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Lecture 1. Electromagnetic properties of neutrino

Magnetic moment of neutrino

We know that the mass of neutrino is not zero. From KATRIN experiment we have
the following limit on the effective neutrino mass:

Mesr < 0.8 eV (1.1)
If we use the Standard Model easiest generalization which demands that there is a right
handed neutrino v, and the mass of neutrino is not zero m, # 0 it is immediately follows that
the magnetic moment of neutrino is not zero w, # 0. This phenomenon was discussed many
years ago even before neutrino was experimentally observed in 1956.
Let’s illustrate how this non-zero magnetic moment appears in the Standard Model
generalization. There is a part in SM Lagrangian which corresponds to the coupling of
neutrino with electron and W-boson:

Loy (1 - yo)e, (~57) (12)

In (1.2) we consider flavor neutrinos which are superpositions of mass states. For the mass
states of neutrino we can write the following diagrams:

Y

S ca
V; w Vi

Pic.1.1. Neutrino interaction diagram.

If we recall the quantum electrodynamics for electron such diagram (pic.1.1) contributes to
the anomalous magnetic moment of electron in addition to the normal magnetic moment
determined by non-zero electric charge. In case of neutrinos up to now we don’t discuss the
possibility of millicharged neutrinos. But The Particle Data Group collaboration once in two
years publishes the sets of properties including constraints on the millicharge of neutrino. |
am proud to say that our scientific group contributed a lot to these studies. We analyzed the
data for scattering of neutrino from reactor on electrons in GEMMA experiment, included the
possibility that the charge of neutrino is not zero and obtained the best limit on the millicharge
of neutrino. We can also write the following diagram:
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Pic.1.2. Neutrino interaction diagram.
Calculating the diagrams (pic.1.1-1.2) Schrock and Fujikawa in 1982 obtained the following
result for the anomalous magnetic moment of Dirac neutrino:

3eGpm; m;
D _ t -19 l
D= ~32-1 1.
:ull 87'27'[2 3) 0 (19V) ,uB, ( 3)
e
= 1.4
Up 2m, (1.4)

We should notice that the magnetic moment of neutrino is proportional to its mass. According
to the fact that the mass of neutrino is not zero we immediately get that neutrino will
participate in electromagnetic interactions. There is a shift of energy of neutrino that is
proportional to its magnetic moment and external magnetic field:

AW, ~uB (1.5)

If magnetic field is strong, for example, in astrophysics where
2

Byt ~Bg = % =4,41-1013 G, (1.6)
even with very small magnetic moment of neutrino that predicted by the easiest generalization
of the Standard Model we can expect that the value AW, will be significant. In case of very
small magnetic fields, for example, interstellar and intergalactic fields ~107° + 107 G you
need to wait a lot of time to see a reasonable result.

Using the mixing matrix U we can write the mass state of neutrino as a superposition
of flavor neutrinos for which we can already use the Standard Model Lagrangian (1.2). So we
get the following diagram:

e
e 7wy v(v)
"
.y v m Vu U —s
Vi v, /—W\\T v, Vi(vj)

Pic.1.3. Neutrino interaction diagram.
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In more general case this interaction may change the type of neutrino. Therefore we
should distinguish diagonal magnetic moments u” and off diagonal or transition magnetic
moments u7, ;.

Experimental constraints on neutrino magnetic moment

In terrestrial experiments physicists observe the scattering of neutrinos on electrons
including not only Standard Model weak interaction but also an interaction of the neutrino
magnetic moment. In 2012 in GEMMA (JINR-Dubna and ITEP-Kurchatov) experiment they
only saw the background. It means that the magnetic moment couldn’t exceed the
background, therefore, there is the limit on the neutrino magnetic moment:

pud <2,9-10"1y, (1.7)
If m; # 0 the Standard Model predicts that p,, ~1071% up.
The Borexino Collaboration (Gran Sasso, Italy) investigated the solar neutrinos and obtained
following the limit on neutrino magnetic moment:

u<28-10"1yu, (1.8)
More severe bound could be obtained from astrophysical experiments:
Hase. < 107 g (1.9)

The left handed neutrino propagating in astrophysical environment with quite strong magnetic
field due to interaction of non-zero magnetic moment can transfer to the right handed

neutrino:

B
VL 2 Vg, (1.10)

v, — left handed active neutrino, v; — right handed sterile neutrino. We can expect that sterile
neutrinos are invisible for the detector. It means that the flux of left handed active neutrinos
will be less than expected. On the other hand this transition from left handed to right handed
neutrinos disturbs the process of evolution of the star. If we consider a very compact object,
for example, supernova, most of the energy is evaporated due to neutrino fluxes. If inside the
star very strong magnetic field exists than left handed active neutrinos will convert to the right
handed sterile neutrinos and after that immediately escape without any interaction with the
body of the star. It means that the flux of these neutrinos is produced more dipper in the
central part of the star and, therefore, the energy of these neutrinos can be higher than the
energy of left handed neutrinos that somehow propagated inside the star and then had chance
to escape. It means that the energy spectrum of such astrophysical neutrinos will be disturbed
by the interaction of the magnetic moment with the magnetic field inside the star.

| would like to mention that in the National Centre of Physics and Mathematics in
Sarov there is a study of the coherent neutrino atom scattering with the goal to put severe
bound on the neutrino magnetic moment. In 2019 together with my collaborators we
published a paper where we calculated the scattering of neutrino on a Helium target
accounting the scattering on nuclei and electrons. We proposed that this scheme of
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experiment will be very sensitive to the magnetic moment of neutrino. We predicted that the
sensitivity will be
[,~107%3p, (1.11)

Chiral and helicity neutrino states

We can decompose neutrino wave function to chiral states. Chiral states v, and vg
actually enter the Standard Model Lagrangian. For left handed and right handed neutrino
states we can write:

I
Y, = > P, (1.12)
1+
= 2)/5 (1.13)
Total neutrino wave function is a superposition of two chiral states:
Y=Py+ P =9, +p (1.14)

P,, P, — chiral projector operators.

There is another possibility to decompose neutrino wave function. Helicity is a
property that determined by the orientation of the polarization over the momentum of
neutrino. We can introduce the helicity projector operators:

1/ _%p
P, = —<1 T Tp>, (1.15)
-2 I
2_(d 0
3= (0 &) (1.16)
Therefore, the helicity neutrino states:
1( _2p
=-(1¥22 1.17)
In case when m,, = 0 the helicity and chiral states coincide with each other:
Y=y, (1.18)
Yr = Py (1.19)

For free propagating neutrinos helicity is conserved. It means that the P, operators commute
with the Hamiltonian but y< not.

Neutrino mixing and oscillation in electromagnetic field

We shall deal with a new phenomenon of mixing between different helicity and chiral
states of neutrinos. We will consider the case of magnetic field. So we have left handed and
right handed neutrinos v;, vg with non-zero mass m # 0 and therefore non-zero magnetic
moment u # 0 that will interact with magnetic field B. The Lagrangian will look like

L = pvoy,F**v' (1.20)
We include the possibility that neutrino in initial and final states don’t equal to each other v #
v'. It means that we may deal with the transition magnetic moment. Weak interactions are
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introduced in flavor states but electromagnetic interactions better be introduced in mass states.
It is possible to show that this coupling (1.20) is a mix of different helicity or chiral states:
v=vy,+vg = (1.21)
L~V,03,F* v + Vgoy ,F vy (1.22)
So we introduced the mixing between the left and right neutrinos. We can see that this
phenomenon is the same with the mixing for the flavor or mass states due to mixing matrix.
Therefore there are also oscillations between the left and right neutrinos.

The probability of oscillations left and right neutrinos in magnetic field

We will consider a constant magnetic field but with the twisting of vector’s direction.
This model is often used to describe the structure of magnetic field in some astrophysical
objects, for example, the Sun. We can decompose magnetic field in two components in
respect to direction of neutrino propagation z:
B =B, +iB, (1.23)
Twisting magnetic field is described as:
B = |B,|e!*® (1.24)
It is a constant field that rotates in space while neutrino propagates through it.
We consider two different flavor neutrinos with two different chiral states. Let’s write
the evolution equation for neutrino:

.d (v, VL
i (VR) =H (VR), (1.25)
E Be~i¢® ~
H= ( oo Heu > =(.)I+H (1.26)
.ueuBe ER

As soon we are interested in the probability of oscillations we can skip the part that is
proportional to the unit matrix. We consider electrically neutral matter composed of electrons,
neutrons and protons (n, = n,). So only electron components will contribute to the evolution
and the oscillation probability.
Am? |4 .
/— cos 26 + —2 ,ueHBe“‘l’(t)\
F=| 4 2 (1.27)
= X _
b0 Am* V,,
HeyBe™!

4E? 2
We see that the Hamiltonian (1.27) includes the mixing between electron and muon neutrino
and also the additional mixing between left and right neutrinos of different spices.

It is possible to find the solution for evolution equation. We can introduce the unitary
transformation for neutrino spices using diagonal operator. So the probability of oscillations
in the initial and in the final basis will be the same. New basis will be

_ig
v=Uv,U= <e ? ?¢) (1.28)
0 ez
10
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Lecture 2. Neutrino evolution in constant magnetic field

Introduction

We have started the investigation of neutrino mixing and oscillations in the presence
of external electromagnetic field. This is a very important issue related to neutrino
electromagnetic properties. We consider the case that the mass of neutrino is not zero m,, # 0
which is beyond the Standard Model. The Standard Model supposed that the mass of neutrino
is zero but it is proven experimentally that if the mass of neutrino is zero there are no mixing
and oscillations and no chance to explain the observed neutrino fluxes from the Sun and in

V1
atmosphere. In fact there are three different mass states of neutrino V2 and three different
V.
Ve ’
flavor states v, which are superpositions of these mass states. From experimental results we
VT
know that at least two of three masses of mass states m,, m,, m5 are non-zero and there are no
two mass states with equal masses.

So these experimental results force us to go beyond the Standard Model. If we just
consider the easiest generalization of the Standard Model using the same Lagrangian and
adding a single right-handed neutrino state to have the mass term in the Lagrangian we
immediately get that all interactions that exist in the Standard Model should be described
within new theory beyond the Standard model. If so there is contribution to the neutrino
magnetic moment u,, # 0 from this kind of diagrams:

Y
W+
U U

o o
-

V; entT V;

Pic. 2.1. One loop diagram.
So we express the mass state as a superposition of flavor states, and each of these states
should interact with W *-boson. We get that the neutrino magnetic moment in the mass basis
is proportional to the mass of the mass state u;~m,;.

Now we should deal with the equation that describes neutrino motion in an external
electromagnetic field accounting for the fact that neutrino has non-zero magnetic moment. We
are going to describe more general case when we include not only electromagnetic fields but
also matter which can move in respect to direction of neutrino propagation. We discussed
many interesting effects related also to the interaction of neutrinos with the moving matter. |
have mentioned that in the presence of transversal magnetic field a new type of mixing and
oscillations appear between left and right-handed neutrinos. But about 20 years ago in our
paper we have discovered that the mixing of spin states and corresponding oscillations can be

12
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produced without any electromagnetic properties, magnetic moment and presence of external
electromagnetic or magnetic field but due to weak interactions of neutrinos with moving
matter if the transversal component of the flux of matter exist. So we have shown that spin
oscillations can be produced in case when neutrino propagates inside moving matter and
when there is a transversal current of matter acting on neutrinos and producing spin flip. This
phenomenon can have important consequences in astrophysics.

Effective Dirac-Pauli equation in an external electromagnetic field

We consider neutrino as electrically neutral particle. We can write Dirac equation in
external electromagnetic field:

(iyuaf‘ -m; + %uia,wF’“’) vi(x) =0, (2.1)
where m; — mass of the mass state, y; — magnetic moment of the mass state of neutrino,
v;(x) — wave function of the flavor state in coordinate space. By mixing we can determine
electromagnetic characteristics in the flavor basis. Because Lagrangian weak interaction is
determined in terms of flavor neutrinos and most of experiments deal with flavor neutrinos.
Tensor g,,, is a combination of Dirac matrices:

[
Oy = E(Vuyv - )/v)/u) (2.2)
Using Fourier transform of (2.1) we get
M.
()/up” -m; + ?lo'quuv) v;(p) =0, (2.3)
where v;(p) — wave function of the flavor state in momentum space.

We are interested in case of constant magnetic field F*V — BB = (B4, B;, B3). In this
case we have the following expression for the tensor of electromagnetic fields:

0 0 0 0
0 0 _B3 BZ

w —
F 0 B 0 —p (2.4)
0 -B, By 0
We can continue our calculations in (2.3):
Wi . -
?lUm/F’w = iu;(021B3 + 0138, + 03,B1) = —; 2B, (2.5)
2_(d 0
3= (0 5) (2.6)
Recall the expression for the Pauli matrices:
/1 0
w0=(y 1) (2.7)
0 1
o=y o) (2.8)
0 -1
=0, 4) (2.9)
/1 0
os=(y _1) (2.10)
13
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Neutrino evolution in constant magnetic field

We are going to derive an effective Hamiltonian for the mass states of neutrino that
will describe neutrino propagation, in vacuum first, accounting for the neutrino magnetic
moment interaction with a constant magnetic field. Magnetic field has two components in
respect to neutrino propagation p,:

B=B,+B, (2.11)
We would like to find an effective equation of evolution of the mass states of neutrino in
vacuum accounting for the neutrino magnetic moment interaction with a constant magnetic
field and, therefore, an effective Hamiltonian for the mass states in magnetic field. In case

when magnetic field is zero B = 0:

E, 0

E, = /m% + 1512, a = 1,2 (2.13)

In case of interaction of neutrino with magnetic field due to non-zero magnetic moment an
additional term will appear:

Herp = Hopr + Hyp (2.14)
We would like to find this shift H,; on effective evolution Hamiltonian for the mass states of
neutrino. From Lagrangian Lz of neutrino interaction with the magnetic field we can obtain
effective Hamiltonian H. Lagrangian itself comes from the Dirac-Pauli equation for the mass
states of neutrino v; with non-zero magnetic moment u; # 0 in magnetic field B. Finally, the
Hamiltonian that corresponds to the Lagrangian Ly is

L 1
Hg = —E,uvam,vF‘“’ + h.c. (2.15)

For the further needs | would like to introduce more complicated electromagnetic property.
We suppose that not only this electromagnetic interaction of neutrinos with an external
magnetic field is described but also the mass state of neutrino is changing:

1
Hf = -3 H12V10,, Vo, F* + h.c., (2.16)
where u,, — transition (off diagonal) magnetic moment. So, y;; is magnetic moment of v;,

Hi=j — transition magnetic moment of neutrino v. The contribution to the effective
Hamiltonian of neutrino evolution that enters Schrodinger evolution equation for our neutrino
system:

(vi|Hg |v2) =2
We use an exact neutrino state v; that corresponds to the mass, the momentum and to the
energy as a solution of the vacuum Dirac equation:

Uy
Ei+m N .
vi(my,p1, E1) = Cy % op1 u exp{i(=E;t + p1%)}, (2.17)
1 E,+m; *
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E, + 2
2 TM, > , 5 o
vo(my, 02, E2) = G T2 oP2 u, exp{i(—Et + p,xX)} (2.18)
2

E;, + m,
Calculating the average (2.17) we just get a typical energy related to transition between
different neutrino states:
ol = =5 [ @ty (B O, (2.19)
2 0 oB
To describe the spin states of neutrino we agree that u,, @« = 1,2 is an additional characteristic
that describes the spin state:

ua,s=1 = ((1))’ (2.20)
ucr,s:—1 = ((1)) (2.21)

2
It means that we deal with two mass states of neutrino each in two possible spin states. In

general our evolution Hamiltonian will be 4 x 4 matrix. So

> U,
1 — o 5 NN
SHz f d*xB <uf,%u1> (g 9) op2 . exp{i(—AEt
1T M g E,+m, 2
E.+m)E,+m
N Apx)}J( Lt m)(E; £ my) 222
2./E,E,
AE = E, — E;, (2.23)
Ap =p, —p1 (2.24)

The term exp{i(—AEt + Apx)} can be cancelled out uh due to renormalization. Without the
loss of generality we suppose that both neutrino states move along axis z or the longitudinal
component of magnetic field:

p1, B, 1 7i,(~By) (2.25)

Pic. 2.2. The vector of magnetic field.
Let’s continue, we should calculate the following term:
uf (5ﬁ1)(5§)(5ﬁ2)u2

+(p=
B _
“ ( G)uz (E; + my)(E; + my)
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e P12
= u{ {(UBH) (1 (E, + my)(E, + mz))

- P1D2
+(GB,) (1 + G T m2)>}u2, (2.26)

where we used the expression:

(6a)(éb) = (ab) + i(a[db]) (2.27)
We should consider four combinations:
1) s;s,:
u:,s%(&ﬁ)uz,s:% = (L,0)d ((1)) (By+ B.) = Bcosa, (2.28)
where we agreed that
|Bu| = B cosa, (2.29)
|§l| = Bsina (2.30)
2) s,S_
3) s_s,
4) s_s_
16
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Lecture 3. Electromagnetic properties of neutrino (CONT’D)

Introduction. Neutrino properties

Our lectures are devoted to the study of neutrino electromagnetic properties. This is a
key issue of the research that has been conducted for three decades by our research group. The
widest review on the subject has been published in 2015 by my colleague and friend Carlo
Ginti and me and it’s called “Electromagnetic properties of neutrino: a window to a new
physics”. It was published in the “Reviews of Modern Physics, 87(2015),p.531-591".

Before continue our calculations that we have performed last time | would like to
recall the present fundamental knowledge about the properties of neutrinos. Firstly, we know
that the mass of neutrino is not zero m; # 0,i = 1,2,3. Secondly, there are mixing and
oscillations between neutrinos. There are flavor neutrinos v/, f = e, u, T that determined by
the Lagrangian of interaction of the electro-weak theory. The Lagrangian of the Standard
Model has the following type of interaction:

Ve, V”,VT
W+
e u, T

Pic. 3.1. Neutrino interactions.
According to the idea that was first formulated by Bruno Pontecorvo in 1957 there are a
mixing and oscillations between different types of neutrino. At that time there was no notion
about different types of neutrino. Muon neutrino was discovered in 1962. Pontecorvo spoke
about mixing and oscillations between known at that time two types of neutrino that were
recognized as neutrino v and antineutrino v without identification of the flavor. Pontecorvo
made a statement that if the mass of neutrino is not zero m, # 0 then neutrino should be
considered as a mixture or superposition of different types neutrino v and v. The second
statement he made by words without any formulas was that on a certain distance from a
reactor (reactor was considered as a source of neutrinos) the flux of neutrino will be
composed of equal amount of neutrinos and antineutrinos. In 1962 the experimental discovery
of muon neutrino was made by Japanese scientists Sakata, Maki and Nakagawa. (Tau
neutrino was discovered only in 2000.) Sakata, Maki and Nakagawa generalized the idea of
Pontecorvo and claimed that there is mixing not between neutrino and antineutrino but
between two different types of neutrinos v, and v,. They also introduced the mixing matrix

U = U(6) that can be parameterized by the mixing angle. But Sakata, Maki and Nakagawa
have failed to go further and didn't follow the second statement Pontecorvo made in 1957
about evolution of neutrino flux in space and time. Only in 1969 Pontecorvo and Gribov
considered the dynamic of these mixing neutrinos and first derived the oscillation probability.
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Neutrino electromagnetic properties

Initially in 1930 W. Pauli proposed the existence of neutrino and called it neutron.
Only after the real neutron was discovered by Thompson in 1932 Fermi renamed the neutron
of Pauli to neutrino. When Pauli introduced neutrino he proposed that this particle is a

fermion s =%, it has zero mass m, = 0 and zero charge g, = 0 but probably non-zero

magnetic moment u, # 0.

Let’s consider the present status of these properties of neutrino. We know for sure that
the mass of neutrino is not zero m,, # 0, it comes from two sets of experiment observing the
fluxes of solar v and atmospheric neutrinos v, The Standard Model fails to describe the
experimental fluxes of solar and atmospheric neutrinos. The only explanation that can be
found is the existence of mixing and oscillations between different types of neutrino. We
know that there are three mass states of neutrino, at least two of three masses of mass states
m,, m,, my are non-zero and there are no two mass states with equal masses:

m; # 0 # my,m; #m; (3.1)
It follows from the fact that the oscillation probability that are used to provide the solution for
solar neutrinos depends on the mass square difference

Am2, =m3—m? #0 (3.2)
For the atmospheric neutrinos another scale of mass square difference should be needed:
Ami; =mi —mi #0 (3.3)

There are direct experimental attempts to measure the absolute value of these masses. The
latest experiment was conducted by KATRIN collaboration in 2019 and delivered the best
upper bound on the effective mass of neutrino:
Merr < 0.8 eV (3.4)
We know that the interactions of flavor neutrinos are described by the Lagrangian of
the Standard Model. From all these definitions and properties that were mentioned above it
follow that flavor neutrinos have no mass. If a flavor neutrino is a superposition of different
mass states we can't introduce in a normal way the mass for the flavor neutrino and, therefore,
we can’t write the Dirac equation of motion. The Standard Model predicts the following
interaction for flavor neutrino:

»

+
/7 ~

r ‘

.
e ] S 2 "
- Cad

e ,u, T Vv,

Ve,,u,r

Pic. 3.2. Flavor neutrino interaction.
If you remember these kinds of diagrams due to such radiation loop can produce interaction
with photons. According to the Standard Model the electric charge of flavor neutrino is zero
gy, = 0 and the diagram on pic.3.2 gives a contribution to the anomalous magnetic moment
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of neutrino. This diagram can be written using the mass states of neutrino (pic. 3.3). Because
flavor neutrinos as we know are superpositions of neutrino mass states we can decompose
them using mixing matrix U:

Vf = Z Ul'fvl',f =eurt (35)

Pic. 3.3. Flavor neutrino interaction.
We can write the similar diagram (pic. 3.2) for an electron (pic. 3.4) that will give
contribution to the anomalous magnetic moment of electron Ag,.

| 4
w-

—

e Ve e

Pic. 3.4. Interaction diagram for an electron.
If g, = 0 the diagram on pic.3.2 gives a contribution to the anomalous magnetic moment of
neutrino. For the case of the Dirac neutrino v? the contribution to the magnetic moment
proportional to the mass of the particle:

3eGrm; m;
Q e # ~ . -19 t
:ull 8T27T2 312 10 (1eV).uB; (36)
e
= 3.7
Up 2m, 3.7)

We have three different magnetic moments p,, iy, s3. From (3.1) it follows that at least
two magnetic moments are not zero and not equal to each other.

However there are different theoretical models that provide quite different prediction
for the neutrino magnetic moment. For instance, in the theory of super symmetry it is possible
to find an option when the magnetic moment of neutrino will be many orders of magnitude
larger than the value (3.6) that we get from the easiest generalization of the Standard Model.

Terrestrial experimental limit on neutrino magnetic moment

GEMMA Collaboration (JINR+ITEP) in Dubna using the flux of neutrino v, from
reactor obtained the following limit on the magnetic moment (2012):
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Heemma < 2,9 107 (3.8)
They considered the scattering of neutrino on electron of the target. The cross-section is
composed of two terms:

do B do N do (3.9)
dT ~ dTlgy = dTl, '
where the Standard Model weak contribution
do
_ ~(2
T, G¥, (3.10)
the Standard Model electromagnetic contribution
do
| ~y2
arl, Hy (3.11)

Of course both terms exist but they turned out to be beneath the background. And if the value
is smaller than a particular number you immediately get the limit (3.8).
CERN

3km

Rome sea

[ & W kY 1)
4 k)

Pic. 3.5. Gran Sasso.

The same ideology has been used with the investigation of the solar fluxes. Borexino
Collaboration (Gran Sasso, Italy) also obtained the limit on the magnetic moment. Gran Sasso
is a mountain about 3 km high and about 150 km from Rome. There are two automobile
tunnels inside this mountain about 11 km long that was constructed to make it easy for
Romans to go to the sea. Famous Italian physicist de Kiki proposed to make also three caves
A, B, C in the direction of CERN about 50 m long and about 20 m high. One of the famous
experiments that confirmed the existence of neutrino oscillation phenomenon was located in
one of these holes. They caught muon neutrinos coming from CERN along this hole and
detected tau neutrinos in initial flux. The Borexino experiment located in one of the holes and
contained of a big tank with scintillator that caught solar neutrinos coming from above the
earth through this mountain. The limit on the magnetic moment obtained in Borexino
experiment is slightly less:

HBorexino < 2,8 107 g (3.12)

The best present limit has been obtained recently by XENONNT experiment also with
solar neutrinos:

UxENONnT < 6,2 - 1072 g (3.13)
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Astrophysical limit on neutrino magnetic moment

The first astrophysical limit on the magnetic moment of neutrino was obtained from
studies of German scientist G. Raffelt in 1990:
Hast. < 3 10_12#3 (3.14)
It comes from the consideration of cooling of stars. So if the magnetic moment of neutrino is
not zero m, # 0 the following coupling appears and disturbs the observational picture of
evolution of red giant stars (makes it faster):

v, n, #0

Comparing this contribution to the observational data scientists get the limit (3.14). The
result was updated in 2024 to the value: 1,5 - 10712 .

Millicharged neutrino

I would like to mention that the charge of neutrino can be also not zero g, # 0. There
are some generalizations of the Standard Model where it is possible to introduce without any
contradiction with the theoretical framework that neutrino is a charged particle and called
millicharged neutrino. The most severe bound on the charge of neutrino comes from the
neutrality of the hydrogen atom

n-opt+e +v, (3.15)

The charges of p* and e~ are measured with some accuracy. Comparing these charges we get
the most severe bound on the charge of neutrino:

q, < 107%%e (3.16)

In 2014 by Gemma experiment obtained the limit on the charge of neutrino. The cross-
section of neutrino on electrons in Gemma data in case of millicharged neutrino contains an
additional term:
do

doy,_. do do

_49 i = 3.17
dT  dTlgy " dTl, .o " dTle_q, (317)
do
— ~q2 3.18
dT e—qy q‘V ( )
From the fact that (3.18) should be less than background we get
q, < 1,3-10"13¢ (3.19)

This result was considered the best and was published in the set of properties of neutrinos by
the Particle Data Group collaboration. It is a group of about 100 most distinguished scientists
that every two years publish the set of all properties of all interactions of all particles
including neutrinos.
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The best astrophysical bound also come from our paper “Nuclear Physics B” (2014)
with my postgraduate student I.Tokarev:
q, < 1,1-10"%% (3.20)

vV W
w
B+0
B=20
v

Pic. 3.6. Neutrino star turning mechanism.

We considered the rotation of a pulsar in magnetic field. During the evolution most of the
energy goes away with the flux of neutrinos. If there is no magnetic field neutrinos will
escape perpendicular to the surface. If the magnetic field is not zero neutrinos will be move by
the curved orbits. There is a momentum produced by millicharged charge neutrinos moving in
a magnetic field and escaping the surface. It can disturb the rotation of the pulsar. We
introduced such called neutrino star turning mechanism (NST). Due to NST there is a shift of
the angle velocity of the pulsar Aw. We made a criteria that this shift should be less than
observable rotational frequency of the pulsar:

—<1 (3.21)

This value depends on the charge of neutrino g, therefore, we got the limit (3.20).

Neutrino could be considered as not charged particle but an effective superposition of
clouds with opposite charges and in this case physicists introduce such property as a charge
radius. The charge radius is the most easily accepted to be uh observed in experiment. It also
contributes to the cross-section of neutrinos on electrons and even in the Standard Model the
charge radius is not zero. Only one order of magnitude accuracy of the cross-section is needed
to observe the charge radius of neutrino. | think that maybe in 10 years people will see the
contribution of the charge radius to the cross-section.

Spin oscillations in transversal magnetic field

So the magnetic moment of neutrino is not zero. So in Lagrangian we have an additional term
that describes an interaction of neutrinos with external electromagnetic field:

1 g
L= E:“VUUFUV + h.c. (3.22)
We can decompose neutrino in two hiral or helicity states:

V:VL-I_VR

1
Vv = 2(1 + )/S)V' (323)

| 1

kVR = 5(1 —Ys)V
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v, vg — left and right neutrinos. If we consider left and right neutrinos as different species we
will see that there is a mixing in the interaction Lagrangian:

1vgoiiFIv, + pvyo; i Fvg (3.24)
We can introduce a new phenomenon of mixing and oscillations of spin states of neutrinos in
a transversal magnetic field B 1. The transition between left and right neutrinos are completely
determined by the interaction with transversal magnetic field in respect to neutrino
propagation. The longitudinal part §” only shifts the energy of each of neutrino species but
doesn't produce a mixing. Also §” is suppressed by an inverse Lawrence factor.

Transition magnetic moments

The term (3.22) in Lagrangian can be generalized when we consider different types of

neutrino with different mass:
L~liqpvaoiFIvp, a # B (3.25)

tqp — Off diagonal or transition magnetic moment.

There is another open fundamental question in neutrino physics whether neutrino
Dirac or Majorana particle. For example, neutrino double S-decay probably can proceed only
in case of Majorana neutrinos. Also there is a big difference for possible values of neutrino
magnetic moment in case of Dirac and Majorana neutrinos. Obviously the diagonal magnetic
moments for the case of Majorana neutrino are forbidden because of the CPT invariance
theorem. So Majorana neutrinos can have only transition magnetic moments.
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Lecture 4. Neutrino mass state evolution in constant magnetic
field

Neutrino properties

We know that the mass of neutrino is not zero m, # 0. There are three mass states of
neutrino vy, v,, v3 With non-zero masses m,, m,, my. According to the experimental results
with solar and atmospheric neutrinos we know that at least two of three masses are non-zero
and there are no two mass states with equal masses:

m; # 0 # my,m; # m; (4.1)
Each of flavor neutrinos v/ Ve, Vyu, VIS @ superposition of the mass states. We can’t introduce
the masses for the flavor states of neutrino but we know how they interact with other particles
according to the Standard Model. So when neutrinos propagate we should treat them as the
mass states and when they interact with other particles we should use the flavor basis for their
description.

If the mass of neutrino is not zero it immediately follow from the Standard Model
Lagrangian that neutrino should have non-zero magnetic moments u; # 0. The non-zero

magnetic moment of neutrino will interact with external magnetic field B. Neutrino magnetic
moment comes from the following diagrams:

<
S
<Y

y
D
Y

Pic. 4.1. Neutrino interaction.
If the millicharge of neutrino is zero its magnetic moment is anomalous.

Neutrino spin oscillations in constant magnetic field

If magnetic moment of neutrino is not zero than there is an additional contribution to
the Lagrangian of neutrino interaction. There is also a shift of energy of neutrinos due to this
interaction and new mixing between left and right neutrinos. We will observe a phenomenon
of neutrino spin oscillations in constant magnetic field. This effect is very important
especially in astrophysics where magnetic fields are very strong.

For physical neutrinos v = (v4,v,) we can write the Schrodinger evolution equation
in the following form:
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;4 P = HvP (4.2)
ldtv =nv .
The Lagrangian of propagation of neutrino v, or v, equals
L=-H (4.3)
The Hamiltonian in (4.2) equals
E E
H = ( 11 12) 4.4
By Ex ()

We can calculate the elements in (4.4) as

(Vi H ) (v H |vy)
H‘<<vzlﬂflvl> <v2|7f|v2>) (4.5)
We know that
(v, vi) =1, (4.6)
(v, v1) =0, (4.7)
therefore
H=( ) (4.8)

E, =ym3 + |pel?, a =12 (4.9)

Neutrino mixing and oscillations in matter

We know that photon y in vacuum has zero mass m, = 0 and there is a simple
equation between its energy and momentum:

E, =3, (4.10)
v,=c=1 (4.11)

In presence of matter the mass of photon is not zero m, # 0 and

E, # |5, (4.12)

v, # 1 (4.13)

The same happens with neutrinos in presence of matter, the energy and momentum relation

also violates. We consider electrically neutral matter composed of electrons and protons

having the same number density n, = n, and neutrons with n,,. So we come to conclusion
that the effective Hamiltonian of evolution of neutrino has the following matter term:
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1
V26 (n, - En" 0
Hmate. = 1 (4.14)
0 - ﬁ GFTln

Usually scientists consider only v2Grn, value in H,,,, Of course, in some extreme
environments it may happen that n, # n, and the number of muon could be non-zero n, #
0. Also H,, 4. Will be quite different if we consider neutrino mixing and oscillations between

active and sterile neutrinos. Sterile neutrinos do not participate in any electro-weak
interactions but they exist in nature and can show themself due to mixing.
Dirac-Pauli equation

Let’s write the Dirac equation that describes an interaction of massive neutrino having
non-zero magnetic moment with external magnetic field:

(iyuai‘ —m; + %UWF“V) v;(x) =0, (4.15)

[
Oy = E (Y/,LYV - YVY/,L) (4.16)
We suppose that the millicharge of neutrino is zero q; =0 and we deal only with the

anomalous magnetic moment of neutrino. We will consider constant magnetic field F*¥ — B,
B = (Bll Bz, Bg)

Pic. 4.2. The vector magnetic field.

In this case we have the following expression for the tensor of electromagnetic fields:

0 O 0 0
0 0 _B3 B2

I"‘v —_—
F 0 B 0 B (4.17)
0 —B, By 0
We introduce
we can calculate the following term in (4.15):
,Lt -> —
EUMVFW i = —ulB, (4.19)
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3= (fg 2) (4.20)

where u = u;. We remember the expressions for the Pauli matrices:
Gy = ((1) ‘1)) (4.21)
o, = (8 (1)) (4.22)
o, = ((1’ _01), (4.23)
oy = ((1) _01) (4.24)

From the corresponding Dirac-Pauli Lagrangian we can derive the Hamiltonian that
determines the evolution of neutrino particle:

LDP = _:]{DP (4‘25)

We should calculate the average of this Hamiltonian between different neutrino mass states
(vilHpplvj),i,j = 1,2 and get the elements of the addition term to the effective evolution
Hamiltonian:

[0 7B
n1#5plve) = =5 [ atrviyy (B 0, (426)
2 0 4B

Where we use an exact neutrino state v; that corresponds to the mass, the momentum and to
the energy as a solution of the vacuum Dirac equation:

U
Ei+m 5
vi(my,py,E) = €y |—=——| 0P exp{i(—Eit + %)},  (4.27)
2E, Uy
E,+my
E, + 2
m e d
Va(my, p2, E) = G, e oP2 exp{i(—Ext + p,%X)}  (4.28)
2E, Uy
E;, + m,
Where u,, @ = 1,2 is an additional characteristic that describes the spin states:
_ (1
U, 1= () (4.29)
_ (0
U 1= () (4.30)
In case when neutrino changes its type we can continue our calculations:
> U
G| (uf,—“pl ut ) (@ O _op |pEFmIE M) anin
2 E]_ + mq 0 o muz 2 ElEZ

(4.31)
Without the loss of generality we suppose that both neutrino states move along axis z or the
longitudinal component of magnetic field:

P1, Py 1 i, 11 B (4.32)
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We should calculate the following term:
uf (5731)(55;)(5172)”2
(Ey + my)(E; +my)

e
=uUp {(UB“) <1 (B, +my)(E, + m2)>

= P1P>
+(GB,) (1 + G T m2)>}u2, (4.33)

uf (§ 5)u2 —

where we used the expression:

(6a)(éb) = (@b) + i(é[ap]) = (4.34)
(65,)(6B)(35,) = (#B)(3P) + i([B]p,) — i(6[5.B]p2)
= (5B)(3p) - i(8[p:B]5.) (4.35)
Let’s agree that
|By| = B cosa, (4.36)
|§¢| = Bsina (4.37)
So we should consider four possible combinations:
1) s,s,:
wt 1(6B)u, 1= @0é(]) (B +5.)
1,S=§ 2,S=§ ’ 0 L
= (1,0)05 ((1)) Bcosa + (1,0)0, ((1)) Bsina = Bcosa (4.38)
2) s.s_.
u;%(&E)uZ,S:_% = Bsina (4.39)
3) s_s,:
u:s=_%(5§)uz,s=l = —Bsina (4.40)
4) s_s_:
u:’sz_%@ﬁ)uz’sz_% = Bcosa (4.41)

Finally, for the average of the Hamiltonian between different neutrino mass states we get:

(V1|HDP|V2) =

[ . . E;+my)(E, +m .
=——u12fd4x (B cosaA Bcosa-D )\/( 1 (B> Z)e‘(‘AEt+A”x),(4.42)

2 Bsina*D B —cosa‘A 2./ELE,
P12
A=1-— ) (4.43)
(Ey + my)(E; + myp)
D=1+ P1D2 (4.44)

(Ey + my)(E; + my)
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Let’s calculate

A\/(El +m,)(E; +m,)

2./E,E,

1 mq m, mq m, _1m1 m,
2<1+2_E1+2_E2_<1_2_b71)(1__)>_( % D

where we used the expression:

P1P2 = \[ (EZ —m?)(E2 —m3) (4.46)

We introduce the transition gamma-factor as

1/m; m,
1= (—4+= 4.4
Y12 2(E1 +E2)' (4.47)
1 1
Y1z lmy=m, = " (4.48)

Let’s calculate

D \/(El +my)(E; + my)

2./E,E,

Finally, for the evolution of 4-component neutrino we get:

=1 (4.49)

My 1 M2
E, <1, <1

Y
/Vl,s=% \ / 11 ” U115y 25V Vi Ui2Dy \ /VLF% \
15__1 ' I H11B, —H11 il U12B, _.“12ﬂ | vl'sz_% i
dt 1 V1 Y12 || v, o1 |' (4.50)
\ V2= / | _ ﬂ —HU12B, ﬂ U22B ) |\ 2572
252 \ = Ve _, Bu = v _, B Y ’Sz_%
—M12B, Hhz Y12 MU22By a2y, Y2

where y, = i—"‘ a = 1,2. The next step will be the transition of this result to the flavor states.
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Lecture 5. Neutrino flavor state evolution in constant magnetic
field

Helicity and chiral states of neutrino

We are going to continue the description of neutrino mixing and oscillations in
constant magnetic field. We consider that magnetic field is composed of two components:

§ = §|| + §l) (51)

§” — longitudinal magnetic field that is parallel to the neutrino momentum, §¢ — transversal
magnetic field that is perpendicular to the neutrino momentum. For simplicity we agreed to
consider two mass states and two flavor states also accounting for two possible helicity states.
We consider super relativistic neutrinos for which helicity and chirality are more or less equal
to each other. As we know chirality is determined by operators:

1
P r= E(l +vs) (5.2)
And helicity is determined by operators:
1 op
p, - -(1 ¥ Tp> (53)
-2 Il
In relativistic case when m,, ~ 0 the helicity and chiral states coincide with each other:
v, =V, (5.4)
Ve %V, (5.5)

We suppose that we have two mass states v;,v, with the corresponding masses
m,, m,. Each of these states are characterized by spin orientation s = +1. So we have four
different states with two possible masses and spin orientations:

124
121

= 5.6

e (56)
vy

Neutrino magnetic moment

We consider that magnetic moment of neutrino is not zero. The magnetic moment of
neutrino with mass m, is p,,, for neutrino with mass m, it is u,,. We also should consider
the hypothetical case when there is an interaction that changes the type of neutrino and
introduce non diagonal or transition magnetic moments p,; = 5.

The evolution equation for neutrino in constant magnetic field

For neutrinos (5.6) we can write the Schrodinger evolution equation:
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d
LV = Heppvm (5.7)
Effective evolution Hamiltonian is composed of two terms:
Heff = Hvac + HB; (58)
E, 0 0 0
0 E; 0 O
H,ue = ) (5.9)
vac 0 0 EZ 0
0 0 0 £E

Eq =\mf + |Pal? a =12 (5.10)
We should notice that energy in vacuum doesn’t depend on spin orientation. Component Hg

corresponds to interaction of neutrino magnetic moment with magnetic field. We’ve already
obtained the expression for component Hy. Finally, we get the following evolution equation:

By By
Ey + 1 — U11B, Uiz — H12B)
V11 V12 +
d | B 5 By B By I Vi
. — —_— — — v
ld_Vm =| H11D 1~ H11 Vi1 H12D H12 Vi | 1 . (5.11)
t Vs
| By p12B, By H22B1 | v
Hi2 —— B Ey + pop — B 2
Y12 —U1 2 V22 — iy — I
U12B) Y12 Uz2B ) Y22
where
E; E,
=—, =—, 5.12
Y11 m, Y22 m, ( )
-1 -1 1 -1 -1
YViz = V21 = 5(7/11 + V) (5.13)

Often scientists don’t take into account an interaction of neutrino with longitudinal magnetic
field and neglect the term lluy” because for relativistic neutrinos y;;' « 1. Transversal

magnetic field produces mixing between left and right neutrinos and longitudinal magnetic
field slightly shifts the energy.

I would like to recall that we consider super relativistic neutrinos. It is an unsolved
problem to consider mixing and oscillations for non-relativistic neutrinos. The most populated
fraction of neutrinos is non-relativistic neutrinos that come from the earliest stages of
Universe.

The term #11 enters the condition for resonance effect.

The longitudinal magnetic field also produces mixing between neutrino with different
masses due to the term Mlz . For relativistic neutrinos y;;} < 1 but never the less this new

phenomenon exists.
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The transition to flavor basis

We should convert all our results to flavor basis because all detectors are sensitive to
flavor neutrinos. Flavor neutrino is a superposition of mass states:

v = Uvpy (5.14)
The mixing matrix:

cos 8 0 sinf 0

0 cosd 0 sinf

—sin 6 0 cos 6 0
M12B;  —sin@ 0  cosé@

U= (5.15)

Similarly with (5.6) for flavor neutrino we can write
ve

Vp = (Eg), (5.16)

ot

vE =v{ cosf + vy sinb, (5.17)
vE =v¥sin@ +vi cosd, (5.18)

where 6 — vacuum mixing angle. The evolution equation for flavor neutrino:

d

We have to calculate new evolution Hamiltonian for flavor states
UHU* = UH,, U* + UHzU* (5.20)

We’ve already calculated evolution Hamiltonian for flavor states in vacuum:

m? + m? Am? ,_ -
— +_ (12 1 2 cos26 sin26
Hige = UHyacU <|p| R >1+ 5] ( e cosze)' (5.21)
Am? = m5 —m? (5.22)
. . .- . A 5 m2+m?2 .
From the point of view of probability of neutrino oscillations the term (lpl + W)I IS not

important.

Spin transitions can also appear due to weak interaction in case when neutrino
propagates in moving matter and there is a transversal component of a matter current.

Now we should calculate the second term in (5.20):
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: -()
—(Z) B B By u.,B
<y>ee Il HeeD y o Il ep—L
u) H
B -] B HeuB ( ) By
HE = UHgu+ = | HeePr\y) Pn TRy, , (5.23)
- (%) By ZeﬂBl - (5) By ZWBL
i —> B i (—) By
HeuB1 Y/ eu HuuB1 Y uu
where
(5> =511 0526 + 22 5in? g + 2 5in 29, (5.24)
Ve V11 V22 V12
(E> =&sin29 +H£c0529 —Mﬁsin 20, (5.25)
Vi Y V22 V12
1
(E> =&cos 20 + = @—&) sin 20, (5.26)
VView Viz 2\Y22 Y11
Uee — an effective magnetic moment for electro neutrino:
Uee = H11 €OS% 0 + iy, sin? 6 + py, sin 20, (5.27)
Ue. — an effective magnetic moment for muon neutrino:
My = Hi1Sin? 0 + py, cos? 6 — py, sin 26, (5.28)
e, — atransition magnetic moment:
1 .
Hep = Haz €08 26 + 5 (25 — pa1) 5in 26 (5.29)
We remember that the Lagrangian is proportional to
L~ jvi0y FFY Vi~ (VLUWF”VVR + VRGWF’“’VL) (5.30)

If we consider left and right species belonging to different mass states than we obtain p;; or

te, Tor flavor states.

So we can consider different types of mixing and oscillations:

o vk e vE — spin oscillations

o Vg < v — spin-flavor oscillations

o vg < v; — flavor oscillations

The presence of matter shifts the oscillations.
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Usually scientists consider flavor oscillations and spin-flavor oscillations separately.
The probability of flavor oscillations depends on mass square difference and energy. The
probability of spin-flavor oscillations depends on magnetic moment and strength of magnetic
field. But recently | and my student A. Popov have showed that it is impossible to consider
flavor and spin oscillations separately in the presence of magnetic field.
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Lecture 6. Neutrino evolution in constant twisting magnetic field

Introduction

Last time we considered neutrino mixing and oscillations in magnetic field which has
longitudinal and transversal components in respect to neutrino propagation and we derived an
effective Hamiltonian of evolution accounting for matter and also for two possible spin
orientations of the mass states.

1) Let's consider neutrino evolution between two neutrino states of equal masses and

different helicities:

B
Vis=1 € Vis=—1 (6.1)

The corresponding evolution equation for this particular transition has the following form

B
d vV ’Ll_ ‘y_” BJ— \ Vv
S (Vus=1 M1 1,5=1
T (V1,s=—1) 2 5 By (V1,s=-1)‘ (6.2)
* Y1

where p;, — the magnetic moment of neutrino v; and

Do
V1= (6.3)

1 m,

The interaction of magnetic moment with transversal and longitudinal magnetic field shifts
the energy of neutrinos.
2) Now we should consider neutrino evolution between two neutrino states with different

helicities and also different masses:
B

Vis=1 < Vz,s=—1 (6.4)
In this case the evolution equation looks like
CH R
ii ( Vis=1 ) _ ll 4p, H11 " U125, I(V1,5=1 ) ©5)
dt \V2,s=-1 2 Am? By | \V2,s=-1/’
\ M12B) - 4p, — U2z z

where u;, — the transition magnetic moment, Am? — the mass square difference and
Po
=— 6.6
V2 m, (6.6)
We consider neutrinos having more or less equal energies and equal momentums because the
mass contribution is very small.
3) Let’s consider neutrino evolution between two neutrino states with different masses

and equal spin orientation:

B
Vis=1 V2 5=1 (6.7)
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In this case the evolution equation looks like

/Amz n B|| B|| \
ii (Vl,szl) _ ll 4po = 41 = V12 | (V1.5=1) 6.8)
dt \V2,s=1/ 2 By Am? N B, | \V2s=1/’ '
Uiz — — T MU
\ 12 V12 4po 22 Yz/
-1 1 -1 -1
vz =501 +y27) (6.9)

We see that mixing between two different mass states with the same spin orientation appears
in case when the transition magnetic moment is not zero u,, # 0 and also due to longitudinal
magnetic field. The same effect will appear for flavor neutrinos. There will be an additional
mixing in the flavor basis, in addition to mixing that is governed by the mixing angle.

Twisting magnetic field

Let’s consider mixing and oscillations in constant twisting magnetic field. This field is
perpendicular in respect to neutrino propagation, constant in time and rotates in space:

—

B =B, (6.10)
B = B, e®® (6.11)
Such form turned out to be applicable in some models of the structure of the electromagnetic
field, in particular, the structure of magnetic field on the Sun. I would like to mention that this
approach has been used to describe another phenomenon that was proposed and investigated
in my papers about 20 years ago. We assumed that probably it is possible to solve the same
problem not in constant magnetic field but in electromagnetic field of an electromagnetic
wave. Then we went further and investigated some other very interesting phenomena related
to neutrino spin evolution in external environments simultaneously including the presence of
electromagnetic fields and matter that can be at rest or moving with a relativistic speed.

—

Fig. 6.1. The direction of neutrino propagation.
In system of axes shown in the fig.6.1 we can write

B =B, + kB, (6.12)
We consider the following neutrino state
VL
v = <V;> (6.13)

u
We will derive the evolution equation and solve it for this particular neutrino state. We should

account for all possible magnetic moments w;; = py1 = pq, Hzp = Ua, 12 = Hpq INtroduced in
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the mass states. If you remember we also derived the effective magnetic moments for flavor
neutrinos that contain the initial fundamental magnetic moments introduced for the mass
states. We introduce mixing as

v, =v,c0s0 +v,sin 0
{ e =N 2 51 (6.14)

v, = —Vv;siné + v, cos 6

The problem of evolution between different flavor state in twisting
magnetic field and matter

We are going to solve the following evolution equation:

i d Vé’ ~ f Vé'
l%(ﬁf) = (H+ H}) v ) (6.15)
H = H)y + Hpate, (6.16)

where H,’; — the Hamiltonian of interaction of magnetic moment with external magnetic field
in flavor basis, H,,. — the evolution Hamiltonian in vacuum after transition to the flavor
basis, H,,q:+ — the evolution Hamiltonian in matter that has been introduced in flavor basis.
We use the normal matter composed of electrons, protons and neutrons with equal number of
electrons and protons:

Ne = Ny, Ny (6.17)

We also suppose that there are no electric currents.
Initially in mass basis or physical basis we have the following equation:

;4 P = HyP (6.18)
ldtV = HvP, .
_(E; O
H—(O E2>’ (6.19)
2
m
Eq =mg + |pe|? = Iﬁl2+2|§|+---,a= 1,2 (6.20)

The Hamiltonian can be written in the following form

mi+m3\. Am?,1 o
H=(1pP?+=2=2)-— , 6.21
('p' Tl > Ao 1) (621)
Am? = m35 —m? (6.22)
In case of mixing between two different mass states and flavor states we have
vl = UvP, (6.23)
__(cosB sinf

B (— sinf cos 9) (6.24)

For the evolution of flavor states we can write the following equation:
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d .
i—v/ =UHU*VP, (6.25)
dx
4 — +
H),. = UHU (6.26)

We put x instead of t in (6.25) because for the relativistic neutrinos the evolution in space
equals to evolution in time.

After we introduce matter there are two contributions: neutral current NC and charged
current CC. Neutral current and charged current contributions can be described by the
following diagrams (fig. 6.2, fig. 6.3).

ve n! p; e
ZU
Vi np,e

Fig. 6.2. Neutral current.

e V’é

vk e
Fig. 6.3. Charged current.
We have left-handed electron neutrino vZ that does interact with environment through neutral
and charged currents. We also have right-handed muon neutrino vf that due to the structure
of electro-weak Lagrangian is sterile in case of massless neutrinos. If the mass is very small in
respect to energy it's nearly sterile. So we suppose that muon neutrino is a sterile particle, it
means that none of these contributions NC and CC appears for right-handed muon neutrino.
This is quite a different situation in respect to what we discussed before when we considered
the mixing and oscillations between flavor neutrinos without change of spin orientation. At
that time we considered right-handed muon neutrino as an active particle. Summing it all up
we can write the effective matter potential for left-handed electron neutrino due to neutral

current interaction:

1
NC _
Vv’e“ = _ﬁGan (627)
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Protons and electrons have the opposite charges and their contributions kill each other. The
effective matter potential for left-handed electron neutrino due to charged current interaction:

Vi =V2Gen, (6.28)

The potential for right-handed muon neutrino is zero:
Vg = 0 (6.29)

Let’s write the difference of potentials that is important for oscillation probability
calculations:

AVvlévR

Flne=n,

= V26; (n, - =) (6.30)

If we sum up all that we have discussed above we can write the effective evolution equation
for the considered neutrino state:

3 <vé Ey HeuBe PO (v}
i— = .
dt \vg Ue,Bel®® Eg A

2

( / A 0520 v, B z¢(t)\\|
i m%+m§ X 4, cos + L Heybe vé

= (1P + == ) T+ 2 lt{e) 63D

I 4lpl iB(t) Am | \Y

k UeyBe ——cos 26 J
He, — transition magnetic moment in flavor basis. The only problem we have is the term ¢ =
¢(t). This problem can be formulated unitary transformation from flavor basis to another one
for which the term e~®® will disappear and an additional potential will appear. As soon as
two bases are related by unit transformation the solution for the probability will be the same.
So let’s consider new basis

v, (6.32)
v=Uv, (6.33)

_ e~ i®/2 0
U= ( ; ei¢/2> (6.34)

We will consider evolution in terms of new introduced basis indicated by ’. New evolution
equation looks like

—Ld)/Z 0 ] e_id)/z 0 d |l — 17 e_i¢/2 0 1]
[2( ei¢/2>¢v+( 0 eiwz)EV]‘”( 0 ew/z)” (6.35)

We can introduce the matrices:

+ _ ei‘l’/z 0 )
o= ), (6.36)
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I —e_i¢/2 0
v=(""" ) (6.37)
Let’s multiply (6.35) by matrix U* from the left side:
d N .
iav’ =<U+HU+§U+U'>V', (6.38)
-1 0
+r7’ —
vt =07 o) (6.39)

The function ¢(t) appears in form of derivative ¢. We see an addition to effective
Hamiltonian in (6.38), so the effective energy is changing. To go further we need to calculate

e~ 9/2) \ uBe'® C
_ Aei®/2 /,LBe‘i"’/Z (e-up/z 0 ):( A “e“B)=H| (6.40)
’uBei(p/z Ce_i¢/2 0 eid’/z ,ue”B C ¢=0 )
Finally, we get
Am? AR
d [k _4p cos 260 + ; -3 UeuB \ L
i—( %)= 0 R (6.41)
dt VM Amz Vvé’ ¢ VM
\ UeuB . cos 20 — > +E/
We introduce the o-matrices:
/0 1
=] o) (6:42)
1 0
os=(, _)= (6.43)
d (vg Ar Ve
| — =-— B : 6.44
el = (gt raun) (40
where
Arg= Am? cos 26 — 2p,V,L + 2po¢ (6.45)

So in addition to real potential we a mimic potential due to the effect of rotation in space of
the transversal magnetic field.
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Lecture 7. Spin-flavor mixing and oscillations of neutrino in
constant twisting magnetic field

The evolution equation for neutrinos with non-zero magnetic moment in
constant twisting magnetic field

Last time we have derived the evolution equation for neutrinos with non-zero
magnetic moment u # 0 of two different flavors with different spin orientations in constant
twisting magnetic field

B = |B|e®® (7.1)
We have introduced the magnetic moments of the mass states of neutrinos and
electromagnetic interactions for the mass states. Then we have made the transition to the
flavor state and get the following equation:

. d Vé Argr vé
lE(ﬁf) _ (_4—poo3 + ,ue“Bal) i ) (7.2)
A r= Am? cos 20 — 2p,V,. + 200 P, (7.3)
Am? = m2 —m?, (7.4)

where ., — the transition magnetic moment in flavor basis, V,. — the effective potential of

left-handed electron neutrino. We forget to mention that we also consider interaction with
matter composed of electrons, protons and neutrons. The solution of the equation (7.2) looks
like

L | A
Ve (x) —l[—ﬂ@ﬂt Bal]x
=e | 4po en v(0), 7.5
(4) o o5
where the initial state of neutrino
vE(0)
v(0) = < ° (7.6)
v (0)
We will use the following well-known formula:
e~i@Dd = cos ¢ idd sin ¢ (7.7)
Let’s introduce
2 (Ar\?
0% = B (—) , 7.8
kz( B,O,——) 7.9
It is easy to notice that
k2 =02 (7.10)
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o ALR

ko = pe,Boy, — P (7.11)
Do

The solution of the neutrino evolution equation will be

V() = (”5 (")) _ () (VeL (°)>

VR (x) v (0)
[ (AR . ¢(0)
= [cos Qx — é <4_Po 03 — Iley301) sin Qx] <:§ (0)> (7.12)

The probability of neutrino spin-flavor oscillations

The probability of oscillations between left-handed electron neutrino and right-handed
muon neutrino:

2 i (Apg . 1 2
Pvé—»v{;’(x) = |(v,f|(p;"(x))| = |(0,1) (cos Qx — ﬁ(%% — ,ueMBal) sin Qx) (0)

2 2
B B
= _(ﬂeuz ) sin? Ox = (,ue” ) > sin? Qx, (7.13)
o (heuB)” + (3£)
.ueu 4p0
where
o, = ((1) (1)) (7.14)
g = ((1) _01) (7.15)

We obtained the probability for neutrino spin-flavor oscillations (7.13). This is a new
phenomenon in respect to flavor oscillations. As it was shown very recently in our papers that
it is impossible to consider neutrino spin and flavor oscillations in magnetic field separately.
In presence of magnetic field the amplitudes of oscillations depend on the magnetic moment
and the magnetic field. If there is no magnetic field the mixing between left and right
neutrinos does not exist. But about 20 years ago in our paper | have proposed another new
phenomenon that the spin mixing and oscillations can be generated without any need of non-
zero magnetic moment and the presence of magnetic field. Such mixing and oscillations
between left and right neutrinos can be produced by weak interaction of neutrinos with the
moving matter in case when there is a hon-zero transversal component of matter in respect to
neutrino propagation. | had proposed this idea in my papers in 2004. And then about 10 years
after that other people had used it to study astrophysical neutrino fluxes that were produced
under the influence of extreme astrophysical conditions where dense fluxes of rotating matter
existed.
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Let’s compare the probabilities of flavor oscillations and spin-flavor oscillations. In
case of two flavor and mass states the probability of flavor oscillations:

. ~ . x
Py, (x) = sin? 0 sin? (n m), (7.16)
where 6 — the mixing angle in vacuum, L,, — the length of oscillations in matter. In presence
of matter we should replace 8 with 8 — the effective mixing angle in matter. We can write for
the oscillation length

27 2T
Ly == — = ) (7.17)

E, —E, 2
\/(AZZLOZ ) - (\/_GFne) + (—sm 29)

Where E,, E, — the effective energies accounting for the scattering of neutrinos on particles in
matter. | would like to remind you that we consider the normal matter composed of electrons,
protons and neutrons with equal number of electrons and protons:

Ne = Ny, Ny (7.18)
The probability of spin-flavor oscillations:
PyL R (x) = sin? B sin? Qx, (7.19)
2
B
sin? B = (e P) (7.20)

()’ + (522)

The amplitude of flavor oscillations equals to sin? 8, the amplitude of spin-flavor oscillations
equals to sin? 8. From (7.19) we can derive the probability of spin oscillations (when the
flavor doesn’t change) in magnetic field in matter:

Pir(x) = (7.21)

| would like to mention that in case when the amplitude sin? £ gets its maximum we observe
the resonance effect. It could be achieved when

2
B
(ke )A -=1= (7.22)
2
(.“euB) + (4_;;)
Ap— 0 (7.23)
or
A
UeyB > 4;R (7.24)
0
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The resonance effect for spin-flavor oscillations was first theoretically discovered in 1988 in
two different papers by E. Akhmedov and Lim and Marciano.

I would like to recall the Lagrangian that describes the neutrino magnetic moment
interaction with external magnetic field:

— = v — =L v.,R =R Vv.,R
Lem = UepVeOuy F* vy = UeyVe 0y FFYV,S + ley V) 040 FFV Vg (7.25)

We suppose that electron and muon neutrinos are superpositions of corresponding left-handed
and right-handed neutrinos:

Ve = VE +VE, (7.26)
vy = v+ VS (7.27)

We can write the evolution equations for left-handed electron and muon neutrinos:

[ =——V¢ + U, Bv
dx 4p, © HenBVu
L (7.28)
I qu ALR L R
l——=—Vv, + U, Bv,

Neutrino mixing and oscillations in moving matter

Now we should consider the phenomenon of neutrino mixing and oscillations due to
interaction with the moving matter. So there are neutrino mixing and oscillations v, < vy due
to transversal matter current j,. This is a weak interaction determined by constant Gg. In this
case there is no need in non-zero magnetic moment or magnetic field. Spin and spin-flavor
oscillations can be produced.

L4

—_—

—_—

—_—

matter G
F

Fig. 7.1. Transversal matter current.
At first this phenomenon was predicted in my paper in 2004. The oscillations also can be
produced if matter is at rest but polarized in direction transversal to neutrino propagation.
Another two papers were published in 2001 and 2002 by me and Lobanov where we proposed
a quasi-classical treatment of neutrino spin evolution in the presence of external magnetic
field or matter. We generalized the classical equation of spin evolution in electrodynamics or
Bargmann-Michele-Telegdi equation adding the weak interaction of neutrinos with matter.
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ds 2 IR
— =—|Sx(By+ Hy)|, 7.29
3t = 15 (Bo+ ) (7.29)
Po
=—, (7.30)
m

where § — neutrino spin vector, B, — magnetic field in the rest frame of neutrino that can be
expressed in terms of electromagnetic field in laboratory frame:

i kb
Elxﬁ] , (7.31)

y=— (7.32)

where E — neutrino velocity in laboratory frame. We can see that the longitudinal part of
magnetic field is neglected by y > 1. The matter term in laboratory frame:

M = My, + My, (7.33)
— - No (4 E
M0|| =YB pél) 1-—
1—v? 1
e 1 Bz
@) 33
pe - - N (,3179)
—= _|EfJ1—vZ + &5, —— =2}, (7.34)
1 _ iz e e eve 1 + /—1 — vez

14

where ny — number density of electrons in laboratory frame, v, — speed of electrons, fe -
polarization of matter. For simplicity let’s don not account the polarization effect and neglect
corresponding terms from (7.34). The mixing and oscillations between left-handed and right-
handed neutrino states appear due to neutrino interaction with the transversal moving matter

that can be described by MO Ik

— no N -
My, = —ﬁ{vﬂpgﬂ +6Z.} (7.35)
- Ve

Only the first term in (7.35) is important to us. Where

@ __Gr
e 2\/?#

You shouldn’t be afraid about the appearance of magnetic moment; it will be canceled out in
the following calculations.

(7.36)
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But in our papers we didn’t discovered the effect of mixing and oscillations due to
interaction with the transversal moving matter because we supposed that all was suppressed
by y-factor. The formulas (7.34) and (7.35) haven’t been used in our papers.

The evolution equation in this case will look like
1_

1 — - —

d vk /;|M0||+BO||| Bl+)_,M0L \ vk

la 1/5 =u . 1., 1. . Vlf , (737)
\BJ_ +;Mol _;|M0||+BO|||/

where 1\71’0”,1\_4’0l~ 1/u. We can consider the case when B =0 or u =0 and only moving

matter remains in (7.37). The probability of oscillations between left-handed and right-
handed electron neutrino equals

X
P,k (x) = sin® 20, sin® (7.38)
g eff
We get the usual expression for the probability of neutrino oscillations, where
EZ
Sin? 207 = —— o, (7.39)
Eerp + Dess
- 1 —
Eypr =1 (Bl + ;Mol), (7.40)
_ ,Ll — -
Aeff— ;(MOH + BO||) (7.41)

We can see that when B = 0 or u = 0 there is non-zero probability of neutrino oscillations.

In about 2015 people started to use this phenomenon of neutrino oscillations in the
transversal moving matter. The main point is that v is an active neutrino but v is a sterile
neutrino and it can freely propagate from very hot inner parts of the star.

We obtained the result only for spin oscillations but not for flavor ones. Next time we
will consider quantum approach to this effect where we it is possible consider the change of
flavor.
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Lecture 8. Neutrino spin-flavor oscillations in moving matter

Neutrino mixing and oscillations due to transversal matter current

Let’s continue our discussion of the effect of neutrino mixing and oscillations due to
transversal matter currents. We considered before the phenomenon of spin and spin-flavor
oscillations due to interaction of non-zero magnetic moment of neutrino with transversal
magnetic field. But there are also spin and spin-flavor oscillations that appear due to weak
interaction of neutrinos with the moving matter. This new phenomenon for the first time was
proposed about 20 year ago in our paper. More recently about 5 years ago we made more
complete derivation within the quantum approach. In the previous lecture we considered this
affect using the quasi-classical approach.

For simplicity we consider only two flavor states with different helicities:
Ve = (vg“,ve‘,vﬁ“,v;) (8.1)
We suppose that neutrinos are relativistic, therefore
m, < py (8.2)

Neutrinos move in matter composed of neutrons. We also account for the effect of non-zero
matter current

Ju#0 (8.3)

The transversal component of this current j, 1L p, produces the mixing and oscillations
between different neutrino spin states. The Lagrangian of neutrino interaction looks like

_ 1+y
Lint = _fll Z Ve(x)yy ° Ve (X), (84)
l=e,u
Gp
F=——n(1,v), 8.5)
f 7z ) (
where the number density of neutrons in the laboratory frame
N
n=—s, (8.6)
V1 —v2
the velocity of matter composed of neutrons in the laboratory frame
U = (vy,V,,V3) (8.7)

If we express each flavor state in terms of mass states we can rewrite (8.4) as the sum over
mass states:

1
Line = =f* ) T~ 0,0 (88)

i=1,2
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Flavor states in terms of mass states look like

{vé—“=vfcos@+v;—rsin9 8.9)

+ ot +
Vi = —Vj sin@ + v, cos 6

I would like to recall the expression for the neutrino evolution equation in the flavor basis:

d —

where H, describes the effect of neutrino propagation in non-moving matter, AH,, describes
the neutrino propagation in moving matter. For the first time the value AHj,, was calculated
in our paper in 2016, more complete result was obtained in 2018 by Pustoshny and me.

The addition to the effective Hamiltonian

In more general case the addition to the effective Hamiltonian could be described in
the following way:
A Al LAk
Mgt Do Bep Ay

AHgy = | . (8.11)
R -
N M B A
where
3= ilAHe V), kl=emwss =+ (812)
Gp
AHgy = ——=n(1 + y5)vy, (8.13)
SM 2 ( Ys)UY
VY = v1y1 + V2, + V3Ys (8.14)
We have to introduce neutrino states as the superpositions of the mass states:
uS
s — Eq +mg —— iBak  —
vi=Cyp [———— 0Py s |ePFa=12, (8.15)
2E, \——us
E, + m,
- 1
s=1 _—
us=1t = (0), (8.16)
- 0
s=-1 _
ut = () (8.17)
I would like to recall that we use the standard representation of y —matrices:
(0 -1
rs=(2 o) (8.18)
/1 0
ro=(, _1) (8.19)
_ 0 —0g
ve=(n, o) (8.20)
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o, — Pauli-matrices. To evaluate for instance the term (vi|AHg,|vi) we first have to
decompose the flavor states in terms of the mass states. So we should calculate the following
term:

(VS |AHgy [V )~ @371 + y5)vS ) = (v Hyo(1 + y5)B7vS )

=—v;" (0—301—5 506) (1+ys) =v§" (gg gg) 1/25’, (8.21)

where
(;g ;g) B (5017 505) * (305 505) =4+B (8.22)

Firstly

u
E2+m2 2
55 o5 u
= u5+0‘2f5ﬂus+ O—_>—>2 (823)
1 "B, +m, 1 b2 u%l :
E2+m2

We should distribute the velocity vector between longitudinal and transversal components in
respect to neutrino propagation:

17 = l_7>|| + 1_7>J_ (824‘)
We will use the frame shown on fig. 7.1 where @, // Zand B, I/ k.
. P1 D2
””T i

J
k
Fig. 7.1. Frame.
Continuing our calculations we shall use the well-known expression:
(¢d)(éb) = (ab) + ig[ab] = (8.25)
(6p1) (@) (ap,) = {(B1V) + ic[p,v]}(ap,)
= (p1v)(Gp,) + i{([ﬁlﬁ]ﬁz) - [[ﬁlﬁ]ﬁZ]&}i (8.26)
where
([p,71p2) = 0, (8.27)
B19)(6P2) = (p1vi) (03p2) = P1D2V)03, (8.28)
—[[ﬁ1ﬁ]ﬁ2]5 = 5[232 [23173]] = 5[ﬁ2[ﬁ1'ﬁll + ﬁJ_]] = 5[ﬁ2 [ﬁl'ﬁﬂ]
= 5{ﬁ1 (ﬁZﬁJ_) - ﬁJ_(ﬁZﬁl)} = _0_-)J_1_7)J_(ﬁ2ﬁ1)' (8.29)
p1(P2VL) =0, (8.30)
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O_-)J_ﬁl = 0-1171 + 0-2172 == 0-1171 (831)

Finally we get
(6p1) (V) (0P2) = P1P2VI03 — P1P2V104 (8.32)

Let’s put (8.32) in (8.23):
0p10V0P; o
(E1 + my)(E; +my) 2
P1P2V) 103 — P1P2V1 o }usl
(Ey + my)(E; +my) e
P1Db2 ] pP1D2 ]) s
u; (8.33)
(Ey + my)(E; +my) (Ey + my)(E; +my) 2
I would like to recall the general term that was in the expression for the exact solution for the

mass states in vacuum:

+ ' +
A ui"ovus +uj

+ ! +
= uf* (o + s +ui* |

= ui+ (0-317” [1 + + o114 [1 -

E; +my)(E, +m
{1 + pP1P2 } (E; 1) (E; 2) (8.34)
(Ey + my)(E; + my) 4E,E,
We should express everything in terms of
E
=—>1, 8.35
V1 m, ( )
E,
=—>1, 8.36
V2 m, ( )
1
viz =502 )y > 1= (8:37)
(E, +m)(E, +my) 1
=1 ob, 8.38
\/ 4E,E, _>2( +Y12) ( )
_Pa__ ~1—y; +o0(y;?) (8.39)
E,+m, * *
Finally, for A term we get
A: uf+(0'3v” + 01771)’1_21)713, (8.40)
Secondly, we should calculate B term:
op 0 & u§'
B: S+’—1 S+ ov - > , — . —
<u1 By +my (35 %) _ P2
E, + m,
1/1 1 /
st : s
“(=——-— 8.41
u (UII t oV, > (Vz )/1>> u; ( )
If we put together A and B terms we will get the final result:
o 1 /11 C o
u; {(1 —0a3)v+—o v, +i (— - —) azvl}ug e'PaX (8.42)
V12 Y2 "N

Now we can write

50



https://vk.com/teachinmsu

®U3UKA HEUTPUHO. YACTH 1

KOHCMEKT NOArOTOBEH CTYAEHTAMMW, HE NPOXOAUN
MPO® PEAAKTYPY U MOXET COAEPKATb OLLUNBKU

CTYOEHWUKWH AJTEKCAHAP NUBAHOBUY CNEAMTE 3A OBHOBJIEHUAMM HA VK.COM/TEACHINMSU
G my T -1 =1 ! !
Zsalz mﬁ{ué [(1 - 0'3)17” + (yaaral + lyaa,)vl]uir} 6:: , (84‘3)
where

7 —1( —yh) (8.44)

)/aa’ - ) Ya ya’ ) .
= (i) (8.45)

)/aa’ - 2 Ya ya’ .

We recall the expression for Pauli-matrices:

o = ((1’ (1)) (8.46)
o, = i((l) _01), (8.47)
5=y ) (8.48)

Therefore

r Gp ng r[0 0 0 vt N ca!
Ss __ S S a
Aaal— _Zﬁ—m {ua l(o 2) v, + y;,l 0 ViU, 50{ (849)
This expression allows us to reconstruct all the elements of the addition to the effective
evolution Hamiltonian for the flavor neutrinos due to matter motion.

0 -1
By the way, we see that only term ( _1 Va >vl in (8.49) determines the transition

Y./ 0

a
between neutrinos with opposite spin orientations s # s'.
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Lecture 9. Neutrino spin-flavor oscillations in moving matter and
constant magnetic field

The addition to the effective Hamiltonian due to moving matter

We continue considering the effect of spin and spin-flavor oscillations that appear due
to weak interaction of neutrinos with the transversally moving matter. Last time we have
derived the general expression for the contribution to the effective neutrino evolution
Hamiltonian due to this effect. | would like to recall the neutrino evolution equation in the

moving matter and external magnetic field B= §” +B . We consider two different flavor
states and two spin states:

T
ve = (V& ve, v vn) (9.1)
The evolution equation looks like
d + f f
LV = (Hpe + H + Hmatt)vf, (9.2)

where HJ,. describes neutrino evolution in vacuum, H,_{: accounts for the interaction of

neutrino magnetic moment with external magnetic field in flavor basis, H,’:latt accounts for

1. matter at rest
2. longitudinal matter current component in respect to neutrino propagation — j,
3. transversal matter current — j,

This matter term can be calculated in flavor basis as

Hhaee = UH,UY, (9.3)
where v — the speed of matter. The term H,, has been calculated in mass basis:
Hv = Hmatter + AHSM; (9-4)
at rest

where AHg,, — the contribution due to the moving matter:
MG AL AE AL
Azl Az Aop Ay

AHgy =
SO Pr ity /'

: (9.5)
N B Ml B

r Gp My 00 0 ¥t AP
A;;/: mﬁ{ua’r [(0 2) ) + ’y_,l 66 v, u;; 6g , (96)
a

where s,s" = +; a,a’ = 1,2. We supposed that matter is composed of neutrons. The term

—)
No

accounts for the Lorentz transformation from the laboratory frame to the frame related

1-v2
to matter at rest. The expression (9.6) shows that weak interaction of neutrino with
transversally moving of matter generates the transitions between different spin states. This
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phenomenon for the first time was proposed in my paper in 2004 on the basis of quasi-
classical approach to neutrino spin evolution using the Bargmann-Michele-Telegdi equation
generalized for the case when matter is present. In 2018 | and my student Pustoshny have
presented the quantum calculations for this effect.

The probability of spin and spin-flavor oscillations in moving matter and
constant magnetic field
Let’s calculate the probability of spin and spin-flavor oscillations in moving matter
7 =7J, +J, and constant magnetic field B = B, + B,.
1) Firstly, we need to make the transition to flavor basis:
v = Uy, 9.7)

where f = e,p and a = 1,2. The mixing matrix is determined by mixing angle:

__(cos@ sin@
U= (— sinf cos 0) ©.8)
For the case of 4 neutrino spices: 2 flavor and 2 mass states we have
cos @ 0 sin 6 0
_ 0 cos @ 0 sin 6
U=|\_ sin 0 cos @ 0 (9.9)
0 —sinf 0 cos @
The evolution equation in flavor basis:
. de
lﬁ= Hfo, (910)
H/ = UHUT, (9.11)

where H/ — the Hamiltonian in flavor basis, H — the Hamiltonian in mass basis. We can use
the similarity between the transitions of Hamiltonians that describe the electromagnetic
interaction with magnetic field and weak interaction with moving matter. We should compare
two Hamiltonians. The Hamiltonian that describes the electromagnetic interaction in mass
basis:

Hp = —lyq' Uyt 5BVg + h.c., (9.12)
= o; 0
5 = ( ’ Ui) (9.13)
The Hamiltonian that describes the weak interaction with moving matter in mass basis:
H, = Genv 1 Uyvy, (9.14)
. Gp
=—, 9.15
N
n=-——, (9.16)
V1 -2

ny — invariant number density of neutrons. We know how the Hamiltonian (9.12) will be
transformed by (9.11), we can apply the same transition to (9.14). | would like to repeat
previous calculations for the magnetic moment interaction Hamiltonian:
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, (9.17)

: -()
—(Z) B B By u.,B
<y>ee Il HeeD y o I ep=L
u u
= Uy B (—) B
H£ _ UHBU+ _ ,LleeBJ_ (y)ee B|| eu=1L Y e 1]
), n s Q) n
Ven (‘) B Y (—) By
/’leuBJ_ 14 eu l’lyyBl 14 uu
where p, u,, — effective magnetic moments in flavor basis, u,, — transition magnetic

moment in flavor basis:
Uee = U171 COS% O + Uy, sin? @ + uy, sin 20,

,Ll## = U1 Sinz 0+ Hoo COSZ 0 — H12 sin 20,

1
Kep = M1z €OS 26 + 5 (a2 — q1) sin 26,

(E> = &cosz 0 + @sinz 0 + 'uﬁsin 20,
Ve V11 V22 V12
(E> = &sinz 0 + @cosz 6 — &sin 20,
Vi Y1 Y22 Y12
1
(E> = &cos 20 + —(@ — &) sin 26,
V/e V12 2\y22 Y11
u
Y1 = m1»
E,
Y2 = mz'

1
Yiz =§(Vz‘1+)/z‘1)

(9.18)
(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)
(9.25)

(9.26)

We see that the term (9.23) relates to different flavor states, it is not zero if the transition
magnetic moment in mass basis is not zero u,, # 0 or the magnetic moments for the mass

states do not equal to each other uy; # Uy,.

Now let’s transform the Hamiltonian (9.14) that describes the weak interaction with

the moving matter:
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Ui
Y ee Y eu
(") 2170 (1 = 1) (ﬁ) v, 7
~ — v -7V 1
HY = UH,U* = Gen| \y) 7 et T Ve & 7% |, 927)

i

(g)o v, G) . (Q)O . () »

eu New Y pu Nuu (1 — 1)
where
Nee = /’leellin:lizz:l, =1, (9.28)
H12=0
Nup = /’luullin:lizz:l; =1, (9.29)
H12=0
Ney = :ueulli11=lrl22=1, =0, (9.30)
H12=0
cos?0 sin?6
&) =() SR (9.31)
Y/ ee V7 eelt11=022=1, V1 Y2
“12=0
sin?@ cos?6
(ﬂ> = (E> = + : (9.32)
y uu y uu u11=ﬂ22=1, )/1 )/2
U12=0
(Q) _ (E> _ sin 260 (9.33)
14 eu 14 eulh11=H22=1, V12
U12=0

The terms 21, (1 — v) and 1, (1 — v,;) correspond to matter at rest.

Particular case of spin oscillations

Let’s consider the particular case of neutrino spin oscillations (without change of
flavor) due to interaction with transversal magnetic field B, and weak interaction with
transversally moving matter j, :

v « (BL,ju) - & (9.34)
From the general expression we can write
l’t ~ >3 77 ~

oo (C) Bitnebn(i-96)  wuBi+ (D) Gewr \

. d Ve y ee y ee Ve
l& VR = n B U ~ Lo VR (935)

e peeBi+ (1) Genve = (L) Bu—neeen(1 - 5) | Ve

y ee y ee
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| would like to notice that | added the unix matrix multiplied by the constant value to the
general expression to make it more symmetric. | also changed the definition of left and right-
handed neutrinos because before we had

Vp = (v;“,ve‘,v;,vlj)T (9.36)
The term neeCFn(l - ﬁﬁ) describes the matter at rest. We can see in (9.35) that even if we

switch off the magnetic field there still will be mixing and oscillations between left and right-
handed neutrinos due to weak interaction with transversal matter current. But this term

)

component (5) By, is suppressed. The longitudinal component of matter current is not

ee

Gpnv, is suppressed by the big value of y. In the case of magnetic field the longitudinal
e

e

suppressed but it is still very small because |ﬁﬁ| is close to 1.
The probability of neutrino spin oscillations equals

E? X

I sin? (9.37)
EZ. + A

erf + Begy

PVé‘—)V§ (x) = L ffl
e

/[

Lo = ———, (9.38)
2 2
,/Eeff + Aery
=g n ~ -
Eeff = ,LleeBJ_ + (_> GanJ_ ) (939)
y ee
,u— - ~ _)—) -
Deyr= (‘) By + UeeGFn(l - V,B),B‘ (9.40)
y ee
The resonance effect appears when the amplitude of oscillations is
Eery
- =1, (9.41)
Egpp + Degs
therefore, when A, is very small so
EZer > AZss (9.42)
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Lecture 10. The probability of neutrino spin oscillations

Spin oscillations

We continue our discussion of the neutrino mixing and oscillations due to transversal
matter currents. Last time we have derived the evolution Hamiltonian for 2 neutrino mass
states, 2 neutrino flavor states and 2 spin states, so

[
)

We have derived the complete evolution Hamiltonian in case of constant magnetic field B =

B, + B, and moving matter composed of neutrons J,, = J;; + /... In particular we considered
the evolution of left and right electron neutrinos:
L
v= (V‘;) (10.2)
Ve
We used the following notation for the neutrino spin oscillations (without change of flavor)
due to interaction with transversal magnetic field B, and weak interaction with transversally
moving matter j; :

(10.1)

L (Bj) - vE (10.3)

In our paper in 2018 | and my student Pustoshny also considered the transitions between
different flavor states or spin-flavor oscillations:

¢« (BLji) » v (10.4)

We also included the effects of longitudinal motion of matter and longitudinal magnetic
field. In the previous lecture we obtained the evolution equation for the case (10.3):

l’t ~ > r’ ~
oo () BiAneGn(1-38) B+ (D) G\
. d Ve y ee y ee Ve
la R = n _ u ~ . R ,(10.6)
e peeBu+ (1) Gewve  =(5) Bi—neeGen(1-36) |
y ee y ee
where pi,, u,, — effective magnetic moments and p,, — transition magnetic moment in
flavor basis,
Uee = Up1 COS% B + Uy, sin? 6 + uy, sin 26, (10.7)
Nee = 1, (10.8)
cos?@ sin?4@
) = L2 2 (10.9)
Y/ ce V1 Y2
E;
;= 10.10
vi=o ( )
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The probability of spin oscillations

We would like to know when the transition v. < vE becomes important. The
probability of neutrino spin oscillations can be calculated in the same way as the probability
of neutrino flavor oscillations in magnetic field:

Ecrr X

P r(x)= sin? , (10.11)

vemve Edrr + A% Legy

— T] - R
Eepp = |teeBL + (;) Gpnv, |, (10.12)
ee
l’l = ~ 52\ 2
Aepp= (;) By + NeeGrn(1 — Vﬁ)ﬁ‘ (10.13)
ee

The transition vt < vk becomes important or the resonance effect appears when the
amplitude of oscillations is at maximum:

_Bey 1 (10.14)
Egrr + Mgy
therefore, when A, .r— 0 or at least
Eorp > Dogy (10.15)

It means that the amplitude of oscillations equals to 1/2 or exceeds this value.

Firstly, let’s simplify the task and consider the case when magnetic field contribution
is negligible. So now we are particularly interested in the effect of interaction with the moving
matter. Therefore

Eopp = |(2> Gpnv, |, (10.16)
y ee
Aeff: |neeGFn(1 - ﬁﬁ)[ﬂ (10.17)
The oscillation length in (10.11) equals to
T T
Legr = = ) o, (10.18)
2 2 = nv
JEerr t 8 ), F
. Gp
Gp =——= 10.19
From (10.15) it follows that
() 5.2 (-) (10.20)
y ee
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For relativistic neutrinos § = 1. Let’s suppose that the mass difference is much less than the
absolute values:

Am =m, —m; K my,m, (10.21)
Therefore
1 1 1
_____ = (10.22)
W VY1 V2

= + ~— (10.23)

<n> _cos?H sin’6 1
Y/ ee 41 Y2 W

From (10.23) and (10.20) we get the resonance condition:

v >
= >(1-98) (10.24)
W
Assoonasv, <1
1
L& <—> (10.25)
W W
1 -
1»—>(1-98) > (10.26)
v
(1-8f)«1= (10.27)
cos Hﬁﬁ >0> (10.28)
(1-388) > (1 —vp) (10.29)
Therefore, the resonance condition looks like
1
—=>(1-vp), (10.30)
Vv

where Vi < land (1—-vB) = (1—v,), it means that

yi~1,v, LKy (10.31)
This result is not very good because as you remember
Leff~i (10.32)
vy
(In the presence of magnetic field we had Leff~é.) It means that the dimension of space

where this effect can appear is too big. Never the less, let’s continue and introduce the
y —factor for the matter particles:
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1

Yn = A=z (10.33)

where v = v, — the speed of neutrons:

v= 1-—=1-—"14...> (10.34)
i 2v4
11
111 10.
i 2%/24. (10.35)

Then
1-vp)=|1 (1 1. )(1 1. ) 1(1+1) 11 1036)
-V — j— R — oo _——— cee ~ —| — JE— ~ —— .

2v% 2vs 2\rg W/, s, 2V

We consider that neutrinos are more relativistic than neutrons in matter. The resonance

.. .. JL
condition for the transition vt & vX:

1 11
—>-—= (10.37)
YW 2Vi

1
Yn > R4 (10.38)

When (10.38) is valid the amplitude of oscillations between left and right neutrinos produced
by weak interaction with transversal matter current exceeds one half.

Now let’s consider the case when the masses equal to

my, m,~0.1 eV (10.39)
and the energy of neutrino is
ps~10 MeV (10.40)
The condition (10.38) is valid:
Yo 2 ¥/ 2~3- 103 (10.41)

The effective oscillation length in this case:

= m = TVn — e =
Legy = (¥) Gpnﬁl = (g) GFn = (10.42)

ee ee

where
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2
<Q> ~—, (10.43)
V/iee W
~ 107°
— 33 -3
GFn0|n0~1033 M3 10° cm (1 GeV)2|Q m)"1=2-10"5 eV
1€V=WCM
1 4
=1033-10"°-8-10"(eV)}——5=8-10"5eV = —, 10.44
(V) 1018(eV)? ¢ cM ( )

¢ =k = 1. Returning to (10.42) we get that L,s~50 km for n~103” and y,,~3 - 103. So, in
order to have a sufficient amplitude of oscillations you need a huge density of transversal
matter current, extremely relativistic neutrinos and a big scale where this effect should
proceed.
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Lecture 11. Introduction to neutrino electromagnetic properties

Articles

Firstly 1 would like to advertise my paper published together with my friend and
collaborator Carlo Giunti from University of Torino in Italy. The title of this paper is
“Neutrino electromagnetic interactions: A window to new physics”. It was published in
Reviews of Modern Physics in 2015. This paper collects mostly all important information
about neutrino electromagnetic properties and neutrino electromagnetic interactions. Up to
now about half a thousand citations of this paper could be found. Its ambitious title came from
my early paper published in 2009 “Neutrino magnetic moment: a window to new physics”. If
you are interested in more detailed discussion on different aspects of neutrino electromagnetic
properties | advise you to read this paper. When we’ve finished the paper the number of pages
was far above the accepted limit and the editors suggested us to have a regular paper and
some supplemental materials that also would be interesting for students because it contains
many technical details and calculations.

There was another paper “Electromagnetic Properties of Neutrino” published in 2012
by Broggini, Giunti and me. It also devoted to neutrino electromagnetic properties and it’s
available on the Internet.

Also | would like to advertise very important fundamental textbook of a famous
German scientist Georg G. Raffelt. The title of this book is “Stars as Laboratories for
Fundamental Physics”. Indeed, when we discuss neutrino electromagnetic properties we
always think about the possibility to observe the manifestation of non-trivial neutrino
electromagnetic properties in astrophysics.

Historical introduction

I would like to recall some historical issues related to the appearance of neutrino that
we have already discussed. Pauli proposed the existence of neutrino in 1930. He called this
particle “neutron”. Three years later in 1933 E. Fermi used this idea of existence of neutrino
and developed a new model of connection between different particles that we now call the
theory of weak interactions. He renamed Pauli’s neutron to neutrino. Pauli also supposed that
neutrino probably had non-trivial electromagnetic properties and magnetic moment of
neutrino could be not zero w, # 0.

There is the famous statement of Pauli: “Today I did something a physicist should
never do. I predicted something which will never be observed experimentally...” For at least
three decades my group has been studying neutrino electromagnetic properties, sometimes our
colleagues saying to us that we are studying something that is nearly invisible or the effects
that are very hard to observe and | always address them to this Pauli’s statement. Although all
the properties of this particle are very hard to observe neutrino plays a crucial role in the
structure of the universe.
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Another Nobel Prize winner H. Bethe with his co-author R. Peierls in the very
ambitious paper “The neutrino” published in 1934 in Nature stated: “There is no practically
possible way of observing the neutrino.” Indeed neutrino always brings us puzzles. We know
that the mass of neutrino is not zero m, # 0 but what is the absolute value?

Neutrino puzzles

It is wvery interesting to investigate astrophysical applications of neutrino
electromagnetic properties because, indeed, neutrino manifests itself very clearly under the
influence of extreme external conditions that can be found in astrophysics where very strong
external electromagnetic fields or very dense background matter are present.

To say the truth electromagnetic properties are really a puzzle. In spite of great efforts
the results of terrestrial laboratory experiments as well as data from astrophysical and
cosmology observations are in perfect agreement with the hypothesis of zero neutrino
electromagnetic properties. However we know from the discovery of neutrino oscillations that
neutrino mass is not zero inevitably it means that neutrino magnetic moment should be non-
zero. The Dirac neutrino magnetic moment equals

ub = 3;552 ~ 3.2 %1071 (;’:V) g (11.1)
This is a result of the one loop calculation in the easiest generalization of the Standard Model
when the effect of neutrino mass is included. If we scale the mass of neutrino m; on the value
of 1 eV then

pP~3.2 x 107, (11.2)
From KATRIN experiment we know that the upper bound on the neutrino mass is 0,8 eV/.
This result was obtained in calculations performed by K. Fujikawa and R. Shrock in 1980. I
would like to inform you that the value (11.2) is many orders of magnitude smaller than the
existing bounds on magnetic moment from the present experimental investigations. GEMMA
experiment obtained in 2012 gives us the following upper bound for the magnetic moment of
neutrino:
y~10" g (11.3)
A little bit more strong constraint on neutrino magnetic moment comes from astrophysics
from the studies of solar or supernova neutrino fluxes:
w,~10711 = 10712y, (11.4)
There are some generalizations of the Standard Model that do not forbid that neutrino is a
millicharged particle. This value is also constrained and the most severe bound of the neutrino
millicharge comes from neutrality of the hydrogen atom:
q, <3x107%le (11.5)
Astrophysical constraints are much weaker.
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Neutrino electromagnetic properties theory

Pic. 11.1.

The neutrino electromagnetic interactions are described by the so-called
electromagnetic vertex function A, (q, ). The diagram on pic. 11.1 shows us some interaction
that connects initial and final neutrino states with the real photon. The matrix element of
electromagnetic current is connected with electromagnetic vertex function:

(WEOE" () = 7P (g, Dulp) (11.6)
From some general prescriptions we can investigate the structure of this electromagnetic
vertex function of neutrinos. In particular if we impose constraints from Lorentz covariance
and electromagnetic gauge invariance we can obtain the exact expression of the
electromagnetic vertex function which should be constructed using several matrices:
I, Yss Yu VsV Oy, SEVEral tensors: g,.,, €4, and also two independent vectors g, and [,
Ay = Py — P (11.7)
L, =pu + D4 (11.8)
We can write three sets of operators from which we can construct the vertex function in
general form:
o 10, 1L, Y540 Vsl €4, 40 Vs V599 Ystaw 0apq® 1P qu, (q, < 1)
i y/u Vs)/;u%qu' O-/Lvlv
i E/Lvayo-aﬁqv' E/Lvayo-aﬁ lv' Euvayo-vﬁ qﬁ’qaly: Euvoyo-vﬁ lﬂqaly: Epwayyvqalyi' Euvayyvqalyys
Using Gordon-like identities we get
M@, D = £1(q®)q, + £2(a*)quys + f3(aDy,

+2@vuys + s 0,q" + f6(a*)€uvpy a7 4", (11.9)
where the only dependence on g2 remains because
p* =p?=m? (11.10)
12 = 4m? — ¢? (11.11)
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H 1 L Nz
u(pr)y u(p2) = T”(pl)[l + 0" q,Ju(p2)
- ! 1 - l . w
u(p1)y' su(p2) = mu(pl)hsq’ + iv50" 1, Ju(pa)
u(pr)ic™lu(p2) = —u(p1)g"u(p2)
a(p1)ic™ gu(pz) = a(p1)2my"1"|u(p2)
u(p1)ic" vsqu(pz) = —u(pi)l"vsu(p2)
l_l(p1)[€”/”/1;,/d(]/:]u]“(pz> — rl(pl){-i[(]“ /_[n q/]+i(q2_4,”2)7()_+_
2im(1* + “)}'11(p>)
u(p1) [ gl Ju(p2) = al(p){ilg® -1 dlvs +id*v5Y"
21111(1”-%—(1”) 5 bu(p2)
’[
ﬁ(p1)[f”””“jq”[f,,p,;—,]u‘(pz) = m“(P 1)[e" “’1(1(‘]4(7,/,,(1/)]ll(pz)
l_l(pl )[5111}”;3(1(1l.’fo-u/)[/)] u (p.)) = 0

Pic. 11.2. Gordon-like identities.
We forgot to mention that there is a requirement of current conservation in terms of
electromagnetic gauge invariance:
9, j* =0 (11.12)
Accounting for (11.12) we come to two relations between terms of the previous expression
for the vertex function (11.9):

f1(@®)a* + f,(@*)q*ys + 2mf,(g*)ys = 0 = (11.13)
fi(@®) =0, (11.14)
(@) a*ys + 2mf,(q*)ys = 0 (11.15)

Finally we come to very indeed modern independent expression form of the electromagnetic
vertex function of neutrinos that is composed of four from factors:

N(@, D = fo (@ + fu(@Dion,q”
+fz (490, a"vs + (@) (@*Vu — 4./ 25 (11.16)
where f, — charge from factor, f,, — magnetic from factor, f; — dipole electric from factor
and f, — anapole from factor.
If we go further and also account for the hermiticity and discrete symmetries of
electromagnetic current J* we will obtain additional constraints on the form factors. On this
stage we observe that Dirac and Majorana neutrinos exhibit quite different electromagnetic

properties.
Dirac neutrino:

1) CP invariance + Hermiticity = fz = 0
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2) at zero momentum transfer only electric charge f,(0) and magnetic moment f,(0)
contribute to Hy,,~J ;M A*
3) Hermiticity itself = three form factors are real: Imf, = Imfy = Imf, = 0
Majorana neutrino:
1) CPTinvariance = fo = fyy = ff =0

We can say that the studies of neutrino electromagnetic properties provide a way for
distinguishing the nature of neutrinos: whether neutrino is Dirac or Majorana particle. It is
important to mention that as early as in 1939 Pauli stated that for Majorana neutrinos if CPT
invariance is valid the three from factors should be zero:
fo=m=/=0 (11.17)
If we talk about some general theoretical framework it may happen that the matrix
element of electromagnetic current J* is considered between different initial y;(p) and final
Y;(p") neutrino mass states:

(0 @OV 1)) = ;"IN (g, Dui(p) (11.18)
In this case
M@ = (fo (@D + f2(aDi) (%Y — 9u/q)
+(@?ijiognq” + f:(a?) 0,00 Vs, (11.19)
where the form factors are matrices in neutrino mass eigenstates space. There are diagonal
and off-diagonal form factors. Dirac and Majorana neutrinos again exhibit quite different
electromagnetic properties. For instance, the diagonal magnetic moments of Majorana
neutrinos should be zero however Majorana neutrinos can have non-diagonal magnetic
moments when due to electromagnetic interaction the different mass states of neutrino are
coupled to each other. Once again the studies of neutrino electromagnetic properties provide a
tool for distinguishing the nature of neutrinos. If diagonal magnetic moment is not zero u, #
0 then it is Dirac particle; if non-diagonal or transitional magnetic moment is not zero p, # 0
then it is Majorana particle.

We have discussed electromagnetic properties in case of real neutrino which is a
massive particle but we also can describe electromagnetic properties in case of massless
neutrino m, = 0. For massless left-handed neutrino

u(p )\ (@up) = fp(g®)u)y, (1 +ys)ulp) (11.20)
It’s easy to show that in this case only two form factors describe neutrino electromagnetic
interactions. The electric charge form factor f;, and the anapole form factor f, are related to
each other and to the so-called Dirac form factor:

fo(@®) = fp(q?), (11.21)
fa@® = fr(q®)/q? (11.22)

In gauge model the form factors at zero momentum transfer when g2 = 0 are elements
of the scatting matrix. In any consistent theoretical model these form factors provide
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determine static properties of neutrino that should be measured in direct interaction with
external electromagnetic fields. This is realized for three of four form factors f,(q?), fi (q*)
and fz(g?) in minimally extended Standard Model.

In non-Abellan gauge models the from factors at g = 0 can be not invariant under
gauge transformation because in general off-shell photon propagator is gauge dependent (pic.
11.3).

A/t((l)

Pic. 11.3.
In this case the form factors in matrix element cannot be directly measured in experiment with
interaction of neutrino with external electromagnetic field. We should consider the processes
of higher order to reach the accessibility of electromagnetic characteristics for experimental
observation.
| would like to say that magnetic moment u, = f;,(0) is the most well studied and
theoretically understood among neutrino electromagnetic properties.

Studenikin-Dvornikov research

I and my student M. Dvornikov have performed the most general study of the massive
neutrino electromagnetic vertex function (including electric and magnetic form factors) in
arbitrary R; gauge in the context of the SM + SU(2)-singlet v also accounting for the masses
of all particles in the polarization loops. There are there are two our papers: «Electric charge
and magnetic moment of massive neutrino» published in Phys. Rer. D. in 2004 and
«Electromagnetic form factors of a massive neutrino» published in JETP in 2004. We’ve
calculated all one loop contributions to the diagram on pic. 11.4:

N(@) = fo(@®yu + fu(a®iong” -
~f2(@®)ionq*vs — f2@®(a*V, — 4/ a)vs (11.23)
As I’ve mentioned we used the Rz-gauge and studied the dependence of form factors on q* #
0. The list of diagrams that have been calculated by us is shown on pic. 11.5 and 11.6.
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Pic. 11.5. Proper vertices.
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Pic. 11.6. y — Z self-energy diagrams.

Finally we obtained the exact expressions for four form factors and we also have proven that
in the easiest generalization of the Standard Model the electric charge is exactly equal to zero
fo(0) = 0 and gauge-independent. We also investigated the behavior of magnetic moment
f1(0) and have found that it's finite and also gauge-independent.

These studies enable us to investigate the dependence of neutrino magnetic moment on
the mass of neutrino. We obtain the expression for neutrino magnetic moment u(a, b, a) =
fu(g? = 0) as a function of two mass parameters:

m 2
a= (M:V) , (11.24)
b= (%)2 (11.25)
ula,b,a) = ium (a,b, ) (11.26)

We also investigate the dependence of neutrino magnetic moment on the gauge-fixing
parameter @ = 1/&. The results of our calculations presented on pic. 11.7. The vertical Y-axis
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indicates the value of magnetic moment and the X-axis indicates the g2 value. We have three
lines for three different gauge-fixing parameters a. For example, « = 1 corresponds to the
Hooft-Feynman gauge.

\) magnetic 1.5000-

moment & =100

d— =] (‘t Hooft-Feynman)

3eb6
}(e =8;$F' m% 1.4998'

1.4995

1.4994;

1.4992 : - =
0 1 2 K) 4 5

Pic. 11.7. The dependence of neutrino magnetic moment u, on g2.
We see that when g2 tends to zero the magnetic moment calculated with three different values
of a tends to one unique gauge-independent value.
These studies enable us to get an exact expression for magnetic moment for different
ordering of neutrino masses:
e light neutrino m, <K m, < My,
eGr 3
= a2 a1 = a)?
e intermediate neutrino m, <K m, < My,

(2—-7a+6a*>—-2a*lna — a3 (11.27)

3eGr 5
e heavy neutrino m, K My, K m,
eGp
Hy = mmv (1129)

The next step should be including the mixing between different neutrinos. The results of
calculations for transition neutrino magnetic and electric dipole moments:

: 3eGrm; m;\ /m,\2 m;\2
S S (i
€ij 32V2mn2 my) \My,/ 2 m;

l=e,u,t
=4 a0m, (M) 3 () oy
=4-10 _— —) U,;U;; 11.31
l=e,u,t

We can see that these values are very strongly constrained due to so-called GIM cancellation
mechanism according to which
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f, —3+3(m’)2< 1 (11.32)
St —|—) .
i 2 4\M,,

This is by the way the reason why neutrino radioactive decay is very slow. The diagonal
magnetic moment for Dirac neutrino:

3eGpm; 1 5 o ( T
bi=g | 173 Z U2 | = 3.2+ 10 (1ev)”‘5” (11.33)

l=e,u,t

= (1\%)2 (11.34)

Other studies

Theorists try to construct a model where magnetic moment of neutrino will get much
bigger value than predicted in the easiest generalization of the Standard Model and still
acceptable mass. P. Vogel in 2006 stated that there is some new physics beyond the Standard
Model that is characterized by some energy scale A and it provides an additional contribution
to neutrino magnetic moment

eG
Uy~ o (11.35)
where G — combination of some constants and loop factors. However we shouldn't forget that
the mass of neutrino will also be shifted:

m,~GA\ (11.36)
Combining these two contributions we can obtain that
/\2 .u'V an 2
m,~-——~ [A(TeV)]? eV (11.37)

2me g 1078pug
If we measure A in TeV range then any excess in neutrino magnetic moment contribution u,,
larger than 108y, provided by the easiest generalization of the Standard Model gives an
unacceptable big contribution to the mass of neutrino m,. Now we know that the mass of
neutrino is constrained by KATRIN experiment on the level of ~1eV. The final conclusion
from this discussion is that it’s very hard to construct a theory which would provide a large
neutrino magnetic moment u, (much bigger than in the easiest generalization of the Standard
Model) and at the same time remain an acceptable value of neutrino mass m,,.

Pic. 11.8. Left-right symmetric model’s diagrams.
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There are several theoretical approaches by Kim (1976); Marciano, Sanda (1977);
Beg, Marciano, Ruderman (1978) considering neutrino magnetic moment in so-called left-
right symmetric models in which additional bosons are introduced (in respect to the Standard
Model bosons). In such theoretical models it is possible that contribution to neutrino magnetic
moment is not exactly proportional to the mass of neutrino m,, , it has an additional term that
is proportional to the mass of charged lepton m;:

eGp mé, 3 mZ,
= 1——=|sin2& +— 1+ —- 11.38

There are some theoretical models beyond the Standard Model that can lift neutrino
magnetic moment to the level of present experimental constraints from both terrestrial
laboratories and astrophysical and cosmology observations.

Electric charge of neutrino

You will probably be very much surprised but it is not completely excluded that the
electric charge of neutrino is not zero. In the easiest generalization of the Standard Model the
electrical neutrality of neutrino is attributed to the gauge invariance and the anomaly
cancellation constraints. There are some models beyond the Standard Model where it is
possible to overcome these constraints and consider neutrino as charged particle. However we
know from experimental limits that the charge is quantized. Therefore these millicharged
neutrinos should be very tiny.

Charge radius of neutrino

There is another very important electromagnetic characteristic of neutrino that indeed
is not zero even in the Standard Model. Even if the electric charge of neutrino is vanishing,
the electric form factor f, (g?) can still contain nontrivial information about neutrino static
properties. A neutral particle can be characterized by a superposition of two charge
distributions of opposite signs so that the particle’s form factor f,(g*) can be non zero for
q? # 0. In the case of an electrically neutral neutrino one usually introduces the so-called
mean charge radius (r2) which is determined by the second term in the expansion of neutrino
charge form factor f,, (¢*) in series powers of g*:

d 2
fo(@®) = fo(0) + qz% - (11.39)
a*=0
o dfe(g?)
(T'v) = _6d—C[2 o (11.40)

To understand what the charge radius of neutrino is, we can put the analogy with the elastic
electron scattering on a static spherically symmetric charged distribution of some
density p(r). The differential cross section is determined by the corresponded form

factor £, (q%):
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do do 2
— 2
e IR (114D)
point

Continuing the calculations we can easily obtain the resulting formula (11.40). This value
can be manifested in experiments of neutrino scattering on a target. By the way, the present
theoretical prediction of neutrino charge radius is only one order of magnitude less than the
sensitivity of measurement of the scattering of neutrino on electrons. It means that it's
probably the most accessible electromagnetic property of neutrino for experimental
observation.

I would like to mention that it is quite tricky correspondence between the charge
radius and the fourth anapole form factor. To be correct in the Standard Model the charge
radius and the anapole moment are not defined separately. Experiments are sensitive to a
combination between the charge radius and the anapole moment:

5@ = fo@» — fa(g» (11.42)

In the scattering experiment there is no direct information of each term individually.

Conclusion

So once again in the most general approach the electromagnetic vertex function of
neutrinos is decomposed in terms of four form factors: electric, magnetic, electric dipole and
anopole.

N @ = £," @y, + fif (@Diouq”
+f5 @D0wq"vs + £y @) (0% — 4./9)vs (11.43)
In case of g2 =0 the form factors provide the physical electromagnetic properties of
neutrinos that can be measured in experiments.

It is also important that Dirac and Majorana neutrinos exhibit quite different
electromagnetic properties. For instance, for Dirac neutrinos the millicharge q;;, the magnetic
moment p; ¢, the electric dipole moment &;+ and the anapole moment a; in general could be
not zero both diagonal and off-diagonal. For Majorana neutrinos all diagonal from factors
should be zero.

The hermiticity and the behavior of electromagnetic current under discrete symmetric
transformation put very severe bounds on the decomposition of the vertex function.

In the easiest generalization of the Standard Model when we suppose that neutrino is a
massive particle the one loop calculation provides the following contribution to the Dirac
neutrino magnetic moment:

3eoGpm; m;
D _ J ) -19 L
K = i = 32 107k (1 eV)' (11.33)

if we scale the mass of mass state of neutrino on the level of 1 eV, which is the limit that we
know from KATRIN experiment. We obtained the really tiny value that is many orders of
magnitude lower than the present experimental bounds from GEMMA (2012):

pl < 2.9 x 10711y, (11.34)
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Borexino (2017):

pll <28 %1071y, (11.35)
and astrophysical experiments by Raffelt (1988, 2020) and Arcoa Dias (2015):
pT <01 x 1071y, (11.36)

The millicharge of neutrino is also constrained by the reactor neutrinos scattering
experiment (2014):

0y, < ~107"2ey, (11.37)
astrophysical experiments:

qv, < ~107e,, (11.38)
neutrality of the hydrogen atom:

qv, < ~107%¢, (11.39)

It is also very important not to forget that there is a charge radius of neutrino that is not
zero even in the Standard Model and it is the most accessible neutrino electromagnetic
property for experimental observation.

Future prospects

There is a set of experiments by the XENON collaboration; studying solar neutrino
fluxes they put the limit on neutrino magnetic moment on the level of 10~1*ug,. About three
years ago they claimed that they even observed the magnetic moment in the region of

€ (1.4,2.9) x 10~ 1y, (11.40)
But with the next series of experiments XENONNT they presented the following limit:
ty, < ~10712, (11.41)

There are very severe bounds on neutrino magnetic moment from astrophysics ~10712 .
There are also many attempts to improve the present laboratory bounds. I would like to
advertise the project that is now preparing in the National Center for Physics and Mathematics
in Sarov. This experiment is based on our prediction published in Rep.Phys.D in 2019
together with our Italian colleagues. We’ve proposed a new type of an experiment, the goal of
this experiment is to measure the scattering of tritium antineutrinos on atomic liquid helium
target. In this scheme of experiment it is possible to lower the sensitivity to the value of
neutrino magnetic moment. We predict that the achievable scale of neutrino magnetic moment
will be

t, <7 % 10713y, (11.42)
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Lecture 12. Neutrino electromagnetic properties in experiments

Introduction

This lecture is dedicated to the studying of neutrino electromagnetic properties in
laboratory experiments and constraints on neutrino magnetic and electric dipole moments ,
and d,, neutrino millicharge g, and neutrino charge radius (r;?).

Firstly, I would like to advertise my paper published together with Carlo Giunti from
University of Torino in Italy. The title of this paper is “Neutrino electromagnetic interactions:
A window to new physics”. It was published in Reviews of Modern Physics in 2015. This is
really the most complete summary of neutrino electromagnetic properties. | also suggest you
to look through an appendix to this paper where a lot of very interesting technical details are
discussed.

Historical introduction

The famous Bruno Pontecorvo’s paper “Mesonium and anti-mesonium” was published
in 1957 in the Soviet physics journal JETP. This was the starting point of neutrino mixing and
oscillation effect. In this paper he wrote: “It was assumed above that there exists a
conservation law for the neutrino charge, according to which a neutrino cannot change into an
antineutrino in any approximation. This law has not yet been established; evidently it has
been merely shown that the neutrino and antineutrino are not identical particles. If the two-
component neutrino theory should turn out to be incorrect ... and if the conservation law of
neutrino charge would not apply, then in principle neutrino - antineutrino transitions could
take place in vacuum”. | would like to recall that at that time in 1957 there was no
experimental confirmation of the existence of different types of neutrinos and now we know
there are electron, muon and tau neutrinos. The second type flavor neutrino was discovered in
1962. So if people spoke about different types of neutrinos in 1957 they meant neutrino and
antineutrino. Also as we know if two-component theory is not applicable it means that one
should use the four-component neutrino theory and that neutrino is a massive particle.

That was the first theoretical discovery of the effect of neutrino mixing. The summary
is that if the mass of neutrino is not zero then neutrino of different types (neutrino and
antineutrino) can mix. That prediction of Bruno Pontecorvo was made also in 1957 in his next
paper “Inverse f-processes and nonconservation of leptonic charge”. He wrote: “Neutrinos in
vacuum can transform themselves into antineutrino and vice versa. This means that neutrino
and antineutrino are particle mixtures... So, for example, a beam of neutral leptons from a
reactor which at first consists mainly of antineutrinos will change its composition and at a
certain distance R from the reactor will be composed of neutrino and antineutrino in equal
quantities”. This last sentence can be considered as the prediction of the effect of neutrino
oscillation. So the neutrino mixing and oscillations effects were predicted by Bruno
Pontecorvo 67 years ago.
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Pic. 12.1. The main steps in neutrino oscillations study.

I'd like to recall shortly the main steps in neutrino oscillations study. Firstly, Bruno
Pontecorvo proposed the mixing and oscillations in 1957. Then in 1962 after the discovery of
the second type of neutrino which is the muon neutrino the group of Japanese scientists
Sakata, Maki and Nakagava using the idea of Bruno Pontecorvo proposed the effect of
oscillations in vacuum between two types of neutrino, electron and muon. However, they just
stated that neutrinos can be considered as mix states but they didn’t go further and discuss the
evolution of the type of neutrino during the neutrino flux propagation from the source to the
detector. In 1969 Gribov and Pontecorvo for the first time derived the probability of neutrino
oscillations, the probability to observe the muon neutrino in the initial flux totally composed
of electron neutrinos. Ten years later in 1978 American scientist Leon Wolfenstein considered
the real situation of neutrino propagation inside quite dense matter in the Sun. He studied the
effect of neutrino scattering on particles of matter. Then in 1985 Mikheev and Smirnov who
by the way graduated from the Faculty of Physics of the Moscow State University they
considered the effect of neutrino oscillations in matter and have found that for particular value
of matter density there could be a huge increase of the probability of mixing and oscillations.
This effect was called the effect of resonance amplification of neutrino flavor oscillations in
matter or the MSW-effect (Mikheev-Smirnov-Wolfenstein). Then in 1971 A. Cisneros for the
first time considered the effect of mixing and oscillations between different neutrino spin
states, electron left and electron right neutrinos. As we know neutrino has nontrivial magnetic
moment, this is just a consequence of the effect of non-zero neutrino mass. So these neutrinos
interact with the magnetic field and in presence of transversal magnetic field in respect to
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neutrino propagation there are mixing and oscillations between left and right neutrinos. This
effect can be resonantly increased by the presence of matter. This phenomenon has been
theoretically studied independently by E. Akhmedov and C.-S.Lim and W.Marciano in 1988.

Neutrino oscillations in vacuum
V,
Pontecorvo proposed that the flavor states v = (VZ) are linear combinations of the

. v . .
mass states or physical states v(® = (Vi) Japanese colleagues parameterized this mixing by

the only parameter of mixing angle 6,:
Ve =Vvyc0s88, +Vv,sinb,, (12.1)
v, = —Vvycosb, + v, sinb, (12.2)
They also introduced the mixing matrix which is now called PMNS matrix (Pontecorvo-
Maki-Nacagawa-Sakata):

__(cosB, sind,
o (— sinf, cos HV)‘ (12.3)
v = yy® (12.4)

AP‘! *%

> X

Pic.12.2. The probability of neutrino oscillations.
| have already mentioned that Gribov and Pontecorvo derived the probability of
neutrino oscillations which is equal to the probability of finding muon neutrino v, in an initial

flux of electron neutrinos v, that travel a distance x from the source to the detector:

X
Py, (x) = |(v“|ve)t|2 = sin? 20, sin? (L—), (12.5)
%
L= g 12.6
V_lm%_mgll —p! ( )

where the length of oscillations L, is determined by the energy of neutrinos and the mass
square difference. The amplitude of oscillations is equal to sin? 26,
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Neutrino oscillations in matter

In 1985 Mikheev and Smirnov using the results of Wolfenstein’s calculation of the
effect of neutrino scattering on matter predicted that for a particular value of matter density
there will be a huge increase of the oscillations amplitude

A? sin? 20

in? 2 = 12.
SIN" 201 = acos 26 — A)? + A2 sin? 26 (12.6)
In particular the resonance will take place in case when
Acos20 =A (12.7)
Where A is proportional to the effective number density n,z¢:
A= \/EGFneff; neff =N, (128)
and
_omy 12.9
This effect was called the MSW-effect (Mikheev-Smirnov-Wolfenstein).
o
Arswae"{f
i_w \ MC§’9?ic“r
" 4
Y - é-/(MSW-C{‘kd)
: .3
| ! AC520
T 1 3 B i lﬁ 1 ] 1 l 2 ’

Pic.12.3. The MSW-effect.

Neutrino spin and spin-flavor oscillations in transversal magnetic field

I’ve already mentioned that if neutrino has non-zero mass then inevitably it has
nontrivial magnetic moment. The additional mixing appears due to the following effective
Lagrangian that couples together right-handed and left-handed neutrinos with different spin
states:

L~voy,F*v' = v,03,F* v + Vgoy, FAPv], (12.10)
where F4? — the tensor of electromagnetic field. As a result it is realized that the effects of
spin and spin-flavor oscillations appear in nature. These types of oscillations can also be
increased by the resonance effect. It was calculated for the first time by E. Akhmedov and C.-
S.Lim and W.Marciano in 1988. The probability of neutrino spin oscillations in presence of
transversal magnetic field:

X
P(v, © vg) = sin® 26, sin® < >, (12.11)
Lery
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(2uB,)?
in220,,r = ————, 12.12
sin eff (Zl,lBJ_)Z T+ Q2 ( )
Am?
Q= ZEVA(OW) —V2Gpn,sf (12.13)
v

We can see that the resonance in neutrino spin oscillations appears when Q2 — 0.
The probability of spin-flavor oscillations in presence of transversal magnetic field can
be also written as

P, = sin? fsin? Oz, (12.14)
2
240, B
sin? B = (21te )A 2, (12.15)
2
(ZﬂeuB) + (ﬁ)

Am? ,

Aur=——(c0526 + 1) - 2EV,, + 2E¢, (12.16)

where 6 — vacuum mixing angle, ;. — matter potential and the third term accounts for the
possible variation of constant magnetic field along the trajectory of neutrino, it’s so-called
twisting magnetic field:
B = |B,|e!*® (12.17)
So there is a resonance amplification of neutrino spin-flavor oscillations in matter. This effect
appears when
Ag— 0= (12.18)
sin? - 1 (12.19)
There is a correspondence between the flavor oscillations and spin or spin-flavor
oscillations.

Am? — ain2A ain2
P, = sin? 20sin? . Py v, =sin" 3 sin“(2z
] _,1- n
0 = (e B)® + (%)
. (r“r: 8)2 -y
sin’26 ) . - A N2 sin®(J
(heuBY + (322)
Am? Arp\2
5 LR
AE (heuB3)* + ( ik ) =Q
. A . . L
B — |]_D)J_||"?'ff’|“Lj App = ; {cos28 + 1) — 2EV,, + 2E

Pic.12.4. The correspondence between the flavor and spin-flavor oscillations.
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Neutrino magnetic moment

The most easily accepted both from theoretical and experimental points of view
among the neutrino electromagnetic properties are dipole magnetic and electric moments.
However the most acceptable for the future experimental observation is the neutrino charge
radius (r;2). The studies of neutrino-electron scattering provide the most sensitive method for
experimental investigation of nontrivial neutrino magnetic moment. | would like to recall
once again that up to now there are no any experimental confirmations from laboratory
experiments as well as from astrophysical observations in favor of nontrivial neutrino
electromagnetic properties. It means that all experimental data is in agreement with the
hypothesis that there are no any neutrino electromagnetic properties. So all electromagnetic
characteristics such as dipole magnetic and electric moments and charge radius of neutrino are
zero. But we know for sure that if neutrino is a massive particle which is confirmed
experimentally then inevitably it has at least non-zero magnetic moment. Also even in case
when the mass of neutrino is zero the charge radius of neutrino can be not zero.

The cross-section of neutrino on electrons is composed of two terms:

do do do
a7 (v+e-v+e)= (d_T)SM + (d_T)Hv (12.20)
The first one is the Standard Model contribution:
2 2
(Z—;)SM = G;:e l(gv +94)%+ (gy — ga)? (1 - Elv) + (gfx - 95) HZ%T] ,(12.21)
1
2sin? Oy, + 3 forv,
gy = 1 , (12.22)
2sin? 0y, — 5 forv,v,
1
> forv,
ga=1 1 (12.23)
—3 forv,, v,
The second term can appear if neutrino magnetic moment is not zero:
do ma2, (1~ El
(ﬁ>#v = megm — |4 (12.24)

it’s proportional to the effective neutrino magnetic moment given by the following expression
which accounts for the effect of mixing:
Z Uye "Fil pj;
i

KL E) =
j

The most correct way is to introduce neutrino electromagnetic characteristics for the mass

states. But we know that in experiment the flavor neutrinos are detected. So we should derive

2

(12.25)
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effective electromagnetic characteristics for the flavor states. The effective magnetic moment
py in (12.25) is given as a function of fundamental magnetic moments p; which are
introduced for the mass states of neutrino.

It is possible also to incorporate the effect of charge radius by simple shifting the
vector g, by adding the additional term that is proportional to the charge radius:

2
gy = gy + §M5V(r2) sin? 0y, (12.26)

If neutrino has nontrivial electric dipole moment or electric or magnetic transition
moments, these quantities also contribute to the scattering cross-section:

2
py, = Z Z Uie (1 — i€1.)
J k

Once again, neutrino effective magnetic moment is measured in neutrino-electron
scattering. Firstly, we consider an electron neutrino v, as a supposition of mass states of
neutrino at some distance L from the source, and then we sum up magnetic moment
contributions to v-e scattering amplitude (of each of mass components) induced by their
magnetic moments:

(12.27)

Aj~z Uyie ™5t (12.28)
i

These amplitudes combine incoherently in the total cross-section:

2
2 _ —iE{L
o~Ue = Z ZUeie g
g

7
3,4,5 mean NMM values
in units 107" Bohr magneton

(/(7( 1 Le) ((l(r) " ((/(7)
G\ T € RUTe) = | = =
dT ('ll SM /{” o

(12.29)

o
(&N

o
N

o

(do /dT)(107®cm?MeV fis™)

1 Il Il =

Electron reciol T (MeV)

Pic. 12.5. The cross-section dependence on the energy of electron.
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Picture 12.5 illustrates the behavior of the two contributions to the neutrino-electron

scattering. We see that magnetic moment contribution dominates at low electron recoil

2
energies T when (Z—;)ﬂ > (d—G)SM and — <= “"’g‘ p2. And also the lower the smallest

dar me | GEm
measurable electron recoil energy is, the smaller values of u2 can be probed in scattering
experiments.

Savannah River (1976), first observation

9 . —-10 Vogel, Engel, 1969 of v-e
v S 2+4x10 KB Kurchatov, Krasnoyarsk (1992),
Rovno (1993) reactors
—10
[y < 1.1 x10 B Super-Kamiokande (2004)

...inthe future...

p, < few x 107 g

Beta-beams
McLaughlin, Volpe, 2004

MUNU experiment at Bugey reactor (2005)
H, <9 x 1071 up
@ TEXONO collaboration at Kuo-Sheng power plant (2006)

Eﬂg 7 % ]_0_“,&3

@GEMMA (2007) | pi, < 5.8 x 107 pp

i GEMMA | 2005 - 2007

BOREXINO (2008)

1, < 5.4 x107Hug

T Montanino,
py < 8.5 x 107 ' up  (vr. v,)| Ficariello,
Pulido,
based on first release of PRD 2008

BOREXINO data

Pic. 12.6. First and future neutrino-electron scattering experiments.

All the experiments from the very beginning up to now only provide an upper limit for
the effective magnetic moment of neutrino. The most severe bound has been obtained in
investigation of the solar fluxes by GEMMA experiment (Germanium Experiment for
Measurement of Magnetic Moment of Antineutrino). This experiment has been running for
more than 10 years under the control of JINR (Dubna) and ITEP (Moscow) at Kalinin
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Nuclear Power Plant. Since 2012 they provide the world best experimental limit on the
magnetic moment of neutrino:
ty < 2.9 x 10711y, (12.30)
The next addition to this GEMMA experiment is called GEMMA-2 or vGeN experiment will
be sensitive to the magnetic moment of neutrino on the value of
ty~(5—9) X 1072y, (12.31)

Pic.12.7. Reactor unit of the Kalinin Nuclear Power Plant.
The sensitivity to the effect of magnetic moment is determined by the following expression:
1

! (3)4 12.32
y —) (12.32)

JN,
N, — number of signal events expected, B — background level in the ROI, m — target
(detector) mass, t — measurement time.

?]counts/kglkeVldayl
103

T NN
i EsEEs ST
, 7 \ Al
10 ¢ = >

10" \;\
1EMge 5

10'%

T T T T 0 T T e T keV]
Pic.12.8. The result of TEXONO experiment.
In 2010 just before the Neutrino Conference of that year the TEXONO experiment
group claimed that they provided a new and more correct theoretical estimation of the
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contribution of magnetic moment effect to the scattering. They stated that neutrino-electron
cross-section should be increased by atomic ionization effect. It means that electrons are not
free particles but they are bound in atom. So TEXONO group have calculated the scattering
of neutrinos on bound electrons. They obtained new much better limits on the neutrino
effective magnetic moment: p, < 1.3 X 10711y, on TEXONO experimental data and p, <
5.0 X 1072y, on GEMMA data. However, together with my colleagues K.Kouzakov and
M.Voloshin in the series of papers we provide very detailed calculation of atomic ionization
effect. We have shown that for particular scheme of experiment that is realized in TEXONO
experiment there is no important effect of atomic ionization on cross-section. Free electron
approximation is quite enough to derive the contribution of neutrino magnetic moment to the
cross-section. So we just confirmed that GEMMA results were correct.

GEMMA-2 experiment was moved from one reactor to another and also the detector
was installed on the lifting platform. It increased the sensitivity of the experiment to neutrino
magnetic moment.

I would like to attract your attention to a very important fact that what measured in the
scattering experiments is an effective magnetic moment that depends not only on fundamental
magnetic moments of mass states but also on a distance between the source and the detector.
Indeed, an observable neutrino magnetic moment is an effective parameter that depends on
neutrino flavor composition at the detector. Therefore implications of neutrino magnetic
moment limits from different experiments are different.

The effects of mixing and oscillations were studied in details in our paper published in
Phys.Rep.D by me together with K.Kouzakov. We considered the electromagnetic vertex
function of neutrinos and derived the closest expressions for all form factors and
electromagnetic characteristics such as neutrino millcharge, anapole moment, magnetic and
electric dipole moments. I only would like to make a summary of these calculations.

In particular, it's possible to introduce the so-called generalized neutrino charge. In
mass basis:

- 2V2na[(e) i 1
®=", l ;2’ + 2 (12.33)
In flavor basis:
3
~ < 2\V2maf(e)y; 1
Q= Z UpiUpQjr = C [ Vz +E(T1,2>l/l (12.34)
fr= F q
There are contributions from an electric charge:
3
(e = Z Uy Up (e ji (12.35)
jk=1
and a charge radius:
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2 — E * 2
Jjk=1

Another result of our studies is the confirmation the statement that depending on the
base line corresponding to different experiments different combinations of fundamental
magnetic moments can be constrained. For instance, in the short baseline experiments such as
GEMMA experiment the effect of neutrino flavor change is insignificant. What is really
measured is the value for an effective magnetic moment of neutrino that is determined by the
fundamental magnetic moments introduced for the mass states:

3
@i =) Ul (12.37)
jk=1
For the long baseline experiments such as Borexino experiment there is another combination
of fundamental magnetic moments:

3
i (LEP = ) (U]l (12.38)
jk=1

As one of the examples of possibility to constrain magnetic moment of neutrino with the long
baseline experiments | would like to mention the Borexino experiment that was running up to
recent time in Gran Sasso National Laboratory in Italy. The main goal was to detect the solar
neutrinos. In this experiment the effective magnetic moment was constrained on the value of
2.8 x 10711y, which is very close to the result of GEMMA experiment.

Method Experiment Limit CL Reference
Krasnoyarsk Mo, <24 %1071 pup 90% Vidyakin et al. (1992)
Rovno Pr. <1.9x10 '“/11; 95% Derbin et al. (1993)
Reactor 7.-e MUNU Mo, <0.9x 107 up 90% Daraktchieva et al. (2005)
TEXONO Mr. <7.4x107" up 90% Wong et al. (2007)

°® Pr. <2.9x107' up 90% Beda et al. (2012)
Accelerator v,-¢ LAMPF Pr. < 10.8 x 10710 pup 90% Allen et al. (1993)
Accelerator (v,,v,)-e- BNL-E734 Mo, < 8.5 X 1071 up 90% Ahrens et al. (1990)
LAMPF My, <T74x107"° up 90% Allen et al. (1993)
LSND by, <6.8x 1071 up 90% Auerbach et al. (2001)
Accelerator (v-,7,)-e~ DONUT Mo, < 3.9 X 1()“7/11; 90% Schwienhorst et al. (2001)
Solar v.-e— Super-Kamiokande ps(E, Z 5MeV) < 1.1 x l(,)’”'/ug 90% Liu et al. (2004)
‘ Borexino ps(B, < 1MeV) < 5.4 x 107" up 90% Arpesella et al. (2008)

Pic.12.9. The list of the most important constraints on the effective magnetic moment.

Neutrino electric charge

In the Standard Model it’s proved that neutrino is an electrically neutral particle. This
result is attributed to two important statements: gauge invariance and the demand of anomaly
cancellation constraints. In the Standard Model if we consider the case of massless neutrino
(so this is the model without right-handed neutrinos) the triangle anomalies cancellation
constraints put a certain relations among particle hypercharges that is enough to fix all
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hypercharges Y so that they, and consequently the charge Q, are quantized. Once the charge is
quantized there is no room for neutrino millicharge. The fact that Q = 0 has been proven also
by direct calculations in SM within different gauges and methods. But strict requirements for
Q quantization may disappear in extensions of the Standard Model when right-handed
neutrinos are included: in the absence of Y quantization electric charge Q gets dequantized. So
only experimental results put a limit on neutrino electric charge.

About 10 years ago | have added the third unobserved term in the cross-section due to
possible nontrivial neutrino electric charge:

(d_“> _ (E) + (d_“) 4 (d_“) (12.39)
dT/,_e dT/sy \dT/,, ~\dT/,,’ '
do 1
<d_T)qv ~ 27Ta'meT2 qv (12.40)

In order to be in agreement with the experimental data from the GEMMA experiment it is
possible to get an upper bound for neutrino millicharge:

lg,| < 1.5 x 10~12¢, (12.41)
With the new edition of GEMMA experiment or vGeN that started in 1992 and running now
we expect

lg,| < 1.1 x 10~13¢, (12.42)
The present limit from GEMMA data (12.41) is also included to the table of neutrino
properties by the Particle Data Group collaboration.

Neutrino charge radius

Neutrino charge radius is the most accessible for experimental investigations among
the other electromagnetic properties. The charge radius is often claimed to be related with the
anapole moment. In literature we can come across the claim that in the Standard Model the
anapole moment is proportional to the charge radius. But in our paper we discussed that these
two electromagnetic properties are not connected in such a simple way.

I would like to mention a series of papers and theoretical investigations by Bernabeu
and collaborators who tried to solve the problem of defining the charge radius as a finite, not
divergent and physical value. Because if you make theoretical calculations for the charge
radius in case of non-zero neutrino mass the result will be not finite and even gauge
dependent. Bernabeu and collaborators include additional diagrams that also contribute to the
scattering of neutrinos on charge leptons. They also introduced the electro-week charge radius
that indeed can be determined as a physical value that is not dependent on gauge fix
parameter and finite.
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V; f,‘ V;
Pic.12.10. Box diagrams of neutrino scattering.
Referring to our investigation we have shown that neutrino charge radius in neutrino-
electron scattering experiments cannot be considered as a shift to the vector coupling constant

2
gV e d gV + §M5V(T'2) Sll’lz ew, (1243)

there are other contributions from the flavor-transition charge radius. Recently together with
our Chinese and Italian colleagues we have investigated the possibility of manifestation of the
not diagonal charge radius of neutrinos. We implemented this possibility in the study and for
the first time derived the constraints on the non-diagonal charge radius:

(62,0, 52 ), 2, ) < (28,30,35) x 10~32cm? (12.44)

These constraints were highlighted by the editors of Physical Review D as the most important
result published in this journal during the year.

Method Experiment Limit (cm?) Gl Reference
) Krasnoyarsk (P2 ) <73%x107% 90% Vidyakin et al. (1992)
Reactor 7,-¢~ TEXONO ~42x 10 < (r2) <66 x 107 90% Deniz et al. (2010)"
LAMPF “112x 1072 < () < 10.88 x 107 90% Allen et al. (1993)"
Accelerator -~ LSND -5.94x 107 < (r} ) < 828 x 107 90% Auerbach et al. (2001)°
BNL-E734 -4.20x 1072 < (r2) < 0.48 x 10~ 90% Ahrens ef al. (1990)°

ABCEIEIHOIE Yyt CHARM-II ()] < 1Ex 102 90% Vilain ef al. (1995)"

Pic.12.11. The list of constraints on neutrino charge radius.
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Lecture 13. Electromagnetic neutrinos: new effects in magnetic
fields and matter

Introduction

We are going to discuss the influence of external electromagnetic fields and matter on
neutrinos. One of the interesting effects is that in some cases the influence of background
matter on neutrino mimics the effect of neutrino interaction with the external electromagnetic
fields. Once again | would like to advertise my paper “Neutrino electromagnetic interactions:
A window to new physics” published together with Carlo Giunti in Reviews of Modern
Physics in 2015. | also suggest you to look through an appendix where a lot of very
interesting technical details are discussed.

Neutrino electromagnetic interactions

V ,Z.M..<}

V decay. b4 Y decay in plasma

VW Cherenkov radiation,
spin-light (SLV )

VL) Vg
¥ v
- . ! 1Z
external
y source
, > VW spin precession
eé/N e/N and oscillations

Scattering

Pic. 13.1. Neutrino electromagnetic interactions.

I would like to summarize the most important effects that arise due to nontrivial
neutrino electromagnetic properties. First of all, if neutrino is a massive particle even in the
easiest generalization of the Standard Model it should inevitably have nontrivial
electromagnetic properties, at least nonzero magnetic moment. So if we consider neutrino a
massive particle it can decay to a lighter state of neutrino with emission of a photon. The
same diagram in background environment will describe another phenomenon of particular
different nature; it can be called neutrino-Cherenkov radiation. Neutrino moving in
background matter or in external electromagnetic fields can emit with the same mechanism as
electron does. There is another very important phenomenon also described by the same
diagram which was for the first time proposed in our papers, so-called spin-light of neutrino
(SLv). Neutrino can emit this spin-light when it’s moving in dense external matter and again
if it has non-trivial electromagnetic properties. Another effect is photon decay to neutrino
antineutrino pair in plasma. This is a very important phenomenon for application in
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astrophysics because its studies provide the best astrophysical bound on neutrino magnetic
moment. Once again | would like to recall that up to now neither from terrestrial laboratory
experiments nor from astrophysical and cosmology observations there are no any indications
of neutrino electromagnetic properties. All the experiments only provide an upper limit on
neutrino electromagnetic properties. Another important manifestation of electromagnetic
properties of neutrinos is the electromagnetic scattering of neutrinos on electrons or nuclei
due to exchange of photons. There is also phenomenon of neutrino spin precession and
corresponding oscillations in external electromagnetic fields. For the first time it was
proposed and studied theoretically in our papers about 20 years ago. In this process neutrino
changes its spin state, so neutrino spin oscillations take place or spin-flavor oscillations if the
flavor is also changing. Normally it was believed that the spin or spin-flavor oscillations can
proceed only in the presence of transversal magnetic field. But it was proposed and studied
theoretically in our papers that there is another possibility of generalization of the spin or
spin-flavor oscillations due to interaction with moving matter.

Neutrino magnetic moment

Once again there are diagonal and transition magnetic moments of neutrinos. Let's
consider the easiest generalization of the Standard Model that we should apply when we study
neutrinos with nonzero mass.

. P.Pal,
V4 K L.Wolfenstein 3¢ K
1982

Pic. 13.2. Loop-diagrams.
The typical diagrams that were for the first time considered by Paul and Wolfenstein in 1982
are shown on pic.13.2. The calculation of these loop-diagrams inevitably provides the effect
of nonzero magnetic or even electric dipole moments:

Wl (e S ;
= 1+— U U, 13.1
Eij} 8v2m? m; lzeurf( 2 v ( )
= (m’ )2 13.2
n = My (13.2)

If we consider i = j there are just normal diagonal magnetic moments in the mass basis. If we
consider i # j we get that there are transition or non-diagonal magnetic moments in the mass
basis. Due to well-known Glashow-Iliopoulos-Maiani cancellation condition and the unitarity

of the mixing matrix U we can see from the following formula
2

F) = 5(1-5n) (133)
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that only the second term here will contribute. However the transition moments are strongly
suppressed in respect to the diagonal moments. For example, if we consider the effect of
neutrino decay that we discussed earlier we see that it is quite rare phenomenon because this
coupling with the photon happens due to transition magnetic moment.

Neutrino radiative decay

Standard Model
contribution

Vi

Pj

Pi

Pic. 13.3. Neutrino radiative decay diagram.

Let's consider a particular process of neutrino radiative decay
viovity (13.4)
This process was calculated for the first time in 1977 by Sergey Petkov. The effective
interaction Lagrangian:

1_ .
Lint = Elpio-uv(.uif + l]/sdif)lij“v + h.c. (135)

The effective contribution to the vertex function:
/\Lf(Q) = —i0,,q" (ws + ivsdis) (13.6)

Quite simple calculation gives the rate of this process that depends on the effective magnetic
moment of neutrino squared:

Merr (mi —m} ’
e A ]
F‘Vi—>'Vj+‘y = 87‘[ < mz > ] (137)
L
2 2
uerr = lws|™ + ey, (13.8)

p;j — transition magnetic moment, €;; — transition dipole electric moment. If we put numbers

just to understand the scale of this phenomenon it is possible to calculate the inversed rate that
gives us the life time of initial neutrino in respect to this process:

r ~5 (“eff)2 mf —m} 3( mi )35—1 N (13.9)
Vi—)Vj+]/ MB mlz 1 eV .
2 3 3 2
f o _mi eV M

We see that lifetime is very huge it means that this process is very slow. This process can be
applied to different situations that can be found in astrophysics. This radiative decay can be
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constrained and we can have bounds on the effective magnetic moments of neutrino from
different observations:

1) reactor v, and solar v, fluxes

2) SN 1987 v burst

3) spectral distortion of CMBR

Pic. 13.4. Neutrino radiative two-photon decay diagram.

There is another similar process of neutrino radiative two-photon decay:
viovityty (13.11)
An initial neutrino is converted to a lighter final state with the mission of two photons. This

diagram is suppressed by an additional coupling with a second photon:
XoED
Fvi—>vj+y+y~?r‘vi—>vj+y (13.12)
aopp — fine structure constant that is much less than one: aggp < 1. There is no GIM
cancellation in this process.

Neutrino Cherenkov radiation

helicity flip process v

Vo

(E. p)

‘\ nw
in matter
index of refraction n > |

Pic. 13.5. Neutrino Cherenkov radiation diagram.

Neutrino Cherenkov radiation appears in presence of external matter. This matter is
characterized by the refraction index n that is bigger than one. The initial neutrino is
converted to the final with emission of photon:

v (p) - vg(p") +y(k) (13.13)
The Cherenkov rate is given by the following expression:
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1 d3p’ d3k

I'= M|?8*(p—p' — k 13.14

2(2n)2Ef 25 20 MNP =P =) (13.14)

After straightforward calculation we obtain the next quite not complicated expression that
depends on the refraction index of matter and the energy:

Wmax

2 nz —1)2
N e e
Wmin
(n? —1)? (n? —1)3
_TE(U3 —4—n2a)4 dw (13.15)

It is possible to make quite simple estimation applying this result for solar neutrinos in
terrestrial experiments. If we use the value of the effective magnetic moment on the order of
the present terrestrial constraints (u,~3 x 10~11yug) for the huge water detractors of the
volume of 1km3 it will be several photons per day.

There are a vast variety of other radiative decays of the Cherenkov type that can
proceed in some cases. | would like to point your attention on neutrino Cherenkov radiation in
magnetic field. In this case there is no need to go beyond the Standard Model. The magnetic
field induces an additional effective coupling between neutrinos and photons and also
modifies the dispersion relation for a photon. For the first time it was discussed in papers
published by our colleagues from the Department of Theoretical Physics Galtsov and Nikitina
in 1972. Then it was also investigated in some details by Raffelt and loannisian in 1997.
There is another possibility that in medium neutrino can acquire an induced millicharge due to
weak interactions. So neutrino can act like an electron moving in matter. Once again there is
no need to go beyond the Standard Model so this process can proceed even in case when the
mass of neutrino is zero. So it means that neutrino can be described quite well within the
Standard Model.

Neutrino Cherenkov radiation can appear when in addition to external media also
electromagnetic fields are present. There is a superposition of the effect of electromagnetic
fields on neutrinos and the effect of neutrino interaction with background matter.

Spin-light of neutrino

I would like to mention a quite new mechanism of electromagnetic radiation that is
also possible when neutrino has non-trivial electromagnetic properties, magnetic moment in
particular, that allows it to be coupled to photons. This effect was proposed for the first time
in our papers published together with Andrey Lobanov about 20 years ago. We called this
new mechanism of electromagnetic radiation of neutrino the spin-light of neutrino in matter
SLv. At first we developed the quasi-classical approach for description of the neutrino spin
evolution in an external environment, including the possibility of presence of external
electromagnetic fields and external background matter. Later in series of our papers we
developed the quantum description of this phenomenon.
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Pic. 13.6. Neutrino spin precession in background environment.
We considered the possibility of the spin-light not only in presence of background matter but
also in external gravitational fields.

There is an analogy with the classical electrodynamics where an object with zero
charge but non-zero magnetic moment can emit light. This is the magnetic dipole radiation
and its power is proportional to the second derivative of magnetic moment of the system
squared:

2 ..
I =’ (13.16)

The quasi-classical description of this mechanism presented in our paper “Spin Light of
Neutrino” published in 2003. | would like to mention that in this process neutrino change its
spin state, so the active left-handed neutrino converts to the sterile right-handed neutrino with
the emission of light. The quantum theory of spin light of neutrino described in one of our
latest papers “Spin light of neutrino in astrophysical environments” published in the Journal
of Cosmology and Astroparticle Physics in 2017. We examined different possibilities for the
spin light of neutrino manifestation in different astrophysical environments and we have
found the cases where it is possible to expect that such type of radiation could be observed in
terrestrial experiments.

I'd like to shortly recall the main steps in neutrino oscillations study. Firstly, Bruno
Pontecorvo proposed the mixing and oscillations in 1957. Then in 1962 after the discovery of
the second type of neutrino which is the muon neutrino the group of Japanese scientists
Sakata, Maki and Nakagava using the idea of Bruno Pontecorvo proposed the effect of
oscillations in vacuum between two types of neutrino, electron and muon. In 1978 American
scientist Leon Wolfenstein calculated the effect of neutrino scattering on background matter.
Then in 1985 Mikheev and Smirnov using Wolfenstein’s result discovered the effect of
resonance amplification of neutrino flavor oscillations due to neutrino scattering on
background matter or the MSW-effect (Mikheev-Smirnov-Wolfenstein). For understanding of
the spin light of neutrino it’s important that very similar to the mixing and oscillations
between different flavor neutrinos there are mixing and oscillations between neutrinos with
different spin orientations (if we consider neutrino is a massive particle with nonzero
magnetic moment). Cisneros in 1971 for the first time predicted the mixing and oscillations
between different neutrino spin states, electron left and electron right neutrinos, due to
neutrino’s interaction with transversal magnetic field in respect to neutrino propagation.
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M.Voloshin, M. Vysotsky and L. Okun considered this phenomenon trying to solve solar
problem in 1866. In 1988 independently E. Akhmedov and C.-S.Lim, W.Marciano proposed
the phenomenon very similar to MSW-effect: the resonance amplification of spin-flavor
oscillations in case when neutrino propagates through matter.

® » P D, B.Pontecorvo 35
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® Y % s SSikahs, 132
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Pic. 13.7. The main steps in neutrino oscillations study.

Neutrino spin and spin-flavor oscillations

We have derived in a very short way the probability of neutrino spin oscillations in the
transversal magnetic field:

P(v, © vg) = sin® 26, sin® (erx >, (13.17)
eff
2
Sin? 20,55 = (2:]?:)%, (13.18)
Q= AZY;VA(BW) V2Gpneyy, (13.19)
Loy = ———22 (13.20)

V2 + (2uB,)?

When Q% — 0 the oscillations amplitude (13.18) gets its maximal value equal to one.

94



https://vk.com/teachinmsu

®U3UKA HEUTPUHO. YACTH 1

KOHCMEKT NOArOTOBEH CTYAEHTAMMW, HE NPOXOAUN
MPO® PEAAKTYPY U MOXET COAEPKATb OLLUNBKU

CTYOEHWUKWH AJTEKCAHAP NUBAHOBUY CNEAMTE 3A OBHOBJIEHUAMM HA VK.COM/TEACHINMSU
Am? 20 (in2
L 2og . : = sin’f3 sin®()
P,,, =sin®20 qin? . Py, vy = sin” 3 sin“(2z
0 = (1, B)” + (_\I"L")
L B)? .
sin®26 e ) 2= sin3
B+ (85)
Am? \/ ALr\?
—\ e SLR
tenB)2 + ( ) -
AE e B+ 7 Q
e Amr? .
B=|B,|e" (t) v = =5—(cos20 + 1) = 2EV,, + 2E¢

Pic.13.8. The correspondence between the flavor and spin-flavor oscillations.

There is a correspondence between the flavor oscillations and spin or spin-flavor oscillations.
In this process active left-handed neutrino is converted to sterile right-handed neutrino. If you
observe neutrinos from the Sun you will get a visible result. Spin and spin-flavor oscillations
in magnetic field are important for astrophysical applications.

| am speaking about spin and spin-flavor oscillations because discussing this particular
matter on one of the conferences | was asked: “Whether a photon is emitted during the
process of neutrino spin or spin flavor oscillations?” My reply to this question was quite not
certain, | said that probably the photon should be emitted but the process of this emission is
very-very rare and not very important. After that we together with Andrey Lobanov have
come to the conclusion that indeed when neutrino propagates in external environment the
photon should be emitted as well as when neutrino propagates in external electromagnetic
field or in magnetic field in particular.

I would like to consider neutrino spin and spin-flavor oscillations not in constant
transversal in respect to neutrino propagation magnetic field but in case of arbitrary magnetic
field. In our papers we considered neutrino mass states (a, a’ = 1,2) with two helicities s =
+1 that propagate in constant magnetic field with transversal and longitudinal components in

respect to neutrino propagation B = E’l + §||. The effective Hamiltonian:

1 1 -
H, = —E#aa’va’aquaFw +h.c.= _E.uaa’va’ Z Bv,, +h.c. (13.21)

The evolution equation for two mass states with two different helicities:

Vi,s=1
i i Vis=—1
dtl V2s=1
V2,s=—1
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B|| Bll
Ey +p — M11 B, Uiz — H12By
1 Y12 v
1 I B E By N By I y Ls=1
EI U110, 1~ H11 " U125, —Hi2 Viz I 1};1—11 (13.22)
By —U12B) By Uz2B Vool
—H12 B Ey + ppp — B 25=-1
Y12 2 Y2 g o_ dll
Uiz 1~ H22
—U12B, Y12 Uz2B, V2

First of all, we can see that the mixing between two different helicity states happens due to
neutrino interaction with transversal magnetic field — u,,B,. Secondly, coupling with the

longitudinal magnetic field shift the energy of neutrino — 1, ?. Thirdly, the mixing between

different mass states happens due to interaction of transition magnetic moment with

longitudinal magnetic field — ., B”.

If we make a transition to the flavor basis:

v = | v | (13.23)

ot
VRt = v 410050 4 Vy ey Sing, (13.24)
VZEL —V1g=41 SN0 + V54 COSO, (13.25)

we obtain the following magnetic moment interaction Hamiltonian for flavor neutrino:

u) H
-) B UeoB ( ) By WpeuBy
()/ ve Il eeP L y eu
U u
_ B —(—) By  HeuB —(—> By
AL =| HeePr y) o T, (13.26)
B ) a
Ven —<—> By Y —<—> By
HeuB1 Ve HupBy L

where the effective magnetic moments in flavor basis are

Uee = Ui1 COS% O + Uy, sin? 6 + g, sin 20, (13.27)
Hyy = M1 Sin? 0 + iy, c0s? 6 — py, sin 26, (13.28)
1
Hey = M1z COS26 + 5 (22 — p11) sin 26, (13.29)
(ﬁ> = P11 029 + 22 5in2 g + 22 sin 2, (13.30)
Ve V11 Y22 Y12
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(E> =M1 nze + 22 0529 - 250 20, (13.31)
Vi Yu Y22 V12
1
(ﬁ) Y (“ﬁ _ ”i) sin 20 (13.32)
Y/ e 712 2\v2 Y11

Applying these general expressions for particular case of the oscillations between electron and
muon neutrinos with the same spin orientation v; < v;;, we can write the effective evolution
Hamiltonian:

Amz B” Amz i - B||
€0S 20 + fipe — Sin260 + fig, —

4AE 4F
s = ) Vee , Yeu | (13.33)
A 20+, 2 A o204, "
sin oy — cos Ay —
\ 4AFE ““Yeu 4FE Y

We have found that the longitudinal component of magnetic field modifies the neutrino flavor
oscillations, and the transitional component changes the spin orientation and induces the spin
and spin-flavor oscillations.

Neutrino spin and spin-flavor oscillations in magnetic field and moving
matter

7%

‘s s 3
i‘\g%’x V
M 3/*3\,/'3\“!/ R
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Pic.13.9. Neutrino spin and flavor oscillations in moving matter.

Let’s consider neutrino spin and flavor oscillations due to the presence of
electromagnetic field and we also account for neutrino scattering on particles of matter. For
simplicity we suppose that matter is composed of electrons, neutrons, protons and maybe
muons. We characterize each of the matter components by the number density of these
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particles. We account for the possible motion of matter as a whole. Each of the matter
components are also characterized by the polarization.

Pic.13.10. Neutrino spin evolution.
In addition to the well-known from electrodynamics equation for the neutrino spin evolution
we get an additional term that accounts for neutrino scattering on particles of the environment
or weak interaction of neutrinos with matter:

ds,

= 21, [S, x B] + 2u,[S, x G] (13.34)

Then together with my colleague Maxim Dvornikov we provided quite general investigation
of neutrino spin evolution in presence of quite general type of external fields. The Lagrangian
that accounts for different types of non-derivative interaction of neutrinos with external fields
such as scalar, pseudoscalar, vector, axial-vector, tensor and pseudotensor:
—L = gss)W + g,y v + g,VH(x)vy,v + g A* () Ty, vy
+ %T”"Vawv + %H‘“’ﬁawySv, (13.35)
where s,7, V¥ = (V°,V),A* = (4% 4),T,, = (4,b),1,, = (¢,d). We have found more
general quasi-classical relativistic equation for the neutrino spin evolution:
Gy =290 {A°C, x B] — (G, x A] — 52— (AB)[C, x B}

E,+m, L

+2g: {[Co x b] — 2= (B0)[C, x B + [ x [a@ x F))} +

E,+m,

+2ig, {[C x & — £E—(80)(C, x B] - (G x [d x B]]}

From this it follows that neither scalar s nor pseudoscalar = or vector V contributes to the spin
evolution, and only electromagnetic interactions and weak interactions can influence neutrino
spin evolution.

Quasi-classical theory of neutrino spin light

We are now ready to start the discussion on the quasi-classical theory of neutrino spin
light that we first developed together with my colleague Andrey Lobanov. But probably we
better discuss it in details next time.
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Pic.13.11. Neutrino spin evolution in arbitrary electromagnetic field and moving and
polarized matter.
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Lecture 14. Electromagnetic neutrinos: new effects in magnetic
fields and matter 2

Neutrino spin and spin-flavor oscillations in magnetic field and moving
matter
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Pic.14.1. Neutrino spin and flavor oscillations in moving matter.

We consider two types of flavor neutrinos v,, v, with two spin orientations v,, v in
presence of arbitrary electromagnetic field described by the electromagnetic field tensor F,,,.

The matter through which neutrinos are propagating is composed of electrons, neutrons,
protons and maybe muons. Each of the matter components are characterized by the
polarization. There are several papers devoted to neutrino spin and sin-flavor oscillations in
magnetic field and moving matter published together with my postgraduate student A. Egorov
and my colleague A. Lobanov in 2000-2002. At first we considered this problem using the so
called quasi-classical description of neutrino interactions with electromagnetic fields and
moving matter. We started with the generalization of the Bargmann-Michel-Telegdi equation
for spin vector evolution of a neutral particle:
dsH

— = 2u[F*s, — ut(u, FY2S,)] + 2e[F#'s, — ut(u, FV2S))], (14.1)

1 — magnetic moment, € — dipole electric moment, F#V — arbitrary electromagnetic field
tensor, u* — neutrino’s speed vector, u, = (y, yﬁ) We managed to generalize this equation
that comes from electrodynamics to the case when neutrino weak interactions with the
particles of background are also accounted for. We substitute the electromagnetic field tensor
by itself plus the tensor that should account for neutrino interaction with moving and
polarized matter:
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Ey 2 Fy + Gy (14.2)
The problem was how to get an exact expression for this introduced tensor G,,. For each of
the matter components we introduced the four dimensional currents:
Jf = (np,nev), f =n,e,p, (14.3)
and polarizations:

/ 73 / ”fﬁf(ffﬁf)\

1+ fl — v}
ns — the number density of background particle f, ¥, — the speed in the reference frame in
which the mean momentums of each matter component f is zero, (} — the mean value of
polarization vectors of f in above mentioned reference frame. For each of fermions there are
only uf,jf,Af to construct Gy,. If j,Af are slowly varying functions in space and time
(similar to F,,, in Bargmann-Michel-Telegdi equation) then only four tensors (for each of f)
linear in respect to matter charact.:

G = e‘“’p’lu,ljp, (14.5)
Gy" = etvPrlu,a,, (14.6)
Gy¥ = uktjv — jru, (14.7)
GV = ukr — 2wy (14.8)

Thus, in general case of neutrino interaction with different background fermions matter
effects are described by antisymmetric tensor:

GH = 6['l1/plg’()1)u_/1 — (g(z)ﬂuv — uﬂg(z)v)’ (149)
where
Y ) (140
f
g@n = Z gWj 4 £D 2k (14.11)
f

We can also express this tensor that accounts for neutrino interactions with the background
matter in a way similar to the expression for the electromagnetic field tensor:

/ 0 E, E, E,
E, = (E B) = \_Ey B, 0 -5 | (14.12)
—E, _By By 0
Gy = (=P, M), (14.13)
where
M =y{g$Pf - g - [F x g1}, (14.14)
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- 2 - N - N
P =—y{gPF - g +[Fx g0} (14.15)

The substitution (14.2) means that we actually add to the real electromagnetic field the
additional vectors:
BoB+M (14.16)
E->E-P (14.17)
Finally, in the laboratory frame we get the following generalized Bargmann-Michel-Telegdi
equation of the three-dimensional neutrino spin vector evolution accounting for interaction of
neutrinos with the magnetic and electric fields:
ds 2u
dt y
where By, My, E,, P, are given in the rest frame of neutrino and expressed in terms of
quantities determined in laboratory frame:

By=v Bl+;B”+ /1—F[Elxﬁ] ) (14.19)

[S x (B, + M,)] + % [S x (Ey — Py)], (14.18)

E,=vy El+;E||— 1—)/—2[le71 , (14.20)
3a(D)
o -1 (1) :Bg >(1)
M, = - =g, 14.21
0o=VYB (go 1+y_1> g ( )
352
5 4 (2) :Bg >(2)
B o= _ _Pg , 14.22
0o=—VB (go g y_1> +9 ( )

7 = f/B. Now we should determine p}l) and f}l). Using SM + SU(2) — singlet vg theory
we have the neutrino electroweak interactions Lagrangian:

1+
Lepr = —f* (m 2)/5 v), (14.23)
where
G
= \/_% (1 + sin? 8,)j% - 2%) (14.24)

For simplicity we only account for the electron’s components. If neutrino dipole electric
moment is zero e = 0 and f, = Zug,(f) then

G

ptM = zu—\p/i(l + 4sin? 6,,), (14.25)
G

pl? = _zu—\p/i (14.26)

If we also account for the prediction of the Standard Model that the neutrino magnetic
moment is proportional to its mass as
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Uy = Svan? eGym,, (14.27)
we get
4772 42
W = 1+ 4sin? 6y), @ =— 14.28
p m, ( w) p 3em, ( )

Finally, we obtain the following expression for the additional vector to the real magnetic
field:

MO = ne)/ﬁ{[p(l) + p(z)gﬁe](l - Eﬁe) +

(.60 s
+p(2) ,1—'[]92 ( e.B e

1+.1—-v2 ¢F
In slowly moving matter v, « 1:

M, = n.yf(p® — p@7f), (14.30)
where the first term exactly reproduces the Wolfenstein term that was discussed for many
times in our previous lectures; the second term accounts for possible polarization effect. In
case of relativistic matter v, ~1:

M, = n.yf(p™® + p@{F)(1 - f7.) (14.31)
We can see that in case when matter is moving in the direction of neutrino propagation the
matter effect contribution to neutrino spin evolution equation is suppressed; and when matter
IS moving in inverse direction in respect to neutrino propagation there is a huge increase of
matter effect. We come to the conclusion that indeed the matter motion itself can drastically
change the matter effect in neutrino spin and flavor oscillations. Based on these derivations
we have form formulated some new effects.

First of all, now we know how to treat neutrino spin oscillations in arbitrary
electromagnetic field within Lorentz invariant approach. Before these our studies only the
case of constant magnetic field was considered. The formalism that we have derived enables
us to consider neutrino mixing and oscillations in various electromagnetic fields
(electromagnetic wave, etc.). We have derived the expressions for the probabilities of
oscillations in presence of electromagnetic fields and have found that there could be a new
type of resonance that is given by the following resonance condition:

+ O(y‘l)} (14.29)

1-— Ecos <p> =0, (14.32)

where VV — the matter potential, A = A(6,,.) depends on the vacuum mixing angle on the
type of transition we are considering, E — the energy of neutrino, g — the polarization of
electromagnetic field, w — the frequency of electromagnetic field, ¢ — the angle between the
neutrino propagation and the propagation of electromagnetic field.
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Matter effects

Now we shall fix our attention on the matter effect. In addition to the well-known from
electrodynamics equation for the neutrino spin evolution we get an additional term that
accounts for neutrino scattering on particles of the environment or weak interaction of
neutrinos with matter:

-

as,

dx
| would like to point that this three-dimensional vector G that accounts for weak interactions
is inverse proportional to the magnetic moment of neutrino, it means that the second term
does not depend on neutrino magnetic moment.

= 2u,[S, x B] + 21, [S, x G] (14.33)

Pic.14.2. Neutrino spin evolution.
Once again let’s consider the easiest generalization of the Standard Model SM +
SU(2) — singlet v and electron neutrino moving in matter composed of electrons, then the
equation for the three-dimensional neutrino spin evolution:

d§v 20y 2 -
= X .
=, 15X (Bo+ Mo)], (14.34)
Bo=v|B.+—B+ |1-—[E. x7] |, (14.35)
Y )4
— - =N 1 5
M, =y, pn, (.Bv(l - .vae) - )/_vel> (14.36)
v

The first term in (14.36) is longitudinal in respect to neutrino propagation and the second
term is transversal. Just from here it follows that neutrino precession (v, < vg) can be
produced by weak interactions of neutrino with the moving matter in case when transversal
current of matter is not zero.

There is a study of neutrino spin evolution in presence of general external fields. In
our paper we consider the general types of non-derivative interactions of neutrino with
external fields such as scalar, pseudoscalar, vector, axial-vector, tensor and pseudotensor
given by the following Lagrangian:

—L = gss()w + g,m()Ty>v + g,VH(x)vy,v + g A* () Ty, vV

+ % T vo,,v + % ¥ vo,,ysv, (14.37)
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where s,m, V¥ = (V°,V),A* = (4% 4),T,, = (4,b),11,, = (¢,d). We have found more
general quasi-classical relativistic equation for the neutrino spin evolution:

C, = 2¢, {.-\“{(,, X 3] — i,"—l, X A| — Le _(AB)[C, x ;’]}

E,+m, L

+2g: {[Co x b] — 2= (BB)[C, x B + [ x [a@ x F))} +

E.,+m,
+2ig; {[C x & — 52—(3)[C, x B] = (G x [d'x A))}

From this it follows that neither scalar s nor pseudoscalar 7 or vector V' contributes to the spin
evolution, and only electromagnetic interactions and weak interactions can influence neutrino
spin evolution.

In my paper “Neutrino in Electromagnetic Fields and Moving Media” published in
2004 | for the first time considered the possible effect of mixing between neutrinos of
different spin orientation due to neutrino weak interactions in case when there is nonzero
transversal matter current. 1 have derived the explicit form for the probability of spin
oscillations ve, — v, Orv,, - Vi

X
P(Vi - V]) = Sinz 29eff Sinz <L >,l * j, (14‘38)
eff
where
2T
Lojy = — (14.39)
,/Eesz + A%y
EZ
sin? 20, ; = ——2L (14.40)
T B+ 0y
‘Ll — e
Adpr= _|BO|| T M0|||' (14.41)
Y
— 1 e
Eepy =k |Bu+ oMy, (14.42)
v

| also included the possible effects of neutrino spin and spin-flavor oscillations due to the

presence of nonzero longitudinal and transversal magnetic field components. From these

formulas it follows that even in the absence of magnetic field and magnetic moment there still

will be one contribution due to transversal component MO ., given by the second term in
(14.36). It depends on p which is inverse proportional to the magnetic moment of neutrino:
— GF

p= 2u,2

In the conclusion of my paper one can read the following statement: “The possible

emergence of neutrino spin oscillations (for example, v., < v.,) owing to neutrino

interaction with matter under the condition that there exists a nonzero transverse current

component or matter polarization (that is, IWO . # 0) is the most important new effect that

(1+ 4sin? 6y,) (14.43)
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follows from the investigation of neutrino spin oscillations in Section 4. So far, it has been
assumed that neutrino spin oscillations may arise only in the case where there exists a nonzero
transverse magnetic field in the neutrino rest frame.” The effect of neutrino helicity
conversions and oscillations induced by transversal matter currents has been confirmed in
more recent papers. This effect has found some application in problems of neutrino
propagation in astrophysical environments.

Spin light of neutrino in matter

Now | would like to discuss the new effect that has been already introduced within the
quasi-classical treatment of neutrino propagation in the background media, we called this
phenomenon the spin light of neutrino. Neutrino moving in dense matter can emit light due to
nontrivial electromagnetic properties, in particular nonzero neutrino magnetic moment.

At first we developed the quasi-classical treatment to this phenomenon but obviously
it is a quantum effect. To develop the quantum theory of spin light we generalized the well-
known method of exact solutions from quantum electrodynamics to the case when neutrino is
moving in the background matter. This method implies that at first stage exact solutions for
the particle wave functions are found whether in presence of matter or in presence of
electromagnetic fields.

B,
e—ety

synchrotron radiation

1

/

“broad lines”

Pic.14.3. Synchrotron radiation.
This method was developed mostly for application to the theory of synchrotron radiation.
According to the method of exact solutions for the initial and final electron states we use the
exact solutions for the Dirac equation in electromagnetic field. The Dirac equation for
electron wave function accounting for interaction with magnetic field:

{r# (10, — eA () — m.} pe(a) = 0 (14.44)

We generalized this method to neutrino moving in external electromagnetic fields and

then for neutrino interaction with the dense matter. It enables us to find exact expressions for
neutrino wave functions and neutrino energies in different environments. We can introduce
the neutrino quantum states in presence of magnetic field and dense matter. Although this
method was developed for the needs of the neutrino spin light effect in matter and within this
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method we also have found another very interesting phenomenon that is the neutrino energy
quantization in rotating matter.

broad neutrino lines
account for interaction
with environment

Pic.14.4. The neutrino spin light.
In the series of our papers we have found an exact solution for the neutrino wave
function:

1
{ina“ — V(L +ys)f* — m} Yr(x) =0, (14.45)
where f* — the matter term that contains matter current j* and matter polarization A*:

= % ((1 + 4sin? 6y,)j* — *) (14.46)

Quantum treatment of spin light of neutrino in matter shows that this process originates from
the two subdivided phenomena:
1) the shift of the neutrino energy levels in the presence of the background matter, which
is different for the two opposite neutrino helicity states
2) the radiation of the photon in the process of the neutrino transition from the "excited"
helicity state to the low-lying helicity state in matter

Ei—<—
I —
B

Pic.14.5. Quantum theory of neutrino spin light.
Within these studies it is possible to derive the power and the rate of the neutrino spin light. It
also possible to describe the special distribution of radiation power and we have found that
there is a very strong projector-like effect.
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p>m
yix

m

n . o
< O

for p/m=5 and a=0.0l San: 2 m | maximumin
T3 _,; c08Omar = 1 - 3“7 radlation power
n = 10"em distribution
neutrino for p/m = 10° and o = 100
momentum \ 30 3|
n = 10" cm ™|
increase of matter density
projector-like distribution - cap-like distribution

Pic.14.6. Spatial distribution of radiation power.

The effect ma neutrino spin light is very slow. The characteristic time:
1

T (14.47)

I‘SLv
For ultra-relativistic neutrino with momentum p~102° eV and magnetic moment u~1071° pp
in very dense matter n~10*° ¢cm™3 from

T, = 4u?a’m?p (14.48)
it follows that

T= =1.5x%x1078s (14.49)

l—‘SLv

In the subsequent papers we also consider the effect of plasma mass. One of our recent

papers was published in the Journal of Cosmology and Astroparticle Physics about seven

years ago and has a very ambitious title “Spin light of neutrino in astrophysical

environments”. Indeed we examined a variety of astrophysical situations. We have found that

the conditions for the neutrino spin light observation could exist in the case of short Gamma
Ray Bursts.

Astrophysical bounds on neutrino magnetic moment

I would like to recall that the magnetic moment of neutrino is the most well accepted
among possible neutrino electromagnetic properties. Even in the easiest generalization of the
Standard Model once we accept that the mass of neutrino is not zero inevitably the magnetic
moment of neutrino should be nonzero too.

First results were obtained by G.Raffelt in 1990. There are the series of papers
published recent years confirming that early results. Once the magnetic moment of neutrino is
not zero due to the plasmon decay to neutrino-antineutrino pair the effect of cooling of red
giant stars can be modified. Using the Lagrangian
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1 _ _
Lint = E (/’la,blpao_ﬂvlpb + ea,blpao_uv)/Slpb) (14‘50)
a,b

accounting for the magnetic moment and electric moment interaction with neutral fields the
decay rate may be obtained in the following way:
2 2 2)2

o = zi‘m (@ wk ) (14.51)
This magnetic moment plasma decay process enhances the Standard Model of photo-neutrino
cooling of the star by proton polarization tensor. As a result faster cooling of the star could
appear. In order not to be in contradictions with the observational data Raffelt obtained that
the magnetic moment should be constrained:

pn<3x10712y, (14.52)
This is the best astrophysical limit on the effective magnetic moment of neutrino. Other types
of astrophysical constraints on magnetic moment of neutrino can be set. Here are three
phenomena that provide the astrophysical limits:

a) the helicity change in neutrino magnetic moment scattering on particles of the
environment (electrons, protons and neutrons) provides the transition from active left-
handed to sterile right-handed neutrino

b) spin or spin flavor precession in transversal magnetic field B,

c) spin or spin flavor precession in transversal matter currents j, or polarization ¢,
Applying these phenomena to concrete astrophysical settings, in particular to the experimental
data on the SN 1987A, we obtain the following upper bound on neutrino magnetic moment:

Ul ~10712 (14.53)
The demand of the absence of anomalous high-energy neutrinos in the flux of SN 1987A
provides more or less the same upper bound.

I

Astrophysical bounds on neutrino millicharge

In some generalizations of the Standard Model as we have discussed on our previous
lectures it is possible that neutrino is a charge particle, but this charge should be very tiny and
therefore we call this electric charge of neutrino millicharge. Again using the process of
plasma decay to neutrino-antineutrino pair we can set an upper bound for the neutrino
millicharge. About 30 years ago by Raffelt and collaborators it was obtained that

q, < 2x10 e (14.54)

From the observational data of SN 1987A neutrinos much stronger upper bound have

been obtained:

g, <3x10 Ve (14.55)
The most severe bound comes from the demand of neutrality of neutron:
q, <3 x107%te (14.56)

Together with my collaborators we obtained the most severe astrophysical bound on
neutrino millicharge. We considered the general problem of neutrino motion in magnetized
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and rotating matter; very similar conditions can be expected in case of neutron rotating stars.
As we have announced already the neutrino energy is quantized in rotating magnetized star
not only due to possible neutrino electric millicharge interaction with magnetic field but also
due to weak interaction of neutrinos with the rotating media. The modified Dirac equation for
neutrino wave function:

1 i
{Vu(P” +qoA*) = Svuler +ve)f* =S o P — m}l,l}(x) =0, (14.57)
where f# determines the matter potential

1
Vn = 5 Yu (c; +vs)f* (14.58)
In rotating matter
f* =—-Gn,(1,—eyw, exw, 0) (14.59)
We suppose that the axis of rotation coincide with the direction of magnetic field.

—
B v

Pic.14.7. Rotation angular frequency.
It is possible to find an exact solution for neutrino wave function and also to find an exact
value for neutrino energy. Neutrino momentum can be calculated according to the following
formula:

Po = \/pgz + 2N|2Gn,w — €q,B| + m? — Gn,, — q¢, (14.60)

where p; — the momentum of neutrino along the fixed axis of rotation of matter and magnetic
field, N — the integer number, n,, — invariant number density, w — matter rotation frequency,
q, — the millicharge of neutrino, B — the strength of magnetic field, ¢ — the scalar potential
of electric field. Neutrino energy is quantized in rotating matter like electron energy in
magnetic field (Landau energy levels):

Py = [md+p3 2N,y = BN =0,12,.. (14.61)

So the second part of the second term in (14.60) is just an effect of electric millicharge
interaction with magnetic field. But there is another term that also depends on the integer
number, invariant number density and matter rotation frequency. If we just switch off the
electromagnetic interaction of neutrino we will get that the energy of neutrino is quantized
due to its weak interaction with the rotating media.

In quasi-classical approach in presence of rotating matter neutrinos move on circular
orbits. Just from this and the analogy with the Lorentz force we can introduce the generalized
Lorentz force that in addition to electromagnetic part has an additional term due to weak
interactions of neutrinos with the rotating media:
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Forr = erEers + Qepr|B X Begs), (14.62)

deffEerr = QmEm + QoE, (14.63)

GefrEerr = |amBm + qoBlé,, (14.64)

where g,, = —G — matter induced “charge”, Em = —Vnn — “electric” field, §m =2n,6 —

magnetic field. Low-energy neutrinos (E~1 eV) are trapped in circular orbits inside rotating
neuron stars. We can estimate the characteristic radius; it will be less than the characteristic
radius of neutron stars:

2N

R= |—— R =1 14.
< Rys = 10 km, (14.65)

where n =103 cm™3,w = 2w x 103 s~1. We can expect that rotating neutron stars can
serve as filters for very low energy neutrinos.

I would like to return back to the most severe astrophysical bound on electric
millicharge of neutrino. As we have discussed if neutrinos are millicharged particles and they
are propagating in magnetized compact object the trajectories will be modified. If we consider
neutrinos escaping from the rotating pulsar then they will escape the surface not perpendicular
but with some inclination. A single neutrino generates a feedback force:

F = (qoB + 2Gn,w) sin @ (14.66)
It is possible to calculate the torque produced by one single escaping neutrino due to the
curved trajectory of motion of neutrino millicharge in magnetic field:

M, (£) = j 1- rz(tmj SIn* 6 () sin 6 (14.67)
The total neutrino torque will be
M(t) = %f M, (t) sin 6 d@d¢ (14.68)
It should effect the initial star rotation, so the shift of the star angular velocity is
|Aw| = EMZ (qoB + 2Gn,wy), Aw = w — wy (14.69)

We just introduced the so-called neutrino star turning mechanism vST. Escaping millicharged
neutrinos move on curved orbits inside magnetized rotating star and feedback of effective
Lorentz force should effect initial star rotation. We’ve estimated this shift of the rotation
frequency in the following way:

|Aw] Do N/ N, \ /1.4M B

oy = 16X 107 (105) (1058>< M5®> (10146) (14.70)
From very conservative demand that one should avoid contradiction of vST impact with
observational data on pulsars we get immediately that the millcharge of neutrino should be

go < 1.3 x 107 1%, (14.71)

This result is the best astrophysical bound on neutrino millcharge.
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Lecture 15. Neutrino quantum states in electromagnetic fields and
matter

Introduction

We’ve already dealt with it but | would like to attract your attention once again on the
very powerful method of exact solutions and also show it’s another very important
applications. This method was developed within the quantum field theory describing
electromagnetic interactions of particles. It is based on the use of exact wave functions of the
quantum equations, for instance for electron that is the Dirac equation. We’ve developed this
method and have applied it to the description of neutrinos which as we know have nontrivial
electromagnetic properties, at least the magnetic moment of neutrino is not zero once we
accept that the mass of neutrino is not zero. In other generalizations of the Standard Model
neutrino can be even a millicharged particle. The neutrino charge radius is not zero. There are
a set of the most important neutrino electromagnetic properties. But in addition to
electromagnetic properties within the method of exact solutions we also can account for the
effect of neutrino weak interaction with the background matter.

Quantum treatment of neutrino in matter

Let's consider a flavor neutrino moving in matter composed for simplicity only of
electrons within the Standard Model of electroweak interactions. The Standard Model
Lagrangian looks like

Line =—7— 5~ o [Vey*(1 + ys)ve — éy*(1 — 4sin® Oy, +ys)elZ,
g _ g _ _
—— v y*(1 + y)eW, — —ey*(1 +ys)v, W, 15.1)
Wk Ys)eW, N Ys)veW, (

There are charged current interactions and neutral current interactions contributions to
neutrino potential in matter:

1+
ALSG, = V2Gg(ey* (1 + ys)e) (Vey” 2)/5 ve), (15.2)
Gr , _ ) _ . 1+y
ALy = —E ey 11— 4sint ) +ysle) (i =5 Tv)  (153)
When the electron field bilinear (ey*(1 + ys)e) is averaged over the background
(éy,e)~density, (15.4)
(ey;e)~velocity,i = 1,2,3, (15.5)
(éy,yse)~spin, (15.6)

it can be replaced by the matter (electrons) current that is determined by the invariant number
density n and speed of matter 74

jH = (n,nl7) (15.7)
and polarization
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nV({V) )
1+vV1—v2) (15.8)

v — the speed of neutrino, f — the spin vector of neutrino. The addition to the initial vacuum
neutrino Lagrangian will be

AH = (n(fl_/)),nf 1-v?+

AL,rr = ALSG . + ALNG, = —fH | v L+y® (15.9)
eff = Blegy efr = —fH | vy V) .
where
G
H=—((1+44sin?8,,)j* — I* 15.10

Within the straightforward procedure we obtain the generalized Dirac equation for the
neutrino wave function:

(i)/,ﬁ“ - %y#(l +ys)fH — m) Y(x) =0, (15.11)

m — the mass of neutrino. This equation was obtained for the first time in our paper and we
also have found the exact solution for the wave function and the energy spectrum of neutrinos
moving in the background matter for simplicity composed only of electrons. In the rest frame
of unpolarized matter f* vector is simplified:

Gp
F=—+(n00,0), 15.12
f > ﬁ( ) ( )
Gr = Gp(1 + 45sin? 6y,) (15.13)
The equation (15.11) can be written in the Hamiltonian form:
. a - ir =
lal/)(r, t) = Hpuet Y (7, 1), (15.14)
where
ﬁmatt = C_fﬁ + ,ém + Vmatt: (15.15)
. 1 ~
|74 =—(1+ Ggn, 15.16
matt 2\/?( Ys)Gr ( )
G = (2 U), (15.17)
o O
5_ (1 0 _
g = (0 _1) = s (15.18)

The form of the Hamiltonian implies that the operators of the momentum ﬁ and the

longitudinal polarization fﬁ/p are the integrals of motion:

%1/)(7, t) = sy (7, t),s = +1, (15.19)

where s =1 corresponds to positive-helicity state and s = —1 corresponds to negative-
helicity state. In the relativistic limit the negative- helicity neutrino state is dominated by the
left-handed chiral state: v_ = v,, v, = vg. Here are the exact solutions of the modified Dirac
equation for the wave function and the energy of neutrinos for two helicity states s = +1:
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Y t) = e {ELPNY(B, E,), (15.20)
m 2
E.=c¢ |p? (1 - S(ZE) + m? + am, (15.21)
where the matter density parameter
L g m (15.22)
a=——Gr— .
282 'm
For instance, for the case of extreme dense matter in neutron stars when n = 103 cm™3
1 .
——Grn~1leV 15.23
2\/2 F ( )

It’s very important that neutrino energy in the background matter depends on the state of the
neutrino longitudinal polarization (helicity), i.e. in the relativistic case the left-handed and
right-handed neutrinos with equal momenta have different energies. The exact expression for
the neutrino wave function in the presence of non-moving non-polarized matter composed of

electrons:
m
\[1 + —\[1 + sp—3
E.—am p

m .
s|14+—— |1-— Sp3 i
p —i(Ect—P7) E. —am p
_ (15.24)

lps,ﬁ,s(?; t) = 2L3/2 )
sen |1 — _m 1+ s&
K E., —am p
__ M i _gPe s
en\/l Eg—am\/l spe
m
1 = sign (1 — sa5>, (15.25)
& = arctan(p,/p,), (15.26)
m 2
E. —am = ¢ |p? (1—sa;> + m? (15.27)

The quantity € = +1 splits the solutions into two branches that in the limit of vanishing
matter density o« — 0 reproduce the positive and negative-frequency solutions, respectively.

It is also possible to apply the discussed procedure to the case when neutrinos are
moving in matter composed not only of electrons but also of protons and neutrons. There is
the same modified Dirac equation (15.11) with

=26y Z J;qugl) q}z), (15.28)
f=epn
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q](cl) = ( 199~ 20P sin? 9, + 6ef) (15.29)
g = — (15 +6.), (15.30)
(1 forf=e
5 ={, A (1531)

Neutrino energy spectrum in matter composed of electrons, protons and neutrons:

m 2
E.=c¢ |p? (1 - sa?> + m? + am, (15.32)

where ¢ = +1,s = +1 and the density parameter a is determined by particle’s number
densities n, ,, . For instance for electron neutrino

W = (ne(l + 45sin2 6,) + n, (1 — 4sin? 6,) —n,) (15.33)

In electrically neutral n, = n,, and neutron reach matter n,, > n,,n, we obtain that a,,, < 0.
For electron antineutrino ay, — —a,,,. For muon and tau neutrino
1 Gr
avu,vT - 2\/-—
It’s very important that the method that we are developing is similar to the well-known Furry
representation of quantum electrodynamics.

— (n(4sin? 8y, — 1) + n, (1 — 4sin? 8y,) —n,) (15.34)

/

'Bma-! p«-mS

Pic.15.1. Synchrotron radiation.

The method of exact solutions was developed for application to the theory of
synchrotron radiation. According to the method of exact solutions for the initial and final
electron states we use the exact solutions for the Dirac equation in electromagnetic field. The
Dirac equation for electron wave function accounting for interaction with electromagnetic
field:

{y“ (i@u - eAfj‘t(x)) - me}th(x) =0, (15.35)
where electromagnetic field potential
Ay (x) = Al (x) + A (x) (15.36)
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| would like to compare neutrino and antineutrino energy spectra in matter. For the
fixed value of the neutrino momentum p there are two values for the “positive sign” € = +1
energies:
— positive-helicity neutrino energy

2
ES=+1 — \/ﬁz (1 — a%) + m?2 + am, (1537)

— negative-helicity neutrino energy

m 2
Es=-1 — \/ﬁZ (1 + (Zg) + m?2 + am, (1538)

So the energies in matter depend on the helicity in contrary to the case of vacuum when the
matter density perimeter is equal to zero. The two other values of the energy for the “negative
sign” € = —1 correspond to the antiparticle solutions. By changing the sign of the energy, we
obtain

— positive-helicity antineutrino energy

. m\?
Es=+1 — \/ﬁZ (1 — az) + m?2 — am, (1539)

— negative-helicity antineutrino energy

2
Fs=-1 = \/ﬁz (1 + aT) +m2—am (15.40)
p ' '

Now, after the introduction on the solutions of the modified equation in presence of
matter for neutrinos and antineutrinos with different helicities, 1 would like to comment on
some quite straightforward new effects that can be easily understood using the exact
solutions:

e Neutrino reflection from interface between vacuum and matter

e Neutrino trapping in matter

¢ Neutrino-antineutrino pair annihilation at interface between vacuum and matter
e Spontaneous neutrino-antineutrino pair creation in matter
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Neutrino reflection from interface between vacuum and matter

m< E<am+m

vacuum matter

(|—°()| E[(l—(\|;i'()
?////// \\\\\\\\\\\\\\\\\\\\Q
UV N
oL, m+m

N\
+m }
{ AN NNANNANNN N a,m—m

-m e<0

N\

Pic.15.2. Neutrino reflection from interface between vacuum and matter.

Let's suppose that there is a surface that splits space into two parts. The left-hand side
corresponds to the vacuum with zero matter density parameter @ = 0. The right-hand side of
space is occupied by matter with « = a; > 0. From the exact expressions for the energies in
vacuum known before our discussion and in matter as we have derived just in the previous
paragraph we see that there is quite complicated structure of available ranges of energies for
neutrino. If the neutrino energy in vacuum E is less than the neutrino minimal energy in
medium a;m + m then the appropriate energy level inside the medium is not accessible for
neutrino and neutrino is reflected from the interface. This effect exist because the forbidden
zones in vacuum and in matter are not identical, they are shifted.
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Neutrino trapping in matter

loym—m| < E < m

vacuum matter
o = ( a=a; >0
////// \\ \\\\\\\\\\
>0
o,m+m

#m 8"’ =
{ S
<

-m e \\\

1,£<0 \\\\\\\\\\\\\

Pic.15.3. Neutrino trapping in matter
Let's consider antineutrino moving in medium with the energy within the following
range |laym —m| < E < m. It cannot escape from the medium because this particular range
of energies exactly falls on the forbidden energy zone in vacuum. The antineutrino has not
enough energy to survive in vacuum; it is trapped inside the medium.

///

Neutrino-antineutrino pair annihilation at interface between vacuum and
matter

m< FE < aym—m

matter

\\\ S

\\e>

‘ oL,m+m

=
oL,m-m

% §\\\\\ NN

v,
me IIIIIIIIIIISS. 1// \\\\\\\ U
{
-m

2,€<0
Pic.15.4. Neutrino-antineutrino pair annihilation at interface between vacuum and matter.

vacuum

o — ()

\\\\\\

N
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Let's consider neutrino with energy m < E < a,m —m propagating in vacuum
towards the interface with matter, where the matter dense parameter a, > 2. If not all of
“negative sign” energy levels are occupied and, in particular, the level with energy exactly
equal to E is available let’s suppose an antineutrino exists in matter. There is a possibility for
neutrino-antineutrino annihilation v + ¥ — y at the interface of vacuum and matter.

Spontaneous neutrino-antineutrino pair creation in matter

matter
E Qy > 2

\\\\\\
‘\e>0\

oL,m+m
2M—m

/NI

+m
orbidden energy zong

—
%///“0?%

Pic.15.5. Spontaneous neutrino-antineutrino pair creation in matter

Again we suppose that there is a gap between the forbidden energy zones for neutrinos
in vacuum and in matter, it happens when the matter density parameter a, > 2. Neutrino-
antineutrino pair creation can be interpreted as a process of appearance of a particle state in
the “positive sign” energy range accompanied by appearance of the hole state in the “negative
sign” energy sea. This effect recalls the well-known spontaneous electron-positron pair
creation according to the Klein’s paradox of electrodynamics.

I would like to make one additional important note. We have obtained the following
expression for the energy spectrum of active left-handed and sterile right-handed neutrino:

a2
E = |p? (1 —sa ;) +m? 4+ am (15.41)

If we consider ultra-relativistic case when the momentum exceed the mass of neutrino p > m

and also the density is not extremely high
Ll (15.42)
T 2v2 fm T m '
then from the obtained neutrino energy spectrum (15.41) we immediately get the
approximation for the two helicity states neutrino energies:

ES=*l =~ Ey — am (SEE — 1) (15.43)

0

The energies (15.43) reproduce by the way in the case of relativistic neutrinos the exact

expressions for the energies of neutrino chiral states:

a
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— active left-handed neutrino energy

_ 1 .
EVL ~ E°5= 1x EO + EGFTL, (154‘4‘)
— sterile left-handed neutrino energy
E,, ~ ES=*! » E, (15.45)

Neutrino flavor oscillations in matter

Let's consider two neutrino flavor states v, and v, that propagate in electrically neutral
matter n, = n, composed of neutrons, electrons and protons in equal number. From the
previous paragraphs we get the following matter density parameters:

1 G
@ = 5 m —L (ne(1 + 4sin? 6y,) + n,(1 — 4sin? 6) — ny,), (15.46)
1 Gg
a, (ne(4 sin? 8, — 1) + n, (1 — 4sin? 8y,) —n,) (15.47)
wVt 2\/_
For the relativistic active neutrinos we get the very simplified energy expression:
Esooi = Eo +2ay,,,Mmy, (15.48)
The difference between active electron and muon neutrino energies:
AE = E5771 — ES=7 = V26Gm, (15.49)

From (15.49) follows the well-known expression for the MSW resonance effect.

Modified Dirac-Pauli equation for neutrino in matter

We have developed the quasi-classical approach to a massive neutrino spin evolution
in the presence of external electromagnetic fields F,,, and background matter. The well-known
Bargmann-Michel-Telegdi equation of QED has been generalized for the case of a neutrino
moving in matter and external electromagnetic fields by the following substitution of the
electromagnetic field tensor:

Ew = Ep =F,y + Gy, (15.50)
where G, accounts for the presence of matter
GHY = Z et (pDjf + p P uy, (15.51)
f

pt = Or —_ (1 + 4sin?6y,) (15.52)

e 2,[1\/? woih .

G
@ _ F
= 15.53

Pe 2 ( )

f=enpur, .. ,j,’; — matter current, /15 — matter polarization, u; — neutrino speed. The
substitution (15.50) means that we shift the real magnetic and electric fields:
B=B+M, (15.54)
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= = -

E=E-P (15.55)
We’ve obtained the modified Bargmann-Michel-Telegdi equation for neutrino spin evolution
with the second term accounting for weak interactions of neutrinos with the background
matter:

-

ds . o .
dt” = 2u,[S, X B] + 2u,[S, x G] (15.56)

The more complete treatment of electromagnetic interactions of course is provided by
the Dirac-Pauli quantum equation that can be derived from the Dirac-Schwinger equation:
(iy#0, — m)p(x) = f Mo, (), (1557)

Mg (x', x) — neutrino mass operator in electromagnetic field. In the linear approximation over
the interaction of electron with the external electromagnetic field one can easily obtain the
well-known Dirac-Pauli equation:

(v, —m - %O’”VFuv) P(x) =0, (15.58)
We have proceeded the analysis procedure and generalized this equation accounting not only

for the electromagnetic interaction of neutrinos but also for the neutrino interaction with the
background matter. Using the substitution F,,, — G, from (15.58) we obtain

(iy“au -—m— %O’“VGW,) Y(x) =0, (15.59)

0 0 0 O

0 0 —B5 B
GH = yp® ) 15.60
VP o B3 0 —p ( )

0 -, B O

G Y =1/2 5
1 _ F _ 2 _

= F L —(1- B = (8., B, B), 15.61
pe =5 (1-5%) .8 = (BuBaB3) (15.61)

E — neutrino speed. It is possible to find the stationary states for this equation. Neutrino wave
function in matter:

Y@ t) = e 1 EC-Py (B, E) (15.62)
Neutrino energy spectrum in matter for two helicity states s = +1:
E =p2(1 + a?) + m? — 2amps, (15.63)
where the matter density parameter
1 - n

The exact expression for the neutrino wave function:
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e—i(Et—ﬁF)

Yos(M D) =157

(15.65)

We have two identical equations and the corresponding solutions accounting for
neutrino interaction with the background matter. One is based on the modified Dirac equation,
another - on Dirac-Pauli equation.

Dirac Dirac-Pauli

5T o

)

L

2
E= p'i (1 - .~.-n—) + m? + am
\ P

1 . .
{E"I-J,U“ — =1 4 v5) [ = m}tb(;:rj =0 (i",“a“ - - '“(T“"(}'H.u)lll(:a:) =10
iy

f

a
E= \‘I,l"p'z - m'-’(l q%)

In the limit of low density :

s=+1 . pm ~e=41 __ o pm
E = E['l — tas——(+ am are not equal -"'—-'q —~ -".—rf(J = ”"-"r'f
{1 Eﬂ
However, the differences of s——1 S—t ]
energies of the two neutrino &E =F - F e 2am
¥ %
helicity states equals va(si.—,‘ﬁ. pEm

Pic.15.6. Two energy spectra.

We see that the energies are different but if we consider the limit of low density then this
difference will be explicitly demonstrated by the additional term am. The difference of
energies of two neutrino helicity states calculated using the energy spectrum of the modified
Dirac equation and calculated using the energy spectrum of the Dirac-Pauli equation are the
same. It means that these energy spectrums provide the identical expressions for the
probability of MSW resonance amplification of flavor oscillations.

Accounting simultaneously for interactions with external electromagnetic fields and
also for weak interaction with background matter we derived the following modified Dirac-
Pauli equation:
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ka, —m — ot (G + F) |(x) = 0 15.66
l)/ m 2 o uv uv l,b xX) = ( ' )

If constant magnetic field is present in the background and a neutrino is moving parallel (or
anti-parallel) to the field vector B, then the neutrino energy spectrum can be obtained by

KBy
a->a =a+— > (15.67)
ap + uB;\*
E=\/ﬁ2+m2 (1—5%) (15.68)

It is also possible to calculate the gap between the two neutrino helicity states in magnetized
matter:

G B
Depp=EST71 —ES™* = —=n+2 % (15.69)

vz
The additional term here is proportional to the neutrino magnetic moment interaction with the
longitudinal magnetic field; however this term is strongly suppressed by gamma-factor of
neutrino.

Neutrino oscillations in magnetized matter

The Dirac-Pauli energy spectrum of neutrino in magnetized matter can be used for

derivation of the neutrino oscillation v, < vy probability:
X

Py, g (%) = sin? 26,7 sin® ) (15.70)
Lerr
where
EZ
in? 20,7 = =22 —— , Eorp = 2uB,, 15.71
sin eff = Eesz +Aeff eff Ub ( )
2T
Leyff = —, (15.72)
2 2
JEeff + Aerr
—- 41 _ Gr KB
Aeff: Es= 1 ES_+1 = ﬁ n+ 27 (1573)

Just for completeness | would like to mention that it is also possible to solve the
problem of neutrino propagation in matter using the method of exact solutions. The equation
for neutrino Green function in matter:

1
(i)/ﬂaf‘ — Eyu(l +ys)f* — m) G(x) =—-6(x) (15.74)

Again the matter effect is described by f# vector that is determined by the matter current and
polarization:
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fr= % ((1 + 4sin? @y,)j* — *) (15.75)

In the momentum representation (15.74) looks like the following
(B-—m—-FP)Gc(P) = -1, (15.76)
1—

1+V5,PR = ZVS. It is possible to find an exact solution for the neutrino Green

where P, = .

function:
Gmatt(p) =
_=@*=mH@G+m)+ f(p—m)P,(p+m) — f2pP, + 2(fp)Pr(p + m)
B (p? —m?)? - 2(fp)(p* —m?) + f*p?

I would like to specify some new effects in neutrino spin and spin-flavor oscillations
that can provide new important consequences for neutrinos in different extreme astrophysical
environments. First of all, | would like to speak about generation of neutrino spin v} «
(o) = vE and spin-flavor v} « (j,) = v{ oscillations by interaction with nontrivial
transversal matter current j,. Our discussion mostly will be based on the paper published by
me with Pavel Pustoshny in 2018, but this effect as | have already mentioned in previous
lectures was predicted in my paper in 2004. The second important phenomenon is the inherent
interplay of neutrino spin and spin-flavor oscillations in magnetic field B. This discussion
mostly will be based on our paper published by me with Anton Popov.

(15.77)

Neutrino spin and spin-flavor oscillations due to transversal matter current

Let’s start with the first effect. There is no need for either magnetic moment of
neutrino or magnetic field. In the conclusion of my paper (2004) one can read the following
statement: “The possible emergence of neutrino spin oscillations (for example, v,, © v, )
owing to neutrino interaction with matter under the condition that there exists a nonzero
transverse current component or matter polarization (that is, IVfO , # 0) is the most important
new effect that follows from the investigation of neutrino spin oscillations in Section 4. So
far, it has been assumed that neutrino spin oscillations may arise only in the case where there
exists a nonzero transverse magnetic field in the neutrino rest frame.” | have also derived the

probability of spin v,, — v, and spin-flavor v,, - Vi oscillations in this paper:

X
P(Vl' - V]) = sin? 29€ff sin? <—> L F j, (1578)
Less
where

2T
Loy = —, (15.79)

Egrp + D3ss
2

SinZ 26,55 = _ e (15.80)
Edrr + 8rr
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2 _ l,l, — —

- 1—>
BL+ZMOL

From these formulas it follows that even in the absence of magnetic field and magnetic

moment there still will be one contribution due to transversal component M, | given by the
second term in

— - 2> 1 N
My = yypn, (ﬁv(l - ,vae> - y_vel)' (15.83)
%
where n, — the matter density, y,, = E, /m, — the Lorentz factor of neutrino and
p = Gr (1 + 4sin?6y,) (15.84)
2p,V2 v '

This effect of neutrino helicity conversions and oscillations induced by transversal matter
current has been recently confirmed in studies of neutrino propagation in astrophysical media
independently by other people. In our paper (2018) we consider spin and spin-flavor
oscillations within quantum treatment. Firstly, we introduce two flavor states and for each of
the flavor state two possible spin orientations

Vp = (vg,ve‘,vlf,v,[)T (15.85)
We account for neutrino interactions with the longitudinal jj, and transversal j, matter

currents. For simplicity we suppose that matter is composed of neutrons, neutron number
density in laboratory frame:

N
V1I—v?
v = (v,,v,,v3) — the velocity of matter. The addition to the Lagrangian accounting for two
flavor neutrino interactions with the particular background of neutrons:

n= (15.86)

_ 1+vy _ 1+y
Lie = =1 ) 00— n(@ = 1 Y 0y — v, (1587)
l=e,u i=1,2
Gp
M= — K 15.88
f 5 ﬁjn ( )
jh =n(1,9) (15.89)

We also included the effect of possible neutrino interaction with the magnetic field. We have
derived the evolution equation:

d
=i = (Ho + AHS™ + AHSM, + AHEM, 5, + AHYS + AHJS )vi,  (15.90)

where the first part of the effective evolution Hamiltonian corresponds to vacuum H, —
vacuum and AH3M™ — Standard Model interaction with matter at rest, AHfl’l"_’{j , — Standard
Model interaction with moving matter, AHgﬂﬂBl — Standard Model interaction with magnetic
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field, AHy™" — Non-Standard Interactions with matter at rest, AHfiS'; — Non-Standard
Interactions with moving matter. We’ve solved this equation and found the solution for the
probabilities for different cases. We examined the possibility of resonance amplification of
neutrino oscillations in several particular cases:

e neutrino spin oscillations vt « (j,) —» vR engaged by the transversal matter current
and it’s resonance amplification due to neutrino interaction with the longitudinal
matter current j,

e neutrino spin oscillations v. « (j,) — vk engaged by the transversal matter current
and it’s resonance amplification due to neutrino interaction with the longitudinal
magnetic field B,

* neutrino spin-flavor oscillations v; « (j,) — vf engaged by the transversal matter
current and it’s resonance amplification due to matter-at-rest effect

e neutrino spin-flavor oscillations vt « (') - vf engaged by the Non-Standard
Interactions of neutrino with the transversal matter current and it’s resonance
amplification due to matter-at-rest effect
We considered the neutrino spin oscillations vi « (j,) » vk induced by the

transversal matter current and we applied our theoretical model to the concrete model of the
short Gamma Ray Burst following the paper of Perego of 2014. By the way the same model
we used in our paper examining the particular astrophysical environments where is the spin
light of neutrino might be important. So, in our paper we considered neutrino escaping the
central neutron star with some inclination angle a from accretion disc.

D ~ 20 km
d ~ 20 km

Pic.15.7. Neutrino escaping the central neutron star.
It is possible to estimate the longitudinal part of magnetic field B) = Bsina~%B. We
suppose that the toroidal bulk rotates with the frequency of w = 103s~1. It generates the
transversal velocity of matter in respect to indicated neutrino propagation v, = wD = 0.067

and y,, = 1.002. We estimated the effective energy and the other very important quantity that
contributes to the oscillation probability:

- cos? 9 . -
Begr = (2) G, = 2o, = G v, (15.91)
ee Y11 Y
_ (% & ~ = 2581 ~
Depr=|{=) By +NeeGnf| = [—B) — Gngyy (15.92)
y ee ]/‘V
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According to (15.80) the resonance is reached when A.¢, vanishing and it is means that the
resonance condition looks like the following

It will be fulfilled when
B
Pl _ 1<t (15.94)
Gno)/n

In other case we considered the neutrino spin-flavor oscillations vy « (j, B,) = v
induced by the transversal matter current and transversal magnetic field. The resonance
amplification of spin-flavor oscillations criterion is

EZ
SiN? 2077 = —— o > % (15.95)
Eerp + Bery
We’ve derived the effective energy:
n = 11 Ho ~ 52
Eorf = |teuBL + (=) Gnv,|>|aM —(—+—=)B,, — Gn(1—9B)| (15.96)
Y 2\y11 Y22

ep
For the particular choice of the mass square difference Am? = 7.37 X 107° eV?, sin? 6 =
0.297 and the realistic energies of neutrinos py = 10° eV we have found that the resonance
of these spin-flavor oscillations will be realized when matter has quite reasonable density
about ny, ~ 5 x 103¢ cm™3. For this particular choice of parameters the effective oscillations
length will also get quite reasonable value of about L.¢r =~ 10 km.

Neutrino spin and spin-flavor oscillations in constant magnetic field

Now I would like to consider neutrino eigenstates and flavor v < vk, spin v} & v§
and spin-flavor v < v2 oscillations in constant magnetic field. So we consider two flavor
states with two different helicities. Each of the flavor helicity states can be expressed in terms

of the mass states v/ ®

(15.97)

e
LR) _ _ L(R) (R)

V, V.

{ VL(R) = vlL(R) cosfO + VZL(R) sin @
u 1

. L
sinf + v, cos 8

We also distinguished the transversal and longitudinal components of constant magnetic field
B = (B,,0,B,). We’ve derived the Dirac equation:

(yup* —m; —wEB)vi(p) = 0 (15.98)
and also examined the stationary states of neutrinos in presence of magnetic field:

{v}é(t) = civl—:(t) + ci__vl-__(t) (15.99)
vt (6) = dif v (8) + divi (0)
The neutrino spin properties are characterized by the spin operator
~ 1 > — l - S12
Si=% [ZB Yol [2 x p]B], (15.100)
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1 m;
i
— = (15.101)
N

’mfﬁz + p?B;

that commutes with the evolution Hamiltonian:
H, =vy,7p - /’liYOfﬁ +m;Yy (15.102)

The energy spectrum of neutrinos is shown below:

Ef = \/mlz +p2 + u?B? + 2u;s /mi2§2 + p2B? (15.103)

By the way, this expression is not new, it was found for the first time many years ago when
people considered a neutron propagation in presence of constant magnetic field. For
simplicity we introduced new notations:

1
By = E(.ul * wp), (15.104)

Uy, U, — the magnetic moment of neutrino mass states. Using the exact solutions we
calculated the probabilities of

— flavor oscillations
2

Am
Pvé—w,ﬁ (t) = sin? 26 {cos(,ulBlt) cos(u, B, t) sin® E t

+ sin?(uy B, t) sin®?(u_B, t)} (15.105)
— spin oscillations
P R (t) = {sin(uyB,t) cos(u_B, t) + cos 20 sin(u_B, t) cos(u, B, t)}?
Am?
—sin? 20 sin(uy B, t) sin(u, B, t) sinzﬁt (15.106)

— spin-flavor oscillations
2

Am
Pyi R (t) = sin? 26 {cos(,ulBlt) cos(uy B, t) sin? Y t

+ sin?(u, B, t) sin?(u_B, t)} (15.107)

| would like to stress that we are not accounting for the presence of matter here only the
electromagnetic interaction of neutrinos with constant magnetic field. All these three
phenomena are characterized by the interplay of oscillations on the vacuum frequencies

Am? . .
Wyge = % and on the magnetic frequencies wz = uB,.

Let’s consider some particular cases that more vividly indicate the beauty of these
phenomena. If we suppose that the magnetic moments of the mass states of neutrino are equal
to each other u; = u, then the probability of flavor oscillations will be
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Am?
— P02 102 102
Pv{;—m,ﬁ (t) = (1 — sin*(uB, t)) sin* 20 sin s t
_ __ pcust cust
= (1-Pgte) Py (15.108)

Am?

The amplitude of flavor oscillations on vacuum frequency w,,. = o IS modulated by

magnetic frequency wg = uB,.
1

V., =¥V
el L

0.84

a\
1

robability

0.4 |

T T
0 20 40 60 80 100
Distance, km

Pic.15.8. The probability of flavor oscillations in transversal magnetic field.

On the pic.15.8 we show that there is interplay of oscillations of on two different frequencies
in the case when the transversal field is quite strong B, = 10 G, the neutrino energy p =
1 MeV, the mass square difference Am? = 7 x 10~> eV? and the magnetic moments are very
close to the prediction of the easiest generalization of the Standard Model w; = u, =
10729 g, It means that we choose quite realistic confirmed experimentally and from some
general theoretical framework parameters. | would like to recall that if you just use the mass
equal to the upper limit of 1 eV (recent KATRIN experiment result is 0.8 eV’) then the easiest
generalization of the Standard Model predicts that the magnetic moment of a Dirac neutrino
should be ~1078 ug, we use 10720 ug. It means that this phenomenon rarely exist in nature,
so there is no need for any new physics beyond the Standard Model only one have to accept
that neutrino is a massive particle.

Again we suppose that the magnetic moments of the mass states of neutrino are equal
to each other u; = u, then the probability of spin oscillations will be

Am?
Pi e (t) = <1 — sin? 26 sin? yr t> sin?(uB, t)
= (1- P ) Pt (15.109)

The amplitude of spin oscillations on magnetic frequency wg = uB; is modulated by vacuum
2
frequency wy,q. = A%. Again there is interplay of oscillations of both frequencies. On the

pic.15.9 the probability of spin oscillations is shown in the case when the transversal field
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B, = 10 G, the neutrino energy p = 1 MeV, the mass square difference Am? = 7 X

107> eV2 and the magnetic moments p; = u, = 1072 pg.
1

v
Ver = Ver

0.8

e
Ex

Probability

0.44

().I-A/\/M

T T T T T
0 20 40 60 80 100
Distance, km

Pic.15.9. The probability of spin oscillations in transversal magnetic field.

Finally, the probability of spin-flavor oscillations in case of y; = u, then will be
2

Am
Pyi R (t) = sin?(uB, t) sin? 260 sin? 2 t

= pCyst pepst | (15.110)

Ve—Ve  Ve—Vy

.. S . Am? .
There is interplay of oscillations on the vacuum frequencies w,,. = % and on the magnetic

frequencies wgy = uB,. For the same realistic choice of parameters the probability of spin-
flavor oscillations is shown on pic.15.10.

1
V,=V
el R
0.8
2 0.61
E
<
=]
2
& 0.41
0.21
‘/\/m . M .
0 20 40 60 80 100

Distance, km

Pic.15.10. The probability of spin-flavor oscillations in transversal magnetic field.
For completeness we calculated the survival probability:
P ,i(t) = {cos(uyB,t) cos(u_B,t) — cos 20 sin(u, B, t) sin(u_B, t)}?
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2

m (15.111)
4p

— sin? 20 cos(uy B t) cos(u, B, t) sin?

And just for curiosity here is a confirmation that there are no obvious mistakes in our
calculations:
P.L ‘11+PL R+ P,L E+PL L=1 (15.112)

VeV Ve—Ve VeV Ve—Ve
The discovered correspondence between flavor and spin and spin-flavor oscillations in
magnetic field are sufficient for considering neutrino propagation in different astrophysical
environments where magnetic fields are present.

I would like to remark about the generalization of this interplay of neutrino spin and
spin-flavor oscillations in presence of moving matter. | generalize these predictions and also
considered the interplay between spin, flavor and spin-flavor oscillations in case when spin
oscillations are produced not by electromagnetic interaction of neutrinos with the background
matter but by neutrino interaction with the transversal matter current. | just derived the similar
formula for neutrino flavor oscillations as the following

Pv(g[:g)(t) = (1-PYs = PYe) Pv(g]l)vﬁ (15.113)

| would like to mention that if we generalize the mixing matrix of neutrinos and also

consider the additional part of this mixing matrix for Majorana neutrinos which accounts for

CP-violating effects then new time type of resonances for can appear. If one also accounts for

the Majorana CP-phrases it will induce new resonances as it have been indicated in our recent
paper that serves as a tool for distinguishing the nature of neutrino (Dirac or Majorana).

Another very interesting study of neutrino electromagnetic properties was developed
together with my colleague Konstantin Stankevich. We’ve been discussing the manifestation
of neutrino electromagnetic properties in the effect of quantum decoherence of neutrinos.
Again we incorporated the electromagnetic process of neutrino radiative decay due to
neutrino coupling with the photons through nontrivial magnetic moment. This quantum
decoherence can modify the oscillation pattern that might be observable in the future gigantic
volume detectors such as JUNA in China, DUNE in USA and Hyper-Kamiokande in Japan.

Conclusion

I would like to point your attention on that about two three years ago there was an
indication from the XENONNT experiment that was interpreted as manifestation of existing
nontrivial neutrino magnetic moment on the level of the Borexino upper bound constraint. (I
recall that Borexino using the fluxes of solar neutrinos obtained the upper bound for the
effective magnetic moment of neutrino on the level of about 3 x 1071 u,.) But then in more
recent experiments they rule out this result. So still we are waiting for more important data
from the experiments.

The second stage of GEMMA experiment vGeN is taking data and it is suppose that
probably in one or two years from now this experiment will reach the sensitivity to the
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magnetic moment about ~(5 —9) x 1072 ug. In this case as it was shown in my paper the
sensitivity to the millicharge of neutrino will be reduced to the level of about 10~13¢,. There
are several new astrophysical constraints on the effective magnetic moment also in the range
of ~10712 .

| would like to mention that there is the new running experiment SATURNE (Sarov
Tritium Neutrino Experiment) that is realized within the program of the National Center for
Physics and Mathematics in Sarov. This project is based on our paper published in
Phys.Rep.D in 2019 in which we proposed to measure the coherent elastic neutrino atom
scattering using the superfluid helium detector. Within this experiment we have calculated
that the sensitivity to neutrino electromagnetic properties in particular magnetic moment will
be on the level of 10713 ;. This experiment is in preparation, we are making presentations on
different conferences, last one was just few days ago on the Quark conference organized by
The Institute of Nuclear Research and Joint Institute for Nuclear Research in Dubna and in
Troitsk.
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