0
0 0 0 1

where matrices are turned to the standard basis in the space C*.

In fact, this simple expression for components of the spinors can be used to perform a
Lorentz transformation in the arbitrary Lorentz frame. And then the result, which already
was found, will be obtained. The only point is that solutions, which will be obtained in this
way do not have a definite helicity and an extra rotation of the spinors should be performed
to diagonalize the helicity operator by taking linear combinations of two positive energy
solutions and then separately two negative energy solutions.

If solutions with positive energy are considered, then solutions for positive energy,
but for different helicities are orthogonal. The same is true for solutions with negative
energies.

It is interesting to discuss what happens if now solutions with positive and negative
energy are taken and a scalar product is needed to be evaluated. There is a little problem,
because helicity operator commutes with the matrix 4° that can be understood from the
explicit form of this operator.

[3,7°] =0 (13.37)

Indeed helicity operator does commute with 4 and A" is important, because it is used

to define the Dirac conjugate spinor, which can be recalled as

u(p)=u’(p)". (13.38)
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It should be noticed that the Dirac conjugate spinors, but not Hermitian conjugate
spinors, are interested, because Dirac conjugate spinors transform under Lorentz transformation
with the inverse matrix of Lorentz transformation, in comparison to the matrix of under
which the spinor u transforms. That is useful, because then the Lorentz covariant combinations

can be easily built up. For instance,

w(p) u(p) (13.39)

is a scalar,
w(p) v"u (p) (13.40)

is a vector and so on. So, that is very useful for constructing objects with well-defined
transformation properties under Lorentz transformations.

With respect to Helicity everything is fine, Helicity goes through ~° and act on the u
itself, because Helicity commutes with 4%, but this is not the case for the Hamiltonian H,

for which such a nice property does not exist. It does not commute with ~°
[H,7°] #0 . (13.41)

This leads to the fact that if two spinners of different energy are taken, then the scalar
product will not be equal to zero. 7° enters into the definition of the Dirac conjugate

spinner rather the exact relation between H and 7 is as follows:
VH ()Y’ =H(-p) . (13.42)

That is clear from the definition of H:

H (P) = ca'p' + mc?3 , (13.43)
where o' are simply given by
ol = A0 (13.44)
and [ is again equal to:
B=7". (13.45)

In fact, the property ((13.42)) can be used in the following way. First of all, it can be
seen that if a solution with a positive energy is taken and the Hamiltonian is applied to

it, then a positive eigenvalue will be gotten:

H (5)us (0) = E (5) us (p) - (13.46)
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Then from the (|13.46])) the next expression follows. Since the Hamiltonian is Hermitian,
then:

ul (p) H (5) = E(7)ul (p) . (13.47)
ui (p) contains 4° and now the 7 can be compensated by:

uy (p)7°H ()" . (13.48)

Then the ((13.48)) is simply the following thing:

= E(p)us (p) (13.49)

because what is written down here is simply the same relation as (|13.47), but with plug

between ui (p) and H (p') 7° squared matrix and multiplied by «° from the right.

On the other hand, it is known that
2V H (7)1 = H (—p) (13.50)
and, therefore, the (13.49)) can be written as:
uy (p) H (=p) = E(p)u (p) - (13.51)
The relation can be multiplied by a spinor u_ (—p) from the right:
@, (p) H (—5) u_ (—p) = B (5) T (p)u_ (—p) - (13.52)
The (13.52)) can be simplified further if the following property will be used:
H(=p)u-(=p) = —E{@)u-(-p) , (13.53)

where minus sign appeared due to the fact that —F (p') is eigenvalue for the negative

energy solution.
According to the (13.53)), the (13.52)) can be simplified and the following equation can
be gotten:

— E(p)us (p)u-(—p) = E(p)us (p)u- (—p) - (13.54)
From the ({13.54]) it can be concluded that

g (p)u—(—p)=0. (13.55)

This means that solutions u, (p) and u_ (—p) carry a different sign of energy: one energy

is positive, another energy is negative. Moreover they are orthogonal to each other and
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this orthogonality is proved by using the consideration that is done. This is what should
be taken as an orthogonality condition of positive-negative solution, because if the pairing
of solutions with the same momentum is done, then it will be found that it is not-zero
for the reason, which was mentioned that 4" does not commute with the Hamiltonian.
Although, if the sign of solution with negative energy is changed, then the result is zero.
This consideration suggests that it is convenient to introduce a spinor v®, which should

be defined or as

v® (p) =u’ (=p) . (13.56)
Then the full set of the orthogonality conditions, which can be deduced from relations
above is the following:

@, (5) () = 57 (13.57)
Then it also can be checked that with minuses or with v-s, which correspond to negative

energy solutions, these solutions are orthogonal for different helicities:
ol (p) vl (p) = 0" (13.58)
Finally, the orthogonality condition for different energy solutions is

vl (p)ud (p) =0 (13.59)
for any r and s. Analogously,
@, () vt (5) = 0. (13.60)
For helicity two projections, which project on states with positive and negative helicity,
were introduced, where in fact the same also can be done for projections on solutions
with positive and negative energy. This is convenient if an arbitrary spinor exist, it can be
decomposed into solutions of positive and negative energy by using the projectors. One
projector projects on solution with positive energy and the other will project on solutions
with negative energy and these projections are explicitly constructed as follows:
Ay ="
(13.61)
A=
This is how projectors on positive and negative energy are constructed and if p is written
down explicitly, then the will look as follows:

A, = LEF)-—cy'p'tme 1
T - ?m o (13.62)
p)—cy'pt—mc-1
Al =-—1=F 2;5
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Projectors A, and A_ are projectors, which means that the following relations are

satisfied:

A2 =A
oo (13.63)
A2 = A_
Then, these projectors are orthogonal, which means that
AA_=0. (13.64)
Finally, it can be seen that
A +A_=1/ (13.65)

It cab be also checked that A, applied to spinors will give the following expression
Aul® =ul? (13.66)
Analogously, for L_ the following expression can be gotten:
Avb? =l (13.67)

So, uy and v_ form a basis in the full space of solutions and these are separately
eigenstates in the subspaces, which are defined by means of projectors A, and A_. There
are also important formulas, which people often use, namely, A, and A_ can be expressed
in the components of spinors u, and v_.

In particular, A, is a 4x4 matrix and its elements ¢ and j can be written in the
following way:

() =3 (), 1), = 3 (), (w2 441), (13.65)

r=1 r=1

Also the similar expression can be written for A_:

M)y == 3 (), (), = = 3 (), (), (13.69)

r=1 r=1
That is basically all, which allows now to write down the general solution of the Dirac
equation or basically a decomposition of the Dirac spinor via the basis of plane waves. If
a superposition of solutions is taken, then it will be gotten a general solution of the Dirac
equation. So, plane waves actually provide the basis over which an arbitrary solution can
be expanded and this means that a superposition principle can be implemented, because

Dirac equation is the linear equation. If there are two solutions, then the sum of these
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two solutions is another solution of this equation. If we want to construct an arbitrary
solution, then a sum of all solutions should be taken, which means that an integral with

a certain integration measure implied by the normalization of spinors should be taken:

dp (mcg) 2 ) ~ A . T
) x> (0 ) (F) e dy () o () )

/(27rh)3/2 E(p) p—
(13.70)

where b, (p') and df (p') are amplitudes. The written above integral is a general solution

[NIES

¥ (z) =c

of the Dirac equation, which is written as a superposition of plane wave solutions that
was found. And the fact that the u', (p’) and v” (p) form a basis in the space of solutions
was used. Then for each momentum p the corresponding spinors are exist.

By direct calculation it can be checked that the ((13.70) is a solution of the Dirac

equation. All what is needed to do is just to take the Dirac operator

(9 8 me

and act with it on ¢ () and when the Dirac operator acts on 1 (x) this essentially means
that it can be passed under the integral and act on the exponent, because it’s an exponent,

which depends on axis over which differentiation is performed. Therefore,

0 0 mc ,70
- (Et pm)/h r o o__ =\ — r —'L(Et pm)/f
(w ot T T ) ¢ uf = (B (p) = H () vy . (13.72)

v, is a positive energy solution of the Dirac equation with eigenvalue E (p) and,
therefore
E{@)—H({)=0. (13.73)

and

372=0. (13.74)

Analogously, it can be shown for the negative energy solutions that they satisfy Dirac
equation.

In the quantum theory the operator b, () will become an operator of annihilation
of electron, while d} () will turn into the operator of creation of positron. This is how
amplitudes of classical theory will be reinterpreted in the quantum theory.

So, it’s very similar to what was done when a general solution of the Klein-Gordon
was discussed. The amplitudes a and a* there were only a and a*, because in that case
a real scalar field was implied. If a complex scalar field is implied than there will be

found two independent amplitudes a and b or a* and b* star. And here not just complex
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scalar field was introduced, but a spinor field and as it can be seen the spinor field must
have four complex components and, indeed, it has two components, which are described
by b, like independent coefficients, which are taken values 1 and 2, and the other two
independent complex components are related to d}, because 1 (x) has arbitrary four
complex components.

One more moment to discuss here is the following. For a massive particle the helicity
operator does not commute with Lorentz transformations. Besides helicity and the Hamiltonian,
in principle, what is also in the game are Lorentz transformations. Under arbitrary Lorentz
transformations neither Hamiltonian nor helicity operators are preserved even with respect
to their usual rotations. The following transformation properties are exist. So, the Dirac

Hamiltonian transforms as follows. If a Lorentz transformation is taken as
S™'(R)H (p) S(R) , (13.75)

then the result of this will be
= H (Rp) . (13.76)
This is related to the fact that H is a matrix and S (R) is also a 4x4 matrix. The ((13.76)

means that, when a Lorentz frame is transformed by means of Lorentz transformation,
in general, the Hamiltonian undergoes a transformation particular, it is the Hamiltonian
evaluated at the transformed value of momentum p’. Similarly, if the helicity is taken, it

transforms also under this Lorentz transformations in a similar way:
ST (R)3(p)S(R) =3 (Rp) . (13.77)

In the case of the Klein-Gordon field there was a difference. So, the Hamiltonian was
invariant with respect to such transformations, because the Hamiltonian in that case
depends on 72 and p is a vector, which length is invariant under rotations. So, if a vector
is taken and rotated, by the definition of the rotation group the length of this vector must
be preserved. The Dirac Hamiltonian is different, because it involves momentum not like
a 2, but involves it as

7' (13.78)

and it’s a big difference. Now under rotations by Lorentz transformations result is that we
have Hamiltonian at rotated momentum p" and that is a different Hamiltonian. In general,
it can be seen the only thing, which preserves actually the Hamiltonian and also helicity

are rotations, which happen in the plane orthogonal to momentum. If the momentum is
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looking in one direction of particles, then if a orthogonal plane to this momentum is taken
and rotated around the direction of p in this plane, then this will be invariant momentum

p. In this case under the restricted rotations neither Hamiltonian nor helicity will be

changed (fig. [13.2)).

Tlwv

/
G
/

Fig. 13.2. The plane orthogonal to momentum p’

The situation with helicity is actually dramatic, because helicity depends on the Lorenz
frame. In other words, a state with a positive helicity in a different Lorenz frame can
become a state with a negative helicity. So, helicity is not a Lorenz invariant quantity for
a massive particle. If particle is massive, then helicity is not a good observable, because
it depends on the choice of the Lorenz frame. But for massless particle the situation is
different. This is due to the massless Dirac equation, because if the Dirac equation for the
massless particle is written, then there is no the term with mc? and the massless Dirac

equation takes the following form:

7P == (13.79)

So, in the momentum space for a plane wave this is how the massless Dirac equation looks

like. For massless equation it is known that energy is given by
E(p) = +xclp| . (13.80)

This is a formula, which can be gotten from the general formula

E = \/p?c + p?ct (13.81)

if the mass turns to zero. This means that the operator of helicity, in general, is equal to

1 o
J= Wv%ov’pl (13.82)
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and because of the relation (13.59) this can be simplified to the following form:
J==+. (13.83)

So, for massless particle helicity operator is the same as chirality operator, which was
introduced at the previous lecture. Helicity and chirality becomes the same and they
become an absolute thing, which does not depend on the Lorentz frame and this is also
something obvious, because in the Lorentz frame for a massless particle a rest frame is
not exist. Basically a particle is moving with the speed of light and since we’re a massive
persons, we can never reach it.

For a massive particle if a momentum is high enough, the observer can be placed in
the particle’s frame and in this system the sign of momentum will change. So the helicity
in this case can be changed, because the sign of p can be changed in the frame of observer

if it, for instance, will go faster than a particle.
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Lecture 14. Charge Conjugation and Anti-Particles

At this lecture the operation of quantum field theory, which acts on the Dirac equation,
will be observed. This operation of charge conjugation, which actually allows to understand
the notion of anti-particles. To do this, firstly it is needed to understand, how a Dirac
particle interacts with an electromagnetic field. And this is needed in order to be able
to introduce the notion of electric charge in the context of a Dirac particle, because the
Dirac equation didn’t involve electric charge at all. On the other hand, the properties of
the electron concerning its electric charge only shown up, when an electron is put in the
an external electromagnetic field. There should be electromagnetic field around, which
then influences the motion of an electrically charged particle.

Indeed, there is a coupling of the particle to surrounding electromagnetic field and
tracing the change of the particle trajectory. Therefore, to detect the presence of electromagnetic
field around on the one hand side and on the other hand side it is needed to say that
a particle possess a property, which can be called as electric charge. In other words, the
ability of a particle to interact with electromagnetic field is called as electric charge.

The first step would be to introduce the coupling of the Dirac spinor or a Dirac particle
to an external electromagnetic field. In this case, the four electromagnetic field has been
given. And as it known from classical electrodynamics already, the electromagnetic field
is defined by means of an electromagnetic potential A,, which can be introduced in the

Dirac equation in the following way:
e
7 (#10, — “Au) = me| v =0, (14.1)
c
where e is a charge of a Dirac particle.

In other words, the introduction of the potential amounts to a procedure of, as people
sometimes say, making the usual derivative to become with long derivative, which means
that the electromagnetic potential A, was extended. In fact, the quantity in the brackets of
the (14.1]) is a covariant derivative or derivative where A, is considered to be a connection
on a certain bundle. A, is an electromagnetic potential given in the whole space-time. So,
it’s a function of a space-time point .

In natural units electric charge has a physical dimension of
€] = [\/ﬁ] . (14.2)

This is useful to have in mind that electric charges have the same dimension as v/hc

in terms of fundamental constants. And this fact can be deduced from the Coulomb force
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between two equal charges, because, as it is known, the Coulomb force between two such

charges simply equal to
2

e
F = 5 (14.3)
where r is a distance between charges and charges are equal to each other.
From the ([14.3)) it is clearly seen that
le]? = [F-1*] = F-l~t-c] : (14.4)
l

where F multiplied by length is a work, which is the same as energy. And it is known

that an energy multiplied by time is a Plank constant A. Therefore,
[e]> =[h-] . (14.5)

So, electromagnetic field is not a matrix, it’s just the full component vector A, (z)
and the coupling is coming through the product v*A,. Then there is a constant, which
regulates the strengths of this coupling and this is what is called as an electric charge.

It should be noticed, that an introduced electromagnetic field is external, because
the dynamical equations for electromagnetic field were not added, because the dynamical
equations for an electromagnetic field would be Maxwell equations. And if electromagnetic
field interacts with a spinor particle, then this particle would serve as a source for
electromagnetic field. So, there will be nontrivial back reaction of a spinor field on an
electromagnetic field, but this back reaction for the moment is completely neglected.
That is because the given field is strong enough not to be influenced by the motion of a
Dirac particle itself.

But on the other hand, the presence of this electromagnetic field, of course, influences
the dynamics of the Dirac particle itself and that’s the reason why it is said that a particle
couples to the field.

The new Dirac equation, which was written in the turns out that it has a new
fundamental discrete symmetry, which is a symmetry over the theory with respect to the
change of the sign of the electric charge and this is the symmetry, which is also considered
as symmetry replacing the particle by its antiparticle. To understand this a name for it
should be introduced. This symmetry is called charge conjugation. The generator of this
symmetry can be denoted as C, which is a charge conjugation. It is a new fundamental

symmetry of the Dirac equation.
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Now, existence of this symmetry implies that there is a one to one correspondence
between solutions, which was denoted as 1, of the Dirac equation with a negative energy
and positive energy (a particle have the same mass). Wave functions for this cases are

connected by the following expression:

Ye=Cy, (14.6)

where 1¢ is a wave function of a particle with positive charge and v is a wave function of
a particle with negative charge.

If there is a particle, which is an electron and it is described by solution with positive
energy, as it should be, then there will be another solution, which is constructed from side
with negative energy as 1¢ and this solution will carry opposite charge. It has to be treated
as a positron. So, electrons with E less than zero should be treated as positrons with
normal situation, where energy is positive. That’s a fundamental thing in this existence of
the theory actually, in a way, returns to the Dirac equation the status of being physical,
because normally dynamical systems, which have solutions with negative energy should
be neglected. Energy must always be restricted either from above or from below and in
the Dirac equation this is not the case, because there are solutions with negative energy
and with positive energy and they are not restricted or bounded, neither from above nor
from below.

From this point of view we might say that this equation should not be interpreted as
physical. On the other hand, due to the new fundamental symmetry a new interpretation
for the solution with negative energy can be given. Namely, they can be treated as solutions
with positive energy, but opposite sign of electric charge.

In fact, the real understanding of what’s happening with this fundamental symmetry
comes only upon performing the quantization of the Dirac theory.

If second quantization in this case is performed, there will be no any more solutions
with negative energy at all, but there will be electrons and positrons solutions with
opposite sign of electric charge, but only with positive energy.

Now, it is needed to be found how the symmetry acts on 1. The equation for the
charge conjugated 1 should be understood in the following way. The equation for )¢ have
the next form:

[7“ (z’h&u - ZA;) . mc] =0, (14.7)
where A} is a charge conjugated potential and ¢° is exactly the wave function, which is

obtained from side by application of the charge conjugation operation. The A7 is simply
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amounts to change the sign of the electromagnetic potential. So, charge conjugation is
an operation, which acts on fields and the index. Since now two kinds of fields are exist:
Y and A, and the charge conjugation is operation, which acts on all fields, which are
presented in a theory, it does not touches constants.

And charge conjugation acts on the potential A, in a very simple way. In a sense, it
can be seen that changing the sign of electromagnetic potential is exactly equivalent to

changing the sign of the electric charge, because they come together:
Al (v) = —A, () . (14.8)

If the (14.7]) is compared with the original Dirac equation, then it has exactly the same
form except that it acts on charge conjugate ¢ not on 1.

Once fields was transformed by symmetry transformation, the Dirac equation should
be covariant and, in other words, in terms of new transformed quantities, it should look
the same as in terms of the old or the original quantities.

Now, the following can be seen that the implementation of charge conjugation on the
electromagnetic field amounts to the change of sign minus into plus. So, if A, will be

replaced by Aj in the (14.1)), then it will lead to appearance of plus sign:
: e e
[7“ (zﬁﬁﬂ + EA”> — mc} =0, (14.9)

but this change of sign can be easily done by the operation of conjugation, because the
electromagnetic field is real.
In other words, what we should start from equation ((14.1) and perform an operation

of complex conjugation. In this way, what will be gotten can be then written as follows:

['y*“ <—ih@u - EA;) - mc] V=0, (14.10)

Then minus in the brackets of the can be taken out and the equation can be
written in the following form:

[y (i, + EA;) +me] ¢ =0, (14.11)

Then, to reach a goal, it should be assumed that the operation of charge conjugation
can be explicitly realized by applying a certain matrix to ¢¢, where ¢ is a spinor, which

is charge conjugation of the original spinor :

1

P =(Cy) v°, (14.12)
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where C is a 4x4 matrix and CH" is a matrix of transformation from the ¢ to ¢*
In other words,
P =Cqy0 . (14.13)
Now, the ©* in the ([14.11]) can be replaced by ¥¢ and, therefore the following expression
will be gotten:

[(©9°) 7 (€4°) ™ (#h0 — =45 ) +me] v = 0 (14.14)

If we want to restore equation ((14.7)), then the following should be required

(CH°) (CWO)_l = -k, (14.15)

The (14.15)) also can be written in the following way:

(C'yo)*l * (C'yo) = —* . (14.16)

The first question, which arises here is if such a matrix C, which has the property
(14.15)), exists, because this transformation formula should be valid for all y, which can
be equal to 0, 1, 2 and 3.

As can be see easily seen easily an transformation
W= =y (14.17)

is automorphism of the Clifford algebra, which means that under this transformation a
Clifford algebra is not changing, it turns to itself. But, on the other hand, it is known from
the power of theorems that any of the morphism of the Clifford algebra in four dimensions

is internal. In other words there should exist a unitary matrix U, such that
Uy = (14.18)

So transformation from a set v** to 4" is done by unitary transformation, where U is
equal to:

It’s form depends on the representation of v matrices that is used. It will have one form
in the Dirac representation and it will have other forms in other representations.

It is known that a spinor transforms under the group of proper orthochronous Lorentz
transformation or, in other words under the SO™ (1, 3). And an interesting point is that,
in fact, the charge conjugate spinor transforms under the same transformation, under

which v transforms.
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If 1) undergoes under Lawrence transformations, it can be written in the following
way:

Y= 5Y, (14.20)

where S as it known is given by
1
S =exp (Z—n“'y”ww) . (14.21)
Then for ¢¢ the same formula will be found:
Y© — SY° . (14.22)
And this is a consequence of the relation ((14.15)) and (14.13)):
CHYy* — CHOS* ™ . (14.23)

Then, ¥* can be replaced by °:

14.23 = (€1°) 5* (C4°) " ye . (14.24)

Then, we can look in more detail at the term (C~°) S* (C~°) "
— 1 —
(Cvo) S* (CVO) - Cy0exp <4—17*“7*”wﬂy) (Cyo) b (14.25)

Using the property of exponential term C+° can be raised into the exponent and, therefore,

1

14.25|= exp;l (CH°) (Cyo)_l (CY) v (€°) " wuw - (14.26)

Then according to the (14.15)), formula ([14.26]) can be written as:
_ 1
(C°) 5™ (€4°) t= exp <Z—lv“v”wuy> =9. (14.27)
In other words, the ((14.26]) can be transformed into
Cy%9* — Sop° . (14.28)

Moreover, if U is introduced as C+°, then it’s natural to require that this transformation
U is unitary, because the equivalence of v matrices v* and —~** will be then unitary
equivalence of two representations of the Clifford algebra. And this requirement as can be

seen amounts to the following.
UUT =Cy°™CT =CCt =1. (14.29)
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So, matrix C itself must be unitary.

Then, for transformation of the Lawrence representation S the following can be seen:

- (14.30

So, this is a property of the Lawrence transformation from SO (1, 3), which can be derived
in this way. It shows in fact that complex conjugate representation Lorentz representation

S* is related to S by means of the formula:
S*=U*SU . (14.31)

Mathematically this fact means that the original representation SO (1, 3) on four-dimensional
spinors and it’s complex conjugate representation are simply a unitary equivalent.

On the other hand, now a new property of this representation was found, namely, if
he complex conjugated that in reality we don’t get new representation, but the unitary
equivalent representation is gotten and representations, for which complex conjugate are
equivalent to the original representation are called pseudoreal.

Therefore, from here the representation of SO™ (1, 3) on four-component Dirac spinors
is reducible and it is pseudoreal.

If the unitary matrix U would be one, then such representations would be called in the
representation theory as real representations. Representations for each complex conjugate
are unitary equivalent to the original representation are called pseudoreal. And finally, if,
in general, S* is not related to S by unitary transformation, then such representations are
called complex. If two group elements A and B are taken, then this is a homomorphism,

which satisfy the relation:
p(AB) =p(A)p(B) , (14.32)

where A and B are any two elements of the group.
If the representation is complex conjugated than this representation still will be a

representation:

o (AB) = p* (4) " (B) . (14.33)

And then the questions, which can be asked is how p* is related to p. Is it unitary
equivalent to the original representation? Is it’s absolutely the same as original representation?
The answer to this questions is to give a classification of representations as real,

pseudoreal and complex. And for the case of the Lorentz representation of SOT (1,3)

and four-component Dirac spinors will learn that such a representation is pseudoreal.
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Then it is interesting to observe what will happen if electromagnetic field is absent or
if there is no electromagnetic field at all. So, in this case, if there is no electromagnetic
field or this field is switched off, then it can be seen that the transformation ¢ — ¢
is just a novel discrete symmetry of the Dirac equations. This is because it transforms
solutions into solutions of the Dirac equation. So, there is one solution, which can be called
as ¢ and, then, if the operation of charge conjugation is applied, another solution of the
same Dirac equation will be gotten. Moreover, this discrete symmetry is very similar to,
for instance, parity or time reversal. So, it acts in a similar way. It turns out that this
symmetry maps positive energy solutions into negative energy solutions and vice versa.
And it can be seen from the following. If the symmetry of charge conjugation is taken and
acts on positive energy solution, which is obtained by acting on the Dirac spinor, then

this can be written in the following way:
C(Ayu) =Cy° (AL u?) . (14.34)

The matrix A% can be replaced by definition and the following expression can be gotten:

0 ,Y*OE _ C’Y*ipi + ch -1

C(Ayu) = Cy 3 (€°) (€7°) wr . (14.35)

Expression ((14.35)) can be simplified and as a result the following expression will be

gotten: o
—°E + cy'pt +mc? - 1
2mc?

-~

A

C(Aiu) = cy'u* = A_ (Cu) . (14.36)

J/

In other words, the following commutation relations exist:

CA, = A_CJ. (14.37)

That’s why a positive energy solution and the charge conjugation go to the negative
energy solutions and vice versa. So it’s a symmetry, which maps positive solutions into

negative solutions.
Now the same trick with helicity can be done, because for helicity projectors on solution
with positive helicity and negative helicity are exist.
5 %0 1 % i

€ (0+ (7)) = € (u—” =L

- ) (") (€1) u* . (14.38)
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Then it can be seen, analogously to the previous case, that what expression ((14.38]) will
be simplified into:
Lo 1 P .
C@s(P)u) =35 HET (Cu) = 3= (7) Cu . (14.39)
So, intertwining of helicity happens in the following way:

Cd. =3+ (7)C. (14.40)

In other words, solutions with positive helicity go to solutions with negative helicity and
vice versa.

In general, now it can be concluded that this operation acts like positive energy
solution and the definite helicity goes to negative energy solution and opposite helicity
and vice versa. So, this is how this symmetry acts on solutions of the Dirac equation
even in the absence of electromagnetic field, because if there is an electromagnetic fields
and charge conjugation also implies that electromagnetic field changes the sign. But if
electromagnetic field is absent, there is nothing to charge conjugate from the point of view
of electromagnetic field and, therefore, what then is gotten is just a statement about the
charge conjugation been in U discrete symmetry of the Dirac equation, which transforms
solutions into solutions.

Further determination of the concrete matrix C' relies on the representation chosen.
And, for instance, for the Dirac representation of v matrices, the matrix C' can be chosen
to be equal to:

C=+*". (14.41)

Then it can be seen that this matrix exactly does the job, which is needed. So, for instance,
CyP =+2. (14.42)

Then, it can be seen that the following expression is right
(12) "yt = -y (14.43)

According to the property
(v?)* = -1, (14.44)

the (14.43]) can be written as follows:
Pty =y (14.45)
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For instance, it can be seen that in the Dirac representation a matrix 7 is a diagonal

o (1 0
v = <® —]l) : (14.46)

So, from this point of view, 7° is real. Then,

matrix and it’s given by

2
A== ()" =" (14.47)

Now, for other matrices the relation (14.45) can be checked. For this purpose, 7

A 0 ot
v = , : (14.48)
-0 0

And it should be noticed that ¢! and ¢® are real. Therefore, under complex conjugation

matrices should be recalled:

~! and 43 matrices will be unchanged
(") = () =7 (14.49)
while for +? the following expression will be gotten:

(V) =—*. (14.50)

It is exactly seen that 7! and +® matrices will behave themselves exactly like °:

2,142 1(~2)2 1
")/ = — =
vy 7y )2 gl (1451)
VY == () ="
For 42 the situation is different. So, we will get
VY =2, (14.52)

Therefore, in the (14.52)) the required expression is gotten.
Indeed, for the Dirac representation C = 24" is a matrix, which satisfies the required
property. Then it was also seen that unitarity conditions are satisfied.

In addition the matrix C has the following properties:

CQ — 1, SN ,}/27072,}/0 — _72,)/2 0,}/0 =1 ’ (1453)
—~— =
-1 1
C'=-C, (1) =7*"=—""=-C, (14.54)
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G:C-i— — CC*t — —G:Ct — _’72 ,YO,YtO ,}/tQ _ _,_)/2 ,yt2 =1 . (1455)
Y \;./
y

Then the charge conjugate spinor in the Dirac representation explicitly can be realized

as:

P° = Cy2%* = 2" . (14.56)

The ¢ can also be written in the following way. The 1 should be introduced, which is
explicitly

Y=y, (14.57)

where 1*! is a row vector. So, if then 1) is transposed, then the following expression will

be gotten:
=~ (14.58)
According to the ((14.58)), the (14.56)) can be written as:
W =Co'|. (14.59)

One remark, also can be given here is the following:
CIAHC = =70y 140 | (14.60)
where the following relation was used:
(") (€)= =+ (14.61)
and the brackets (0370)71 was opened to get:
AOCTINPCAY = —yH (14.62)

where the (14.60) can be gotten by multiplying by " from the left and from the right.
But, on the other hand, what is written down in the is nothing else in the
Dirac representation as
Cly*C=—- (" . (14.63)

So, complex conjugate matrix multiplied from the left and from the right by ~° is the
same as y* transposed. Alternatively, in the Dirac representation, the matrix C can be

characterized by the property that conjugating of +* with the unitary matrix C gives the

(353,
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Again, this shows the unitary equivalence of v* with (v#)" e.g. with the other representation
of the Clifford algebra, which is performed with the help of the unitary conjugation by by
the matrix C.

Also here another interesting simple consequence can be deduced that if
Cly*C = - (", (14.64)

then it can be checked what happens with +°, when it conjugated. And this simply
amounts to

C'4°C = (75)t : (14.65)

because +° is the product
Y =iy (14.66)
and when C~! and C are applied, then this transposes each of this matrices. So, it becomes
671707172,}/36 — 7t07t17t27t3 ) (1467)

On the other hand, it is known that in the Dirac representation the ~° matrix is
symmetric and it does not change under transposition, but then under the result (14.67)
it follows that since

C'y°C =+, (14.68)

C actually commutes with ~°:
[C.7°] =0. (14.69)

Sometimes this property is also interesting and should be taken into account in some
considerations.

So in any case, this is a consequence of the explicit representation for C in the case of
Dirac representation.

In summary, the Dirac theory is invariant under charge conjugation of a spinor supplied
with a simultaneous change of electromagnetic field to minus electromagnetic field. The
physical meaning of this charge conjugation operation is that any physically realizable
state of electron in the field A, corresponds to a physically realizable state of a positron in
the field —A,,. So, operation of charge conjugation changes electrons with negative energy
and spin up to positrons with positive energy and spin down. If we have a solution of the
Dirac equation, for instance, with a negative energy, which can be called as 1(~), which

is wave function corresponding to a solution with negative energy, and an electric charge,
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which can be denoted by e, then we should take as a physically realizable or physically
relevant quantity not the wave function (), because it’s a solution with negative energy,
but rather it’s a charge conjugated solution 1°*), which has then positive energy and
given explicitly by

e =t (14.70)

This ) will then describe a particle with a positive energy, which is a physical
particle, but with different sign in comparison to the sign of original electron.

Therefore, we can identify the positive energy plane waves v for an electron as
UL (7, 8) = (F) e (14.71)

and for a positron as

vy (&) = C [0 (=p)] e "M (14.72)

The (14.72)) can be also written in terms of v_ ('), because as it was shown in the

previous lecture:

v (7) =u_ () (14.73)
and the (14.73]) will be linked with (14.72) by the following expression:
o (7) () e © [ (=p)] e (14.74)

So, then it can be checked that under a charge conjugation the (14.73]) will turn into the
e}

Let’s return back to the general solution of the Dirac equation, which was represented
in terms of plane waves and then it would be natural to treat the amplitude, which
is given in terms of the coefficient b, in the general solution of Dirac equation as an
annihilation operator of electron, while then d;, which appears as another amplitude
standing in front of the iAp,a# as a creation operator of a positron. That’s consideration
relates to the positive and negative energy solutions in the general expression for the
Dirac equation. So, negative energy solutions we would like to interpret from the point
of view of the new understanding of the charge conjugation symmetry as those, which
correspond to actually positive energy solution, but for another particle, which is called
as positron. Correspondingly, this gives an interpretation to the amplitudes, which are
existed in general solution of the Dirac equation. There are amplitudes, which introduces

b, and d; as correspondingly annihilation operator of electrons and the creation operator
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of positrons. That’s something, which can be further understood, when transition to the
quantization of the Dirac equation is performed.
The final topic, which linked with the consideration of reality properties and the charge

conjugation, concerns with the issue of so-called Majorana spinors.

Majorana spinors

We already learned that there are four-component Dirac spinors. There are also Weyl
spinors, which are two-component complex spinors. And now another kind of spinors,
which are called Majorana will be introduced. It is known that the Dirac spinor in four-
dimensional Minkowski space has four complex components, which is equivalent to 8
real degrees of freedom. It is possible to reduce a number of independent components
of this Dirac spinner by imposing certain conditions, which are compatible with Lorentz
transformations from SO (1,3). One of these conditions is a Weyl condition, which was
discussed and that allows to define the Weyl spinor, which has two complex components.
And the spinor transforms as it known irreducibly under SO* (1, 3).

Now, another condition can be imposed, which is called Majorana condition. This is

condition, which says to take spinor ¢ and identify it with its charge conjugation.

b= y° . (14.75)

In other words, Majorana condition is a condition that states that particle is its own
antiparticle.

The special Dirac spinner, which satisfies the condition (14.75)) is called Majorana.
This condition is allowed to impose, because it is known that v and ¢ transform in
the same way under Lorentz transformations. So, this condition does not break Lorentz
symmetry and it is Lorentz invariant.

An explicit form of the Majorana spinner depends on the chosen representation for
~ matrices, because the explicit form of the charge conjugate matrix C depends on the

representation chosen. For instance, in the Dirac and Weyl representations, C is given by
C =+%¢° (14.76)

and, therefore, when the Majorana condition is imposed, that means that we have to solve

the following equation:
b = CyoP" = 42" (14.77)
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If 1 is written in terms of two components spinors ¢ and y:

) (¢> , (1478
X
then the (|14.77)) can be written as:

O-Con
X —0* 0) \x*

It can be seen that from the condition (14.79) x can be expressed and the answer will

be that such a Majorana spinor in the Dirac representation of v matrices will have the

¢
= . 14.80
W <_02 ¢*> (14.80)

Moreover, there exists another representation of v matrices, in which the Majorana

following form:

condition becomes very simple and transparent. This representation of v matrices is
called Majorana representation. Majorana representation is a representation in which
all ¥ matrices are imaginary. So the Dirac operator contains, in fact, only real coefficients

and explicitly it can be written down straight away. In this representation:

7&2(0 02>’ﬁ/l:<i03 0>,’V]2\4:<0 _02>,7§4:<_wl O)
a2 0 0 o3 a2 0 0 —io!
(14.81)
It can be checked that the Clifford algebra relations for these v matrices will be satisfied
and this means by Pauli theorem that there exists a unitary matrix that transforms Dirac
representation into this new Majorana representation by means of conjugation with the

unitary matrix U. So,

UypU™" =41 (14.82)

where it can be checked that explicitly the matrix U is given by

1 1 o2

and this matrix is explicitly unitary
Utu =1. (14.84)
Now, the charge conjugation matrix should be determined from the condition
(C°) 4 (C°) = =+ (14.85)
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But in the Majorana representation it is know that the +** is simply
Y=k (14.86)
because all v matrices are purely imaginary and, therefore, the can written as
(C’yo)_l Y (C%) =" . (14.87)
From here, it follows that
[C°4*] =0. (14.88)

So, this means that C4Y is the only matrix, which commutes with all ¥ in four dimensions.
So, it can be gotten that
Cy’=1 (14.89)

and from here, it can be concluded that C is simply equals to:
C=1". (14.90)
Then, charge conjugate spinor in this representation is given by:
U = CyOp* = 10900 = " (14.91)

Therefore, we got that ¢* in Majorana representation of v matrices is equal to the
charge conjugate spinor. Therefore, in this representation Majorana condition becomes

extremely simple and transparent:
v =v", (14.92)

which means that in the Majorana representation spinor 1 is simply real. It has simply
four real components and in this representation it can be also seen that S matrix of
Lorentz transformations must preserve reality of a spinor. So, spinor v is equal to ¥* and
that means that 1 is real and, therefore, S acting on it must transform a real matrix into
real matrix. This means that in this case S itself is real and that’s can be easily seen from

the fact that it’s given by
1 v
S = exp (Z’YJIQ’YMWW) . (14.93)

In the Majorana representation each of the v matrices is real and then the product of
the two imaginary ~ matrices then gives a real result. So, in this representation Lorentz

transformations are realized by real matrices.
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