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OrvtasiieHue

(1

Marpunpsi. Onepannuu cJaoXKeHnsd M YMHOXKE€HHId Ha 4ucjo. CrucreMbl JIuHE-

HBIX ypaBHeHuii. Meron I'aycca. CiaeacrBusg. CucreMbl OJHOPOITHBIX YPaB-

[ nenuiil

VMHO>KEeHNEe MaTpull. CBONCTBA. ACCOMATUBHOCThL. MaTpudHasd 3aluch CH-

CTeM JIMHEeHHBIX ypaBHeHMull. CBA3b OJHOPOIHBLIX M HEOAHOPOAHBIX CHCTEM

JMHEHHBIX ypaBHeHUN. l1loagTue KoJabla. IlIpumepbl. Y MHOXKEHIE HA JAAro-

HAJbHBbIE MATPUIbI. ¥ MHOXKEHHE TPEYroJbHbIX MaTpuil. Varpudnabie ean-

Hu1bl. VIX mpom3BeaeHus. JjJeMeHTApHBIE MATPHUIIbl. Y MHOYKEHUE ITPOU3-

BOJILHOI MATPHUIGI HA 3JEMEHTapHYyIO. 110ACTaHOBKMU. IX NpPOUW3BEIACHIUE.

AccomuaTuBHOCTL. 1 paHcno3uiiuu. Pa3jioykKeHne mOJCTAHOBKUW B ITPOM3BeE-

JTeHNe TPAHCIO3UIINH. |

13

3anuck moaAcTaHoBOK. OOpaTHad 1 e IMHNYHbIE NOoaACTaHOBKHU. I loHgTHE rpYyII-

nbl. llpumepsi. Huciao nmoacranmoBok. HemoaBuzkubie 3semenTnbi. HezaBu-

cuMble MOACTAHOBKU KOoMMyTupyioT. llnkiabl. Pa3ioxkeHne moacraHOBKH B

IIpon3BeaAcHNE HE€3aBUCHUMbIX IINKJIOB. HpI/IMeHeHI/Ie IIOACTAHOBKHN K IIepe-

CTaHOBKe. YeTHOCTD. KOppeKTHOCTB onpegeJieHnd 9eTHOCTH (KaK MEHAdeTCA

YIICJI0O MHBEPCUIl TP NIPUMEHEHUN TPAHCIO3UINN). |

YeTrHOCTH MpOUM3BEAEHNS TOACTAHOBOK. 1€THOCTH OOpPATHOW MOJICTAHOBKM.

Hucjio 4eTHBIX M HEYEeTHBIX NMoACTAaHOBOK. I'pynma A,. llomarue moarpym-

nbl. OnpegeanTenan. OUpeaeuTe] b TPeyroabHON MaTpulbl. OnpeaeanTelb

TPAHCHOHNPOBAHHON MATPHMULI. BLIYICICHUE ONPEAEJUTE]d NPUA ITOMOILMI

aJeMeHTapHBIX nmpeoOpaszoBannii. lloananHelinble 1 KOCOCIMMETPUYECKUE

dyukuu. llomanaeitHOCT 1T KOCOCUMMETPUYHOCTh OIPEAEJTUTEJIS. |

25

DKBUBAJIEHTHOE OIpEJIeJIEHNE ONpeaeanTe s (KaK MmoInaInHeiiHoil KococuMm-

MeTpudeckoit popmbl). OnpeaenunTesb ¢ yriaoM Hygaeii. Pa3joxkeHue ompe-

aesaurensd no crpoke (n dagpmusBoe pasiaokenune). Onpenennrens Bangep-

mouga. leopema Kpamepa. |

29

OnpeneanTeb Ipon3BegeHns MmaTpui. OopaTaag marpuna. EauHAIbI 1 00-




paTHbIE 3JIEMEHTHI B ACCONMATHBHOM KOJbIle (€IMHCTBEHHOCTH). Kpurepnii

CyIIeCTBOBaHNA oOpaTHOIl marpuiibl. PopMysia ijis OOpaTHON MATPHIIBI.

Borunciienne o6paTHON MaTPUIbl OPU HOMOIIH 3JIEMEeHTapHLIX Npeodpa3o-

BaHU. JleJuTe/in HyJd B KOJbIe. JleJuTe/u Hyad B KOJbIE MAaTPUIL.|

Heswipoxkaeunbie marpunpt. I'pynoet GL,(R) u SL,(R). Bekropabie mpo-

CTpaHCTBa. JIuHellHasd 3aBUCHUMOCTh. KpuTepuil HeBLIPOXKICHHOCTI MaTpH-

nel. basuc. Koopaunarei. JlemMMma o JamHeliHo#l 3aBucuMocTi. CJieACTBUI.

1

37

Panar marpuibl. Panr cymmbl matpurn. lTeopema 0 paHre. AJTOPUTM Ha-

X0xkKJeHud 0a3zuca. Paur mpomsBeaenus matpuil. Kpurepuiit COBMECTHOCTH

CHCTEMBI JIUHEHHBIX yPaBHEeHUI. Pelleans 0JHOPOAHON CUCTEMB] JIMHEHHBIX

ypaBHeHuil. ®yHIaMeHTaJbLHAsA CICTeMa pelieHnil. Jajanne MoAIpPOCTPaH-

CTBa CHUCTEMON JIMHENHbIX YPaBHEHUIN. |
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Illoarpynmel. Iloakoabiia. lloanpocrparncrea. Mopdusmbr anredpanveckunx

CTPYKTyp(Cay4ail rpynm, KoJiel, BEKTOPHBIX IIPOCTPAHCTB). V30Mopdus-

Mbl. Ilpumepsi. l3oMopchu3M BeKTOpHBIX HPOCTPAHCTB OJHOII pPa3MEPHO-

ctu. Aapo n obpa3z romomopdusma. |
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(10 Ilonsa. Onmpenenenme, cBoiictBa, npuMepsbl. VI3omopdusm noseii. Koneu-

HOMEpHAas aCCOIMATHUBHASA aJireopa 0e3 jesurTesieill HYJisE sIBJISIETCS TEJIOM.

llose kOMNIEKCHBIX YHCEJ. AKCMOMATHYECKOE ONMPEAEJEeHNE, CYIIECTBOBA-

HIE, e AMHCTBEHHOCTh. AJjiredpamdyecKkas 3anuch. BelecrBeHHass 1 MHIMAad

JacTu. KoMmjaekcHoe CONIpA>KEeHHeEe.

51

M1

Tpuronomerpudeckas popma KomiieKcHoro yucsjaa. Dopmysna Myaspa. Pe-

mieHnd ypaBHeHud 2" = w. I'pynna p, kxopHeit u3 1. IlepBoodbpazunie kopHI.

lnknuayeckue rpynnbi. Kosbna BbiueToB. JlesmTesnu HyJjisgs m oOpaTuMble

anemeHTbl. llona [,. Kormeunoe accommaruBHOe KOabmo Oe3 mesmreneit 0

apagercs Teaom. VIzomopdusm Z/nZ u p,. |
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12

Teopema BuiicoHa. XapakTepuCTHKA H0Jid. CBONCBA HOJIEll XapaKTepPUCTH-

K p. Orobpakeane PpodbeHnmyca. Koabmo MHOTOYIEHOB. |
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i3

Koabo bopMmaabHBIX CTEDNEHHBIX pAaoB. CTteneHb MHOrodgeHa. leaurenn

HYJ4d B KOJIBII€ MHOI'OYJIEHOB. HO,I[CT&HOBK& 9JIeMeHTa B MHOrodJjeH. Boc-

CTAHOBJICHINE MHOI'OYJICHA IIO €0 3HAYCHMNAM. q)YHKI_II/IOHa.TIbHOG PaBEHCTBO

MHOTO4YJI€HOB. IIlpuMep AJid KOHEYHBIX MoJied. KOpHM MHOrO4YJ€HOB. IIH-

TeprnoadnunonHas dopmysaa Jlarpamka. Cxema l'opuepa. Teopema be3sy.|

63

(14 KpatHOCTHL KOpHdA. /JleJeHme MHOTO4YJIEHOB HAJ IOJEM C OCTAaTKOM. /le-

JUMOCTh B KoJbliaX. HenpmuBoaummbie mHOrousienbl. Hamboabmoimit o0

neanteyab. AaroputMm EBkanmma. @akTopunaabHOCTh KOJIbIIA MHOTI'OYJIEHOB




[ wHag mosem. PakTopmasibHbIE I €BKJINAOBBI KOJbHA. /lnddepennupopannga. |
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(18 Muorousenol OoT HECKOJBLKHX IEpPEMEHHBIX. Jlekcmkorpadmyeckum mopsa- |
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(19 CummeTrpuyeckme MHOTOUJIEeHBI. JCHOBHAA TEOPEMA M CHMMETPUYECKIX MHO- |
rougeHax. Popmysisl Buera. /Iluckpumunanr. Pesynbrant (onpenesienne m |
cBoOiicTBa). | 87

20 Beruncinenme pesyabranTa. lluknmyeckme rpynnei. I[Ipumepst. lloarpynma |
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(21 MI3omopdu3zmM muUKIMYECKUX IPynn OJTHOro mnopgaka. CMe>KHble KJIAcChl. |
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Jlekimga 1

Matrpursr. Oneparuu CIOXKeHUs U YMHOKeHust Ha, ancao. Cucrembl guHeHbX ypasHeruit. Meros

laycca. Caencreus. CucteMbl OJHOPOIHBIX YPaBHEHUI.

Matpuiibl

Mampuueti Ha3bIBaeTCsa TabINIIA

C11 C12 Cin
O — Co1 Co2 -+ Can
Cm,l Cm,2 Cm,n

Pasmepom 31oit MaTpunpl cautaercs m X n (IUCJI0 CTPOK X 9uca0 croa6mnos). Ilonoxenne
KazKJI0T0 97IeMEHTA MATPHUIIBI ¢; ; 333eTCs ABYyMsT ducaaMu (7, j) (HoMep ¢TpOKH, HoMep CTOJIOMA).
Kparkas 3amucs marpuns: C' = (¢; ;). Mbl paccMarpuBaeM Takzke MaTpuibl pazmepa 1 X n
(cTpoku) u pazmepa m X 1 (cTonbis).

Ecau A — npou3BoibHOE 9HCI0, TO MOXKHO OIPEIeJUTh npoussenenue A u C:

)\Cl,l )\CLQ )\Cl,n
ANC = | oo
ACm1 ACm2 ACrmm
Ecan nana emte ogHa marpuia
dig  di din
D=1|....................
dm 1 dm 2 dm n

(Toro e pasmepa), To cymma C + D omnpenensiercs: Kak

cip+din ciotdip 0 ciptdig

Cl,n + dm,l Cln + dm,? vt Cp + dm,n



Anreb6pa-I

CuctemMbl JUHEHBIX ypPaBHEHMI

Cucmemoti AMUHETHBLT YPacHEeHUT HA3BIBAETCS CUCTEMA,

a1,1T1 + A1 2T2 + -+ + Q1 Ty = b
(%) A2,1T1 + A22T2 + - -+ + G2 Ty = by
A, 121 + Am2T2 + -+ Amnln = bm

rje a; j u b; — n3BecTHbIe KOHCTAHTHI, & T; — HeU3BecTHbIe epeMennbie. Kparkasa 3annch sToit
CUCTEMbI BBITJISIUT CJAEIYIONUM 0Opa3oM:

Siimgn = b
j=101T; = b1
n
Zj:l azjr; = by
n
Z]:1 m,jTj b
Pewenuem cucmemo, HazbiBaeTcst Habop uncen (cq,...,C,), KOTOPbe OYyIydd TOACTABIEHBI
B cucremy (7 = ¢1,...,T, = C,) JAIOT NpaBWIbHbE paBeHCTBa. CHCTEMa HA3BIBACTCS CO6-

mecmmotll, ecaIu y Hee UMeeTcs 10 Kpaitneir Mepe oano pemienne. CoBMeCTHas CHCTEMa Ha3bI-
BaeTcs onpedenseHHotl, eCIn ee pelleHne eIuHCTBEHHO.

Cucrema Ha3bIBaeTCd K6a0dpammoti, €CJIM YACJIO0 ee YPaBHEHUN PABHO YHC/IY HEU3BECTHDLIX
(n = m). Cucrema HasbBaeTCsS 00HOpoOHOT, ecmu b; = 0 Vj. OTMernM, 9T0 OJHOPOTHAS
cucTemMa 00s3aTeIbHO COBMeCTHA. ['0OBOPST, YTO ABe CHCTEMBI JIMHEHHBIX YPAaBHEHHH OT OIH-
HAKOBOT'O YHC/IA HEU3BECTHBIX IKEUBAAECHMHbL, €CJIN MHOYKECTBA UX PENTeHuil COBIAIAI0T.

Cucrema OAHO3HAYHO 33JaeTCs MaTpHUIleH

i1 Q12 -+ Q1n by
A — G21 G292 - Q2p by
Am,1 am,Z Qm,n bm

KOTOpas Ha3bIBAETC pacuupennoti mampuyet cucteMbl. MaTpura

11 Qr2 -+ Q1n
Q21 Q22 -+ Q2n
Qm,1 Gm2 Amn

HA3bIBAETCA Mampuyet; Ko3pduyuenmos W MPOCTO MATPUIIEH CHCTEMBI.
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DJieMeHTapHbIe Tpeobpa3oBaHUM

Onpenemnm npeobpaszosanns (1), (ILi ), (IIL;) (1 < i, j < m, A — HEKOTOpOE UHCIO),
KOTOPbIE€ CUCTEMY [EPEBOJAT B CUCTEMY

O SRR R

/ / / ’r /
awz,lx1 + a’m,2x2 +oeeet am,nxn - bm

(I) TIpu npeobpaszosanun (I;; ) Bce ypasuenust (), Kpome i-ro umeT TOT Ke B, & i-€
ypasrenue B ([f) npuanmaer B

(ai,l -+ )\Gj@)l’l + (ai72 -+ )\aj72)l'2 + -+ (am —+ )\Cljm)l'n = bz + )\b]

WNuade roBops, K i-My ypaBHEHUIO TPUOAB/ISIETCS j-€, YMHOKEHHOE Ha A. 371eCh CIUTA-
eTcs, ITO © # 7.

(IT) IIpu upeoGpaszosanun (IL; )) Bece ypasuenus ([f), Kpome i-ro uMeT TOT XKe B, & i-€
ypasrenue B ([f) npuanmaer B

)\CLZ'JQH + )\ai72$2 + -+ )\ai,nmn = )\bl
WNuade roeops, K i-e ypaBaenne ymMHoxkaetrcsa Ha . Cauraercs, ato \ # 0.

(III) Ilpm mpeobpasosanun (III;;) Bce ypasuenns (), Kpome 4-ro u j-ro IMeOT TOT JKe BH/,
a i-e U j-e ypaBHeHusi MeHsoTcsa Mectamu. CYuTaercs, 4ro i # j.

Ilpeo6paszosanus (Ii; ), (I ), (I1L;;) HassBatoTCA 9nemenmapHbMU NPEOOPA30EAHUAMY CH-
CTEMBL.

3ameuanmne. Bce anementapubie npeodbpasosanusg obparumbl. /leficTtBuTe/ibno, 00paTHBIM K
(Iij\) sasiercst (1), obparuem k (I )) ssasiercs (11,15 ), a o6parHoe npeobpasosanue K
(III;;) coBmamaeT ¢ HUM CAMUM.

Bameuanmne. [IpeoGpasosanust Tuna (I111) MoryT GbITH 1Oy Y€HBI 10C/I€10BATEILHBIM IPUMe-
nernneM npeodpazosanuit tumna (1) n (II). deitctsurensno, (111 ;) momysaercs kak KOMIO3HILHS

(Ii,j,l); (de,,l), (Ii,j,l) n (IIj,,l). (HpOBepre!)

Bagaua. Moxno qu mpeobpasosanus tuna (I11) moxyuurs mocmenoBaTebHBIM TPHMEHEHH-
eM TOJBbKO npeobpazosanuil Tuna ()7

IIpennoxkenue. Ecau om cucmemvs (+) moorcno nepetimu x cucmeme () npu nomowsu sae-
MEHMAPHHLT NPe0dbPa3osarull, Mo MU CUCTIEMDL IKEUBANEHINHDL.

Joxazamenvcmeo. JIocTATOYHO JOKA3aTh HAIIE YTBEPIKIEHHE JJI OJHOIO MPEeOOPA30BAHMUS
runa (1) wmm (II). dna (II) yreepxaenne ogesumno. Ilyers ([ff) momyuaerca us npuMe-
HeHueM ojHoro npeobpaszosanns tuna (I ). Ilycrs M (coor. M') — MHOXKeCTBO pereHwuit
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CHCTEeMbl (coors. ({f). Ecom M = M’ = (), To nokaseBarh Hewero. [109TOMY MOXKHO
caurarhb, uro M # (. Ilycts (cq,...,¢,) € M. D10 03HAUAET, Y4TO

aaC1+ ag2Cy -0+ QppCo = b, VE.
Tak kax aj; = ay; u bj, = by, upu k # i, T0
/ / !/ 1/ Vk
Ap1C1 + Qg oCo + + @, Cn = b, .
. !/ /
Hna k=i nveem af ) = a;; + Aaj; n b = b; + Abj. Orcrona
! / / —
az,lcl + az’2C2 + ct + al’ncn =
(a1 + Aaji)er + -+ (ain + Aajn)en =

@161+ -+ Qincy + ANajic1 + -+ Q) =
bi+ b, = .

Taxkum obpasom, (¢p,...,¢,) € M’ u nosromy M’ C M. O6parTHoe BKIIOUEHHE CIEIyeT U3
00paTUMOCTH 3JeMeHTAPHBIX IPeodpa30BaHUiA. O

DJieMeHTapHbIe TPeobpa30BaHNA MATPUIL

ITycts Ay,. .., A,, — crpoku marpuupl A. MBI paccMaTpuBaeM CTPOKHM KaK MATPUIIBL U, COOT-
BETCTBEHHO, JJIT HUX OIIPEICJICHBI OICPALUN CIOKEHUA W YMHOKCHUS Ha YUCJIO.

Toopst, aro matpura A’ (Toro ke pazmepa) HojIydeHa U3 MATPUIBL A 4eMEHMAPHbIM
npeobpazosanuem cmpor (Ii;x), (1), (IL;) (1 <4, 5 < m, A — HEKOTOPOE HYHUCIIO), eC/IH
crpoku A),..., Al marpunst A’ yIoBIeTBOPAIOT CJIEIYIOMNAM YCIOBUIM:

(I) upeobpaszosanue (I;;,): A, = A; + NA; u A, = Ay, upu k # i (cauraercs, 410 i # j);
(IT) mpeobpazsosanue (II;)): A} = NA; u A, = Ay, upu k # i (cantaercs, 1aro A # 0);
(III) mpeoGpasosanme (ILi;): A} = Aj, A} = A; m A} = Ap npu k # 4,j (cuautaercs, 4To
i 7).
AHaI0THIHO MOYKHO OIPEIeINTh dJeMEHTapHBIE TPe0OPA30OBAHUSA CMOAOU08.

Onpepenenune. [oBopdT, 9TO MaTpUIA

UMEET CMYNneHuamulll 6ud, eCJau OHA YIOBIETBOPSIET CJICIYIONUM JIBYM YCIAOBUSIM:

(1) Huzke Hy/1€BO# CTPOKH HAXOASITCS TOJBKO HYJIEBbIE CTPOKH.

(2) IIycre 1 < i < k < m u mycrb ¢;; U ¢y — IEPBLIE HEHYJIEBBIE JIEMEHTHI CTPOK
¢ HOMepoM ¢ u k, coorBercTBenHO. Torma [ > j. Vnade roBops, mepBblii HEHYJEBOI
9JIEMEHT CTPOKH PACIIOJIATaeTCd CTPOrO MpaBee MepPBOr0 HEHYJEBOTO 3JIeMeHTa JII000i
DoJiee BepxHeil CTPOKMH.
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Toopat, aro Matpuna C mMeeT yayuwentod cmynenuamaiti 6ud, eI OHa JT0TIOTHATETHHO
 [(1)| u [(2)| ynoBrerBopser Taxxke ciaepyomeMy yCIOBHIO:

(3) Ilycrs ¢; j — mepBblit HeHYJIEBOH d7IeMeHT cTpOKH ¢ HoMepoM ¢. Torma ¢;j =1 u ¢, ; =0
715 Beex 1. VIlHave TOBOPS, MepBBIil HEHYJIEBOH 371eMEeHT CTPOKH paBeH 1 1 Bce OcTaJIbHbIe
SJIEMEHTHI B CTOJIONE, CO/Iep KalleM JaHHbIi 3/1eMeHT, paBHbl (.

Meton I'aycca

Teopema (Asropurm aycea). (1) Jhobasa mampuya C' anemenmaprvmu npeobpasosanu-
amu empor muna (1) npusodumes x mampuye C', umerowed cmynenwamudi 6ud.

(2) Jhobas mampuya C asemenmapromu npeobpazosanuamu cmpox muna (1) u (II) npu-
sodumea k mampuye C', umerowet] yaywwernvl cmynensamuit 6ud.

Zokazameavecmeo. VIHAYKIMS IO KOJTHYIECTBY CTOJIOIOB n. Basa uxaykiuun n = 0 oyeBuIHA.
[Tpesmonozxkum, 9To Hallle yTBEPKIeHUE BEPHO jiisd Beex n' < n. MoXKHO cauTarh, 4TO mep-
BB crober # 0, T.e. ¢;; # 0 g mexoroporo i. Ecin ¢ ; = 0, To npeobpazosamuenm (I 1)
nobusaemcs Toro, uto ¢ # 0. Hanee, ecim ¢;; # 0 g HekoToporo ¢ > 1, To mpeobpaszosa-
aueM (Ii1), oae A = —c;1/c11, nobupaemca Toro, 9To ¢ = ¢;1 + Acy,1 = 0. Takmm obpasom,
MBI MOXKEM CUHTaTbh, 9TO €11 7 ( U Bce 3J1eMEHTH B HepBOM cTOJI0IE KpoMme ¢;q paBHEL (.
Pacemorpum marpumy D, nosydennyio u3 C' BbIUYEPDKHBAHHEM IEPBOIO CTOJIONA U MEPBOI
crpoku. [lo mpemamomoxennio nHAYKIuE [ 371eMEeHTAPHBIME Pe0OPa30BAHUSIME CTPOK THIA
(I) mpuBomurest k marpuie D', nmeromnieit crynenudarsiii Bua. [Ipomenaem nan marpumneii C
Te Ke JeMeHTapHble Ipeobpasopanus, 4ro u Haj Marpureir D. [loayuum marpuny C', B
KOTOPOH BCe 9JIEMEHTRI B TIepBOM CTo101e KpoMme ¢ | papubl 0, a MaTpuna, nonydennas u3 C’
BBIYEPKHUBAHUEM IIEPBOTO CTOJIONA U HepBoil crpoku, coBragaer ¢ D' (1 umeer cryneHdarblii
sun). [Tosromy u Best marpuiia C'umeer cTyneHYaTHIl BHI. DTO J0KA3bIBAET
ComaCHOMbI MOXKEM CUHUTATh, 4TO MaTpuia C' y:Ke HMeeT cTyIneHuaTsiit Bui. Ecin
Ci,j — HePBBIil HeHy/IeBOi a/1eMenT i-# cTpoKH, To peobpasosanueM (111 /¢, ;) JobuBaemcs Toro,
uto ¢; ; = 1. Jlanee cHoBa IpuMeHsieM HHJYKIUIO 0 qucty croabnos. [ycrs C; — noceuss
HeHyJieBas CTPOKA M ITyCTh ¢; ; = 1 — ee mepBwIit Henymenoit snement. Torga ¢, j = 0 mpw k > 4.
IIpu k < ¢ npeobpa3zoBaHUugAMU (Ik,i,—ck"j) nobusaemcs Toro, 4to ¢ ; = 0. Jajee ucnosabzyem
HPEINOI0KEeHNe UHIYKIINH. O

Onpepenenne. Cucrema JUHEHHBIX yPaBHEHUN HA3BIBACTCS CMYNEHYamot, eCJu TaKOBOM
SIBJISIETCSI €€ PACITupeHHast MaTpuna. B 3Tom ciy4dae Hem3BECTHBIE, COOTBETCTBYIOIIHE CTOJIO-
[IAM MaTPHIIBI B KOTOPHIX CTOST MEPBbIe HEHYIEBBIE 3JIEMEHTHI CTPOK HA3BIBAIOTCS 2406HLMU,
a OCTaJIbHbIe HEM3BECTHBIE — c60000nbLMmu. Y papHenue Buga 0 = b;, rae b; # 0 HasbIBaeTCH
NPOMUBOPEUUBHIM.

Teopema. Cmynenuamasn cucmema cOBMECMHG M0204 U MOALKO M020a, k0204 0Ha He CO-
deporcum npomuoPe USHT YPasHeHU.

okasameavemeo. OdeBuano, ycjioBue HeoOXxoaumo. JlokazkeM ero jaoctarodHocTb. [lycrb
Ziyy .-, T; — BCe CBOOOJHBIe Hem3BecTHBbIe. lIpumagmM WM NpPOM3BOTbHBIE 3HAYEHUSA T; =

T
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Ci17 Ce 7‘I.ir = Cir 1 IMOKazKeM, 4TO CYIIEeCTBYIOT (e,ZLI/IHCTBeHHBIe) 3HAQYEHUA TJIaBHBIX HEU3BECT-
HBIX, Y/IOBJIETBODAIONINE HAIEH cTynen4aroil cucreme (). leficTBUTENbHO, MOXKHO CINTATD,
4TO HAIA CHCTeMa MMeeT YJIYUIIeHHBIH CTyleHYaThiil Bu (IPU mepexojie 0T CTYIeHIATOro
BUJA K VJIYUIIEHHOMY CTYIIEHYATOMY BHJY CBOMCTBA HEU3BECTHBIX OBITH CBOOOIHBIMU WJIH
TJIaBHBIMHU HE I/ISMGHHTCH). TOFﬂa B KazK/IOM HETPUBHAJIBHOM YpPaBHCEHHH YyYaCTBYye€T POBHO
OJiHa TJIaBHad HEU3BECTHaAA U KazKAad IVlaBHad HEN3BECTHad Y4aCTBYeT POBHO B OJJHOM HeTPH-
BHAJILHOM ypaBHeHuu. Takum 0O6pa30oM, Mbl MOXKEM BBIPA3UTH TJIABHBIE HEM3BECTHBIE Yepes
¢BoOOIHBIE:
r; = by — (@i, i + -+ aig,75,).

[]

CuenctBue. /Jlaa 410060z 3HaMeHUT C80000HBIT HEUIBECMHBLT COBMECTIHOT CUCMEMDYL CYULE-
cmeyem eduHCMBERHOE PEWEHUE, NPUHUMAIOULEE IMU ZHAYEHUA.

Teopema. Cosmecmman cucmema onpedesera mozda u mMosvko mozda, K020a 6ce ee Heus-
BECTNHBLE — 2AAGHDLE.

okasameavemeo. Ecnu cyiecTByeT cBOOOIHAA HEU3BECTHASA, TO CHCTEMa HE MOYXKET ObIThb
ompejiesieHa O TOCJeTHEMY CJIe/ICTBUIO. Ecin Hewm3BecTHBIE — TUVIaBHBIE, TO B YJIVUIIEHHOM
CTyHeHYaTOM BHJe Kazkjoe HeTPUBHAJIbHOE ypaBHeHHe UMeeT BHJ T; = b;. O

CuencrBue. Keadpamuaa cucmema AUHEGHBT YPABHEHUT COBMECTMHA U ONPEJEeHd To-
2da u moavko mozda, K020a 6 ee CMYNEHUAMOM 6UJE HEM NPOMUBOPEYUBHT YPABHEHUT U
COOMBEMCMBYIOWAA MAMPUYA UMeEM mpeyzosonut eud, m.e. a;; =0 npu i > j u a;; # 0.
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Vuuoxenne marpuil. CBoicTa. AccormumaruBHOCTE. MaTpudHas 3anuch CHCTEM JIMHEHHBIX YpaBHe-

muii. CBsI3b OOHOPOAHBIX U HEOIHOPOAHBIX CHCTEM JHHEHHLIX ypaBHeHuil. Ilomsarume xombma. [lpn-
MepbI. Y MHOKEHHUE Ha JUArOHAIBHBIE MATPHUIIBL. Y MHOXKEHUE TPEYTOJbHBIX MaTpuil. Marpudmbie
equanmbl. VX mpomsseeHns. DAeMeHTapHbIe MATPHUILI. Y MHOXKEHNE TPON3BOJILHON MATPHUIILI Ha
smementapuyo. [logcranopku. Mx npomwssenenne. AccormaruBaocTs. Tpancnosunun. Pazmoxkerue
MTOACTAHOBKHU B IIPOU3BEICHNE TPAHCIO3UIINIH.

YMHOXKEHTEe MATPHII.

0o Go)=6o (oG-

Jlemma. o [Iycmv A, B, C' — mampuybl pasmepos nxXm, nXm u mxX7r coomeemcmeeHHo.

Toz0a (A+B)-C=A-C+B-C.

o [Iycmv A, B, C' — mampuup, pasmepos n. X m, m X r um X r coomeemcmsenno. Tozda

A-(B+C)=A-B+A-C.

Hoxasameavcmeo. Ilycrs A = (a;;), B = (b; ), C = (¢; ;). Mbr Mmoxkewm 3amucars A + B =
(g +big). A-C = (diy), B-C = (fi)), (A+B)-C = gi, vae
dij = Z Wi kCh,j s fig = Z bi kCr,j» 9ij = Z(ai,k + bik)Cr.j-
k=1 k=1 k=1
Hostomy d; j + fij = gij- O

Teopema. ITycmo A, B, C' — mampuyp, pasmepos n X m, m X 1 u 1 X ¢ COOMEEMCMEEHHO.
Toeda (A-B)-C=A-(B-C).

Hoxasamenvcmeo. Ilycrs A = (a;;), B = (b;j), C = (¢;j). Msl Moxem 3amucars A - B =
(dia), B - C' = (fry), e

m

.
di; = E @; 1:bg.1 frj = E bici ;-
=1

k=1

13
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[Mostomy (A- B)-C = (gi;), A- (B-C) = (h;,), tne

m T m
Gij = g dijcj = g E a; 1y | e = E E a; kbiicr
=1 k=1 =1 k=1
m m T
j = E ai,kfk,j = E Q; E bk,zCz,j E Q; k E bklcl,]
=1 k=1 -1 k=1
OTkyna BHIHO, 9TO g;; = i ;. O
Bameuanme. (A-B)"T = BT AT, leiicreurensno, mycts A = (a;), B = ( ki)s A-B = (ci ).
Torma ¢;j = Y5y ixbr;. C apyroii cropoust, nogoxnm A" = (d},), BT = (b}, ;), BT AT =

/ /
(djﬂ'). TOI‘,ZL& (lng = Qi k; bk,i = bj,k;;

m
djﬂ': E : ki ]k? E :&lkbk’ﬂ Cij-

CB43b OJHOPOJHBIX W HEOJHOPOIHBIX CUCTEM JIMHEMHBIX YPABHEHUIA.

JIast cucreMpl TUHERHBIX ypaBHeHuit () accoyuuposanmnas odnopodnas cucrema — 910 cucre-
Ma

1,171 + A1 2T2 + - -+ + Q1 Ty =0
(*) a2,1%1 + a2,272 + -+ ag nTn =0
Um1T1 + Aoty + -+ App®y = 0

noaydennas u3 (¥) 3amysenuem cBOGOIHBIX UT€HOB b;.

Teopema. ITycmov () — arbas cucmema aunetnwe ypasHenud u nycmo ~ accouuUPo-
8aHHAA ¢ Hell 00HOPOOHAA CUCTNEMA.

(1) Eeau C = (cq,...,c,) — pewenue (), a C" = (c},...,c,) — pewenue («), mo C +C" =
(1 + ¢, .. cn+ ) — makarce pewenue ().

(2) Ecau C = (c1,...,¢,) uD = (dy,...,d,) — pewenus , moC—D = (c1—dy,...,cn—
dy) — pewenue ().

(3) Bagurcupyem nexomopoe pewenue C° = (¢f,...,c2) cucmemn, (). Toeda aoboe pe-
wenue () asasemea cymmott C° u nexomopozo pewenus ().
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Teopema. Paccmompum cucmemy AX = B aunedinor ypasuenud u nycmo X = S" — nexo-
mopoe pewerue. Toz2da aboe dpyzoe pewenue X = S npedcmasasemes 6 sude S = S" + L,
2de Y = L — pewenue coomsemcmeyroweti 00nopodnot cucmemovr AY = 0. Obpammo, 410601
cmoanbey, suda S = S+ L, 2de Y = L — pewenue coomsememsyroweti 00Hopoonots cucmemoi
AY = 0 asasemcesa pewernuem AX = B.

Hoxazameavemso. Tlonoxum L := S — S'. Torna AL = AS — AS’ = B — B = 0. ObparHo,
AS=AS"+AL=B+0=B. L]

CaencrBue. IIycmo («) — odnopodnas cucmema aunetnos ypasrenud.

(1) BcauC = (c1,...,¢p) uD = (dy,...,d,) — pewenua (), mo +D = (c1+dy, ..., co+dy)
— maxorce pewenue ().

(2) EcauC = (cy,...,c,) — pewenue («), a X — npouseoavroe wucao, mo A\C' = (Acy, ..., Acy)

— maxorce pewenue ().

IlorgaTne KoJpia

Onpenenenne. Koavyom HA3BIBAETCS HEMYCTOE MHOXKECTBO R ¢ JIBYMsI OMEPAIUSIME: CJI0-
JKeHneM (+) U yMHOKeHHeM (-) TaKUMHU, 9TO

(1) (a) a+(b+c)=(a+b)+c Va, b, c€R;

(b) cymectsyer 3nement 0 € R (HyaeBoii siement) takoil, uto 0 +a = a+ 0 = a
Va € R;

(¢) Ya € R cymecrByer sjieMenT —a € R (KOTOPBIil HA3BIBAETCS TPOTHBOIOIOZKHBIM
K @) Takoit, uto a + (—a) = (—a) +a = 0;

(d) a+tb=b+a Va,beR;
(2) a-(b+c)=a-b+a-¢, (a+b)-c=a-c+b-c Va,b, c €R.
KoJ/1bI10 HABBIBAETCS ACCOUUATNUSHBIM, €CJIA BBIIOJTHEHO CBOXCTBO
(@a-b)-c=a-(b-c) Va, b, ¢ € R.
Ko/bI10 HABBIBAETCS KOMMYMAMUSHbLM, €CJIH BHIIOJIHEHO CBOMCTBO
a-b=>b-a Va, b € R.
Eodunuueti koavuya HaspiBaercs saeMenT 1 € R Takoii, 4ro
1#0 u l-a=a-1=a Va € R.
(ecim Takoii cyiecTByer).
IIpumepst. (1) Z, nZ, {a/b€ Q| b=0 mod n},
2) Q, R, {a+bvV2€R|a, beQ},
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(3) {an} — MHOXKeCTBO BCex MOCIeIOBATETHHOCTEN],

(4) Badurcupyem nHekoropoe muoxkectBo M. Muoxkecrso {f | M — R} Bcex 4ducaoBbix
dbyuxmuit wa M asaserca koabiom. Muoxecrso Cla, b Bcex HenmpepbIBHBIX (DYHKITHIT
HA OTPE3KE SABJIAETCH KOJIBIIOM.

(5) MHOZKeCcTBO BCEX BEKTOPOB TPEXMEDHOTO IIPOCTPAHCTBA € ONeparueil BEKTOPHOTO yMHO-
JKeHUS STBJISETCS KOJTBIIOM.

Teopema. Mat, (k) — accoyuamusnoe Koavyo ¢ edunuyed.

Marpu4dHble €IHUIIbI.

Mampuunot edunuyeti nazosem marpuny E; ; = (eg,), rae

1 ecmk=1ul=jy,
Ers =
" 0 ecan k # i wn | # 7.

Jlemma.

0 ecau j #£ k,
By B = 77
Ei; ecauj=k.

DJjieMeHTapHbIe MATPUIIBI:

1 00 0 - 0

1 0 0 - 0

Uijn = 0O - X -+ 1 -+ 0
000 0 - 1

1 0 0 - 0 0
010 - 0 - 0
Uar=10 00 - A 0
000 0 1

1 0 0 - 0

0 -+ 0 -+ 1 --- 0

Ui,j: ........................
O - 1 -0 --- 0
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JIemmMma. o Ujx=FE+)\E;;,
[ J i :E+()\—1)EM7

® Ui,j =F— Ei,i - Ej’j + Ei,j + Ejﬂ'.

JlemmMma.
ai1 a1n 0 0
Ei,j : ;1 Ain == ;1 Qjn
n1 Un.n 0 0

HeitctBurensno, nycrs E; ; = (ex;) u E; jA = C = (cx,). Torma

n .
a;; ecau k =1,
Ckl = E €k,sUs,l = €k Q51 = .
= 0 ecau k #1i.
Teopema. [Iycmv A € Mat,(k), nyemo U — 0dna u3 snemenmaprox smampuy, Us ;i\, Us iy,
Ui ja. Tozda mampuya U - A nosyvwaemes uz A coomeememeyoujum saemenmaphsim npeod-

pasosanuem (15 ) (1L )), (I1L;).

IToncranoBkm

CsoiicTBa oTobOparkeHmMiA

JpBa orobpaxkenus f : X — Y u g : X — Y cunraorca paswwmu, ecnua f(z) = g(x)
Vo € X. Toswcdecmeennoe orobparkenne MHOXKecTBa X B cebs OyaeT 0003HAYATHCS €x WU
npocto . Takum obpaszom, e(z) = = Vo € X. Hamomumm, 910 x0omnosuyueti 0TOOpasKeHmi
f: X =>Yug:Y — ZunazsBaercsa orobpazkenne gof : X — Z 1axoe, uro gof(x) = g(f(x)).

Teopema. Pacemompum omobpascenus f: X — Y, g Y — Z uh : Z — U. Toeda

(hog)of=ho(gsf).

Joxazameavcmeo. s jiroboro x € X numeem
(hog)o f(x)=(hog)(f(x)) = h(g(f(x))),

ho(ge f)(x) =h((ge f)(z)) = h(g(f(z))).
Caenosareanno, h(g(f(z))) = h(g(f(z))). O

Orobpazxkenne f : X — Y Ha3bIBACTCH UHBEKMUESHbBIM, €CTH U3 TOro, uTo f(x1) = f(x2)
creayer rp = ro. OHO HA3BIBACTCS CHOPBEKMUGHDBIM, €CTH I JI000r0 y € Y cylecrByeT
r € X rmakoe, uro f(z) = y. Orobpaxkenne f : X — Y HasbiBaercs: 6uekmueHvLM €CIn OHO
HHBEKTUBHO U CHOPBEKTUBHO.

[lycts mano orobpaxkenue f : X — Y. Obpamnvim K HEMY Ha3bIBACTCS OTOOparKeHHe
f1:Y = X takoe, uto fof l=cyu flof =cx.
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IIpennoxkenune. (1) O6pammoe omobpascenue x f : X — Y cywecmsyem <= [ 6uek-
MUGHO.

(2) Ecau obpamnoe omobpascenue  f : X — Y cywecmsyem, mo ono eduncmeento.

JloKas3amenvemeo. ... ... . O
IToncranoBkm
Pacemorpum muoxkectBo €, = {1,...,n}. TlomcranoBkoit Ha3bBaeTCs J0OOOE OHEKTHBHOE

orobpaxkenne o : 2, — (,. MHOXKeCTBO Bcex MOACTAHOBOK 00O3HaYWM depes S,. Kaxgas
MOJICTAHOBKA OJTHO3HAYHO 0 € S, 3amaeTcs 2 X n-rabauneil (MaTpureii)

il i2 e in—l Z”IL
Ji J2 o Jn=1 JIn
vie {i1,...,in} = Q1 jg := 0(ix). Takas 3a0uCh HE eTUHCTBEHHA: [IPU IEPECTAHOBKE CTOJI0-

OB MBI IIOJIy9aeM Ty 2Ke MOJACTAHOBKY. Takum oOpa3oM, KazKjas HMOJCTAHOBKA MOMKET OBIThH
3allicaHa B CTAaHAAPTHOM BHIE

1 2 - n—1 n

jl j2 e jnfl ]n
Haszosem nepecmano6xoti us n 9jieMeHTOB CTPOKY (i1, . . ., iy ), 0j€ ix € 0, u 1y 7 4 upu k # 1.
fcno, uro asst nepecTanoBKu (i1, . . ., 4,) BCEra BBINOMHEHO {i,. .., i, } = (1,.

IIpoussedenuem MOACTAHOBOK 01, 09 € S, HA30BEM HX KOMIIO3HUIUIO 01 o 09 € S,,. Tox1e-
CTBEHHA IIOJICTAHOBKA 0003HAYAETCS Yepes €.
CaoiicTBa MOACTAHOBOK.

o (0op)od=00(pod) s Beex 0, p,d € S, (acCONUATHBHOCTD);

® 0oc=co0 =0 I BCeX 0 € S,;

eVoeS,d3otesS, gool=0"lo0=c¢.
Onpenenenne. Tpancnozuyueti HA3BIBACTCS MOACTAHOBKA T € S, TaKad, 9TO CYIIECCTBYIOT
i, j € {l,...,n}, i # j rakue, yro 7(i) = j, 7(j) = ¢ u 7(k) = k upu k ¢ {i, j}. Dra

Tpancno3unus obo3navaercs o = [i, j|.

Teopema. Jlobas nodcmanoska o € S, npedcmasasemcs 6 sude npoussedenus mparcnodu-
UUYj O =T10°"0Tp.

Zoxazameavcmeo. Hayknug o n. llpeamonoxkum, 9To yTBep:KaeHWe BepHO A n — 1.

IIycrn
(1 2 .. n—1 n)
o=|{. . . .
11 12 0 Ilp—1 In
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Ecau i, # n, T0 pacCMOTPHM TPAHCIO3UIAIO T = [N, i,]. Ecam xe i,, = n, To nonoxum 7 = €.

B oboux ciydasx
1 2 -+ n—-1n
ToO=1|. . .
LSS R . L

, (1 2 - n—1
"‘(ia b iy ) S0

ITo mpeamo/IoKeHHI0 MHAYKIME OHA PACKJIAJIBIBAETCS B IPOU3BEJIeHAe TPAHCIO3UIUA: 0’ =

o 1h T = [ki,l;] € Sn_1, ki l; € {1,...,n — 1}, k; # l;. PaccMOTpEM TpaHCIOZUIINE

7, = ki, ;] € Sp. OueBUIHO, 9TO T o0 = Ty o+ o Tpy. 110ITOMY 0 =T 0 Ty 0 -+ 0 Typ,. H

PaccmorpuMm nojictanoBKy

st nepecranosku II = (iq, . .., 14,) nu nogcranosku o € S, moaoxkum o (I1) = (o (iy),...,0(i,)).
fcno, aro o(Il) — nepecranoska u 6 o o(I1) = §(o(II)).

CaencrtBue. Jliobve dee nepecmanosku u3 00UHAGKOB020 “YUCAG INEMEHINOE MO2Ym Obimb
noAYueHs, 0pYe U3 0pY2a NPUMEHEHUEM KOHEUWHO20 “UCAL TPAHCTOSUUUT.

Jlokasamenvemso. Tycrs 11 = (iq,...,i,) u II' = (j1, ..., Jn). PaccmoTpum momcranoBKy

. il Z.2 Tt Z‘n—l Zn
o= . .
Ju J2 0 In-1 In
ITo Teopeme 0 = T o -+ o Ty, TI€ Ty — TPAHCTO3WIMA. ToOraa

I'=0c(l) =710 7.(I1) = 7 (72(- - - 7-(I)))
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JIleknmuga 3

Bamuck moacTanoBoK. Obparnast n eauHuuHbe noacTaHoBKY. [lomgTue rpymmer. [Ipumepsr. Huco

noactanoBok. Hemompmxkubie anemenTsl. HezaBucumble nomcranoBkn KoMMyTupyioT. Hukaer. Pasz-
JIO?KEHHME TIOACTAaHOBKUW B TTPOUM3BEACHNEC HE3aBUCUMBIX ITUKJIOB. HpI/IMeHeHI/Ie TTOACTAHOBKH K TIepe-
cranoBke. YerHocTh. KOppeKTHOCTH Ompe/iesieHns YeTHOCTH (KakK MEHSIETCsl UMCI0 WHBEPCHH MpH
NPUMEHEHUH TPAHCIIO3UIINN ).

IloudaTue rpyniibi

Oupenenenne. 'pynnoti HasbiBaeTcst MHOKecTBO G ¢ onepanueit (a,b) — a o b. Takoe, uro
BBIIIOJIHAIOTCS CBOICTBA!

(1) ao(boC):(aob)oC Va,b,cGG’;

(2) cymecrsyer saement 1 € G (eIMHUYHBI SJTeMEHT UM HEHTPATBHBIN 9JIEMEHT) TaKoOif,
yro loa=ao-1l=a Va € G

(3) Va € G cymecrByer saement a~ ' € G (KoTOpbIil Ha3bIBaeTCs OOPATHBIM K @) TaKoii,

qro aoa ' =atoa=1.

B omnpenenenun BbIIIe omepalnus o “loxozka’ Ha OIepalyio YMHOXKeHHus. B aTom ciydae
TOBOPAT, YTO TPYIIA 3aMUCAHA MYAbMUNAUKAGMUESHO. VIHOTIA omepalnnsa B TPYIIE 3alUChI-

BaeTcs addumuero. Torma ompeaeaeHne BhIIe TPUHAMAET BU/I:

Oupenesienne. A uTUBHO MpyNIoi Ha3BIBaeTcs MHOKeCTBO G ¢ oneparueit (a, b) — a+b.
Takoe, 9TO BBINOJHAIOTCS CBOWCTBA:

(1) a+ (b+c)=(a+b)+c Va,beGqG;
(2) cymecryer saement 0 € G (mysneBoit mement) Takoit, ato 0+ a=a.0=a Va € G;

(3) mag moboro a € G cymectByer 3aeMeHT —a € (G (KOTOPBIil HA3LIBACTCS MPOTUBOIIO-
JIOKHBIM K @) Takoif, ato a + (—a) = (—a) +a = 0.

21
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B My/JbTUIIMKATUBHON I'pyNIe MMEeT CMBIC HOHATHE IeJOil CTeIICHH 3JICMEHTA: eC/IH
a € Gun € Z, 10

Go-+-oa N EN,

n =020,
()™ —neN.

B a,ZL,ZLI/ITI/IBHOI';I rpyumne mnmoHdThue CTeleHHd 3aMeHAeTCd Ha IMOHATHEeM YMHOXKeHHd Ha HeJIble
gucya: ecqim a € G un € Z, 170

a+---4+a neN,
———

M=190 n=0,

n(—a) —n € N.

Onpepenenne. ['pynna G HasbiBaeTcs aberesoli (WM KOMMYMamueHot), ecim aob = boa

Va, b € G.
OO6bruHO rpyIna, 3anucaHHas aJIuTHBHO, IPEIIOAaraeTcsa abeeBoil.
IMpennoxenune. Iycmv G — epynna. Tozda
(1) netimpanrvrod sremenm — edurcmeertvil;

1

(2) daa mwobozo a € G obpammnwd snemenm a~' — eduncmeenmoill;

(3) daa awbwx a, b € G ypasnenue a o x = b (coome. ypasnerue roa = b ) umeem
eduncmeentoe peulenue.

ITIpumepsi. (1) I'pynna nogcranoBok S,. Iloarpymma 4eTHbIX moACTaHOBOK A, C S,,.

(2) I'pynna uebipoxkaenusix Matpuii G L, (k) nan moaem k (mosnas juHeiiHast Tpymma).
HMomrpynua SL,(k) C GL,(k) marpun ¢ onpegesnurenem 1 (crenuasnbHast JuHeRHAs
rpyIma).

(3) Z+7 Q+7 R+7
(4) Q7 R, {£1}.

Hpe,D;JIO}KeHI/Ie. QJucao 4ucao 6cex nodcmaro6or PGEHO “HUCAY 6CET NEPECTMAHOB0K U PABHO
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kbl

Onpepenenune. [lycts o € S,. Daement j € {1,...,n} Ha3BIBACTCH HENOJSUNHCHBIM TSI O,
ecan o(j) = j u nodeuscHoim, ecan o(j) # j. MHOXKECTBO BCeX HEMOJBUKHBIX 3JEMEHTOB
MBI 0603HaYUM 4epe3 F' (o), a MHOKECTBO BCeX MOJBUKHBIX — uepe3 M (o).

Bameuanue. fcuo, uro M(o1009) C M(01)UM (03) u F(01002) D F(o1)NEF(09) Yoy, 03 €
S

Jlemma. Ecau daa nodemanosok o, ¢ € S, evnoanerno M(o) N M(p) =0, mo ocop =poo
(m.e. 0 u @ Kommymupyrom).

Onpenenenne. Ilogcranoska o € S, Ha3BIBACTCS YukAOM (YuKAUNECKOT NOJCMANO6KON),
ectn M(o) = {i1,...,ipm} ®

o(iy) = tgpr mupuk=1,...,m—1,
i1 upu k = m.

Takas mojicTaHOBKA 0003HAYACTCSA 0 = [i1, . . ., iy |. UKCI0 M HA3BIBACTCA dAUHOT THKJIA.

LMK/ JyIMHBL 2 — 9TO TPAHCHO3UIMS. SAUCh 0 = [i1, .. ., 1| He equHCTBeHHA. fCcHO, UTO
[ila' .. ,Zm] = [’ig, NN ,im,il] = [ig,. N ,im,il,iQ] uT. I.
Hukabt 0 = [i1,...,0m| W @ = [J1,...,71] Ha3BIBaIOTCA Hesasucumvimu, ecaun M (o) N

M(p) = 0.

Teopema. Jlwbas nodcmarnosra o € S, npedcmasaiemca 6 6ude nNpoudsederus He3G6UCU-
MBI YUKAO8 0 = 01 o -+ 0. IMO Npouseederue eQUHCMBEHHO ¢ MOYHOCMBI0 00 NopAdKa
MHOHCUMENET.

Jlokasamenvemeo. JTokazxkeMm yrTBep:kaeHne nHayKiueil mo qucay saementos B M (o). Tlycrs
i1 € M(o) — noasmwkHbiit snement. [logoxkum iy := 0¥~ 1(i1). Taxum obpasom, i, = o(iy).
Bce snemenTs iy, i, - - - € (), He MOIYT OBITH pasjuIHbl. [103TOMY ify, = if I HEKOTOPBIX
k, r € N. Boibepem k, r € N — Tak, 94T0 r — HaUMeHbIIIEe, YIOBJIETBOPSIONIEE YTOMY YCJIOBHIO.
Torma mg Bce umena, iy, . . ., 4, PA3JIUIHBL I

By = Ur(il) — U—(k—l)(ak71+r(i1)) —
=0 * V() = 0_(k_1)(ik) = o~ *=D(gF1(4))) = i;.
Homoxum oy = [i1,...,45,] 1 0’ = coo; . Umeem

o (iy) = o(iy) =1 upu k =1,
o(ig1) =i mpuk=2...,r

re. iy € F(o') k=1,...,r—1. Eciu ke j ¢ {iy,... i}, 10 0'(j) = 0(j). Takum obpazom,

M(o) = M(o")U M(oy) uw M(o") N M(0q) = (). EanncreennocTs!
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Onpenenenne. Paccmorpnm nepectanoBky 11 = (i1, ..., 0k, ..., 0, ..., 1,). [lo onpeaeneHuto
HepecTaHoBKH iy # 4 upu k # [. Ilycte k < [. Ecim i, > 4;, T0O MBI OyJeM TOBOPUTH, 9TO
9JIEMEHTHI i), U 7; 00pa3yIOT HHBEPCHUIO. YemHocmbio IepecTaHOBKU HA30BEM Y€THOCTD OOIIero
YHUCJIa WHBEPCHIA.

IIpumep. llycts 1 <17 < 7 < n. Yucso nuaBEpCHii B mepecTaHOBKE
(1,2,...i—1,5,0+1,....5—14,j+1,...,n—1,n)

apuo ] — 1+ 1+---+1=2(7 —12) — 1. Ilosto epPeCTAHOBKa — HedeTHad.
paBuoO j —i+ 14 --- 4 (j —1) TOMY IIePECTAaHOBKA — HeUeTHAast

j—i—1

JIemMma. Yemmnocmo nepecmarosry MEHAECIMCA NPU NPUMEHEHUU TMPAHCTIOSUUUU.

Jlokasamenvcmso. Ilycrs 11 = (iy, ..., 4,), nycrb 7 = [a,b], a # b. dcHo, 9T0 a = ig, b = 4
JUIsT HEKOTOPBIX iy # iy, k < [. Takum obpasom, IT = (i1, .. 0k, ... ipy..nyin) BT = [ig, ).
Torpa 7(I1) = (i1, ..., 01, -« 0k - - -, 0p). OBO3HAUNM UYepe3 1, (COOTB. S,)) YMCIO MHBEPCHIA,

KOTOpBIe obpasyer 4uciio, crosiee Ha Mecte « B 11 (coors. 7(II)) co Bcemu mociteayomumm.
Pacemorpum cravasa caydaii [ = k+ 1. Ecoim o < kwamn o > k41, 1o ry = 5,). g a =k
na=k+ 1 nveem

Tk4+1 T 1 ecim i < ik+1

Sk = . .
Th+1 €CJIN 1f > Upy1

Tk ecan g < g1
Sk+1 = . .

re — 1 ecam i > gy
B utore nonygaem » | s, = »_ ro£1. Ocraercs 3aMeTuTh, 9TO A1 TPOU3BOMBHBIX k 1 [ > k41
MbI UMEEM

ik, 6] = ik, Thg1] o [ig1s 1] o [iks1, k)

1 TAaKUM 00pa30M KasKjasi TPAHCIOBUIMS [ik, ;] PACKIAIBIBACTCS B KOMIIO3UIIUIO HEIETHOTO
YHCJIa TPAHCHO3UINH “coceTHNX 3/1eMEHTOB. O

Omnpenenerme. YeTHOCTHIO MOACTAHOBKHT

(SR S M

g = . . . .
Ji J2 0 Jn—1 Jn

HA3BIBACTCSA YeTHOCTh CYMMbI YHCJIa HHBEPCUil B IepBO 1 BTOPOi cTpokax. CoracHo mpeabl-
JIyIieii JeMMe 9eTHOCTD MOJCTAHOBKY He 3aBUCHUT OT BHUJIA 3aMUCH (DU TPAHCIIO3UIIUH CTOJIO-
IIOB MEHSETCs YeTHOCTDb YUC/Ia WHBEPCHUi B 000OMX CTPOKAX). 3HAKOM O HA3BIBACTCSI

Sgn(a) — (_1)‘{eTHOCTb (a).

ITpumep. CormacHo npeaplayieMy IpUMepy TPAHCIIO3UINS ABISIeTCS HeUeTHOH MOACTAHOB-
KOTi.
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YeTHOCTD IpOU3BEACHNA [IOACTAHOBOK. 1eTHOCTH 00paTHOI MOJACTAHOBKH. 1MC/I0 YeTHBIX U HEYeT-

HBIX TOACTaHOBOK. ['pymma A,. [orgrue mogrpynmet. Onpenenurenun. OnpeaeauTeib TPEYroIbLHOM
Marpuisl. OnpeneanTe/b TPAHCIOHHPOBAHHON MATPHUILI. BeIYucaeHne onpegenTe/ d IpU TOMOIITH
3/IeMeHTapHBIX npeobpazopanuii. [loammuneitrbie nu Kococummerpuyeckre (pyuxruu. [loaummuneii-
HOCTb U KOCOCUMMETPUIHOCTD OIPEJIETHTES.

YerHOCTHh IMpOU3BEAEHNS IMOJCTAHOBOK. YeTHOCTH OOpaTHOIi ImoacTa-
HOBKM.

ITpensioxkenue. o sgn(o; o 09) = sgn(oy) sgn(os).
e sgn(o ') =sgn(o).
MHO0kecTBO BCeX YeTHBIX MOJACTAHOBOK MbI 0003HaYNM depe3 A,,.

IIpennoxkenue. Yucao wemmve nodcmanosok pasHo “UCAY HEYETNHOLT NOJCMAHOBOK U PaG-
no nl/2.

Jlokasameavemeso. 3adbuKcupyeM HEKOTOPYIO HEUYETHYIO MOJCTAHOBKY T (HADHMED, TPAHC-
nozunuio). CorracHo ckazanHoMmy Bhilie Vo € A, Too € S, \ A,. CrenoBarenbHo, nMeeTcs
orobpaxkenue f: A, = S, \ A, f(0) = T oo. Jlerko nokazarb, uro ono 6uexrusuo. CJeno-
BaTEJNbHO, MHOKeCcTBAa A, u S, \ A, PABHOMOIIHBI. O

Onpenenurenn

Onpenenenne. [lycts A — KBagpaTHas MaTpHUIA
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Ee onpedeaumenem nazpiBaercs 9ucso

A= 3 sn()asoazoe ot

oESy

IIpumep. Ilycts n = 2. Torpa S,, cOCTOUT U3 ABYX IIOJCTAHOBOK: TOXKJ/ICCTBEHHOM! € M TpaHC-
nozunuu 7 = [1,2]. [Tosromy

a1 Aa12
Q21 0A22

Al =

SgN(€) a1,e(1)A2,5(2) + SGO(T) G1,7(1)A2,7(2)

= a1,1022 — Q12021

IIpumep. Marpuna A = (a; ;) Ha3bIBaeTCs seprHempey2oavnol, ecau a;; = 0 Ipu i > j u
OHA& HA3BIBACTCH HudCHEmpey2oavhot, ecin a; ; = 0 upu i < j. [Tokaxem, aro ecim A = (a; ;)
— BepXHETPeyrobHasl (HIKHETPEYIOJbHASI) MATPHUIIA, TO

|A‘ = 01,1022 Qpp-

JleficTBATETBHO, B GOPMYIIE JJIs ONPEICTHTENS WIEH A1 5(1)02,0(2) * * * Un,o(n) OTIHICH OT HYyJIs
ToabKO ecan o (i) > i Vi. Orciona o(n) = n u nosromy o(n—1) # n. Tormao(n—1) =n—1u
T. . HOﬂyLH/IM, qTO eﬂHHCTBeHHbII;‘I HeHyﬂeBOﬁ YJICH COOTBETCTBYET e,ZLI/IHI/ILIHOﬁ IIOJCTAaHOBKE.

Teopema. |A| = |AT].

oxaszamesvcmeo. 3aMeTnm, 9TO

[Tosromy

’AT’ = Z Sgn(a)afa(l)azT,a(Q) : “ag;a(n) =

oES
= Z sg1(0)o(1)100(2)2 " * * Go(n)n =
O'GSTL
= Y sen(0 a1 (1)201(2)  Angitn) =
O'GSWL
- Z Sg(T)a1,r(1)2,7(2) * * * Gnyr(n) = |A]-
Tesn

]

Beruncienue onpegenanTesis Ipu IMMOMOIIN 3JIEMEHTAPHBIX ITpeobpa3o-
BaHUI.

Teopema. Ilycmo mampuuya A’ noryuena us mampuus, A 00HUM 24eMEHMAPHBM NPEOOPa-
sosanuem. Tozda
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(D) [A] = |Al;
(IL) [AY] = AlA];

(IIT) |A'] = —|A|.
JloKa3amenvemeo. ... O
Oyuxmusa F(Xq, ..., Xy) OT HECKOJIBKAX apryMEHTOB HA3BIBACTCS NOAUAUHETHOT, eCITn

IIPU HOJCTAHOBKE BMecTO JI060ii nepemennoit X; sunadenuss N X! + N\ X/,
M3BOJIHHBIC YUC/A, Mbl IMEEM

F(X1, .. NXI+ XXV Xy) =
= NE(Xy, .. X LX)+ NF(Xy, XY Xy)

Pacemorpum marpuiy A Kak COBOKYITHOCTH €€ CTPOK

a ompeJieTuTeNb |A| paccMOTpUM KakK duCI0BYIO (DYHKIIUIO CTPOK

Al = Ay, .. A = F(A ... A).

rae N u N — upo-

Teopema (mouInHEHHOCTH OnpenennTess). Onpedesument ABAACMCA NOAUAUHETHOT PYHK-

yuet ceour cmpox.
Jokazamervemeo. Ilycrs A; = N AL + N'AY, rne

! / !/ / n " " "
Ai=(aj, ay ... a,) Al = (af, afy, ... df,)
Taxnm obpasom, a;; = Na; ; + N'aj;  Vj. Tlosromy

i?j

A= 3 sgn()asoq i) notr) =

O'GSTL
= Z Sgn(U)aLa(l) T (A/a;,a(i) + "ag,a(i)) ©lno(n) =
O’GSn
=N sen(0)a1 o) - @) no() T
gESy
V Z SgH(U)al,g(l) e a;”a(i) el (n) = )\I’AI’ + /\”‘A”|,
O'GSn
riae A’ (coors. A”) — marpuna, cocraBiaensas u3 ¢rpok Ay, ..., Al ... A, (coors. A,

LAY A,
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®Oynknus F(Xy, ..., Xy) OT HECKOJBKHX apryMeHTOB HA3bIBACTCS KOCOCUMMEMPUUECKOU,
eCJTH MPH IIOJICTAHOBKE JIBYX JIIOOBIX IIepeMeHHBIX X; n X;, © # j (DyHKIUSI MeHIeT 3HAK:

F(Xl,...,Xi,...,Xj,...,XN):
- —F(Xl,...,Xj,...,X,L'7...,XN).
Jlemma. Ecau F(X, ..., Xy) — nosusunetinas gynryus marvas, wmo F(Xq, ..., X ..., X, ...

0 npu X; = X;, Vi, 7,15 j, mo ama pynkuus AGAAEMCA KOCOCUMMEMPUYECKOT.
JIoKa3amenbCme0n. ... ]

TeopeMa (KOCOCHMMETPUYIHOCTD ONpeeauress). Onpedesument A6AAEMCA KOCOCUMMEM-
pureckoti Pynryuet ceour cmpox.

Jloxasamenvemeo. Ilycre A; = Aj, 1.e. a; ) = aj  pasg oboro k, rae @ < j. Jlokazxem, 910
|A| = 0. Pa306bém Bce mopcTaHoBKE U3 S, HA (HEIEPECEeKAIOITHeCs ) Taphl

o o =ooli,j]

Tax Kak @ q(;) = Ajo(i) U Gjo(j) = Gig(j), TO COOTBETCTBYIONINE YiIEHbl B pOpMyJIe il Olpe-
JeJINTeJIsd
SEN(0)a1o(1) Qi (i) " " Ajo(G) " An,o(n)
—8gN(0)A10(1) " Cio() " Ajo(i) " * An,o(n)

COKPAIIAI0TCA. O]

7XN)
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DKBUBAJIEHTHOE OIPE/IeJICHIE ONpeIenTeNsd (KaK MOJUINHERHO! KOCOCHMMETPHYIECKOil (hOPMBI).

Oupenenmrens ¢ yriom Hyseit. Paznoxenue onpegemuresns no crpoke (n GaabInBoe pas/ioKeHne).
Omnpeaenurens Bannepmonaa. Teopema Kpamepa.

DKBUBAJIEHTHOE OMpe/iejieHne onpeeauTesisd (KaK MoJININHEeNHO| KO-
COCUMMeTpUIeCcKoii (hopmbi)

OnpenennTesib ¢ yrjoM HYyJei

l'oBOpAT, 9TO KBa/ipaTHasd MaTpPUIA

uMeeT HUKHUI yeon nyael ecam niag nekoroporo 1 < &k < n mmeem a;; npn ¢ > k, j < k.
AHaIoTHIHO ONpenenseTcsa MaTPHIA ¢ BEPXHUM yrjoM Hyseil. Takum obpaszom, MaTpHIa ¢
HUZKHUM YTJIOM HYyJIeii MOYKeT ObITh 3alucana B BUJIE

(3

rie A; u Ay — KBaJpaTHBIe MATPHILI padmMepoB k X k u (n — k) X (n — k), cooTBeTCTBEHHO,
B — marpuna pa3mepa k x (n — k), a 0 — HyeBast MmaTpuia pasmepa (n — k) X k.

Teopema. ITycmo A — mampuya ¢ HUHCHUM Y2a0m HYAeU, 3anucarhas kax sviwe. Tozda
Al = [A1][As].

Jloxasameavcmeo. Tlpusegem marpuiyy A; (cooTB. Ay) 91eMeHTAPHBIME MTPEOOPA3OBAHUSIMU
crpok Tuna (I) xk crynenuaroit marpure A} (coors. Af). Torma |A;| = |A}| u |As| = |A)].
[Tycrs marpuna A’ nonydena n3 A BHIMOJHEHHEM COOTBETCTBYIONHX JT€MEHTAPHBIX TPEOs-
pa3oBaHuii CTPOK (T.e. HAJ MEPBLIMU k CTPOKAMU MATPUIBI A MbI BBIIOJHIAEM Te JKe Ipeos-
pa30BaHuUsd, YTO W HAJ CTPOKAMH Aj, a HAJ CJICAYIONUME N — Kk CTPOKAMHU MATPUIBI A MBI

29
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BBITIOJIHSIEM Te JKe npeobpazoBaHusi, 9To U Haj cTrpokamu Ay). Torma |A'| = |A| u mosromy
JOCTATOYHO J0Ka3arh, uro |A'| = |A}||A}|. fcno, aro

/ !/
s (Al B )
- /
Marpuret A} u A, — TpeyrosibHble (HHKe TJIABHOW JMArOHAJN CTOSIT HYJIW) W TAKOBOW Ke

spasiercst A'. B atom ciyaae paserctso |A'| = |A]||Ay| caenyer u3 Toro, 94To ompeeauresb
TPEYTOJIbHON MATPHIB PABEH NPOU3BEJICHUIO JIEMEHTOB HA e JINATOHAIH. O

CaencrBue. [lycmo A — mampuya ¢ 8epTHUM Y2A0M HYAET, 30NUCGHHAA 6 GUIE

7
A=\B 4,

Tozda |A| = |A1||Asl.

IIyers A = (a; ;) — n X m-marpuna. Muropom nmopanka r (rne 1 <r<nul<r<m
’J

HA3BIBACTCS OIPEIC/IUTEIb MATPUILI U3 JIEMEHTOB, CTOAIIUX Ha IepecedeHud HEKOTOPBIX T
CTPOK U 1 cTos61oB MaTpunsl A. Eciu Teneps A = (a; ;) — n X n-mMaTpuna, To depe3 M; ; Mbl
Oymem 0003HAYATH MUHOD HOPSIAKA N — 1, mojaydeHHblil n3 A BblYepKUBaHUEM (-Off CTPOKH
u j-oro cronbma. B sTom caydae anzebpauueckum donoarenuem K 3JEMEHTY @; j Ha3BIBACTCS

Ce— (1) ML

anciao A; ;= (—1)" M, ;.

Teopema (pasiozkeHue OIPeJETUTENs O CTPOKe).

n

Zai,jAk,j =0 npuk #i.

j=1

Hoxasameavcmeo. Ilycrs S = (a;1, ..., a;,) — i-as crpoxa Marpunet u myctb S; = (0,...,a;,,. ..

Torma S =) S;. llycts B; — marpuna, noxydennas u3 A 3amenoit S na S;. CoracHo cBoii-
cTBy nosmmnuHeitnoctn |A| = )| By, rae

Q1,1 ay j a1n ai; 0 0
Bl=| 0 ey e 0= (et @
;L;].l ....... an] ...... ann Gt ns 0
TTocneannit onpesesnrens nuveer Bepxuuit yroa nyseit. [losromy |B;| = (—=1)"7 M, ;. O

Teopema (dasbimBoe pasioxKeHue M0 CTPOKE).

n

Al =) a4

j=1
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Joxazamesvemeo. PaccMoTpuM MaTpHILy
A = (d r ) Qrj HpI/IT’%/{J
= (@), e a0, =
a,; upur==Fk

Mur B maTpure A 3amenuan k-yro c¢Tpoky Ha i-10. Takum obpasom, B A’ ¢Tpoku ¢ HOMepaMu
k u i coBnamaior. [lostomy |A’| = 0. Pazmaras A’ o k-ii cTpoke mosydnm

n n
_ N / / .
0=|A= E :ak,j kj — E :ai,jAk,j-
j=1 j=1

[]

Teopema (Teopema Kpawmepa ). Paccmompum k68a0pamuyio cucmemy AUHetHT YPaeHEHUT

111+ -+ ar, =0

Honooscum

Tozda

(1) cucmema cosmecmna u onpedesena <= A # 0,

(2) ecau A #0, mo pewenue cucmemv, umeem 6ud x; = A;/A.

Jokasamenvcmeo. [onoxum a; := A;/A. Torma

n

1 n 1 n n
Z ai’j(){j = Z ; CLZ‘J‘A]' = Z Z CLZ‘J‘ kz:; bkAij =

j=1 j=1

1, biA
— K;bk;amflk,j = T = bz

HOCKOJIBKY

- A ecm k=1
> i Ak = :
0 ecmuk#1i

=1
Taxum obpazom, A # 0 = cucrema coBmecTHa u z; = A;//A — pemiennue.

[IpuBeeM MaTpuIly CUCTEMBbI JIEMEHTAPHBIMU ITPEOOPA30BAHUAME CTPOK K CTYIICH-
4aTOMYy BUIY:

/
a1 aln bl &171 al,n bl
................. —

/ /
an’l an’n bn 0 an,n bn

dcno, uto A # 0 <= A" # 0 <= a;; # 0 g moboro i <= cucTeMa COBMECTHA 1
ompenesieHa. ]
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Teopema (Oupenennrens Bangepmona ).

2
aj

“ o= ] (a-a)

1 aq
an _ 1 as
1 a,

Zoxazameavemeo. Unaykiug mo n.

1 a—a,

a? — ayay, coavt —ata,
1 ay—a, as — asa, ceay Tt —aba,
n—1 n—2
1 a,—1—a, | — Qp—10Gpn Ap_y — Qp_10n
1 0 0 0
a; — a, a? — ayay, ayt —a"?a,
2 n—1 n—2
2 n—1 -
n—2
1 o ay ,
o
(an—l‘_'an)
n—2
1 a,—1 a,_,

1<j<i<n
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Ounpegenurens npoussenenns marpuil. ObparHas Marpuna. Eauaunsl 1 obparHble 3JIeMeHThl B ac-

COTMATUBHOM KOJIbIIe (€IMHCTBEHHOCTD). Kpurepnii cyiecTsoBanus obpaTHoii maTpuibl. Popmyta
g obparnoit MmaTpuiibl. Berancienne o0paTHO MATPUIILI TPY TOMOIIH 9IEMEHTAPHBIX TPeobpaso-
Bauwuil. lenntenn Hyada B Koable. leanTenn Hyad B KOJbIle MATPHII.

JIemma. (1) Ecau |A| #0, mo A=Uy--- Uy, 20e Uy, ...U,, — saeMenmaprsie MampuibL.

(2) Ecau |Al =0, mo A = Uy---UypA, 2de A’ — mampuya ¢ nyaesots ecmpokoti, a Uy,

U — anemenmaptvie Mampuos.
JlemMma. Ecau U — aaemenmapras mampuua, mo
U - Al =1U]-[A]
CaencrtBue. Ecau Uy, ...U,, — asemenmaprvie Mampuyos, mo
Uy~ Up - Al = Uy - Uyl - A

Teopema. IIycmv A, B € Mat, (k). Tozda |A|-|B| = |A- B|.

Jloxazameavemeo. lpeanonoxum, aro |A| = 0. Banumem A = Uy --- U, A, tne A’ — mat-
puna ¢ HyJaesoit crpokoi, a Uy, ...U,, — sanemenrapusie marpunbl. Torma A'B Takxke umeer
HYJIEBYIO CTPOKY. SHAYUT

|A.B|:|(U1...Um.A’).B|:|U1...Um|.|A’.B‘ =0= |A||B|
[Tycrs |A| # 0. Torma A = Uy - -+ Uy, vae Uy, ... U, — 37eMeHTapHBIe MATPHITB 1
|A-Bl=|(Ur-+-Up)- Bl = Ui+ -Unl |- B| = |A] - |B]. O
Ilpennaoxxenme. Ilycmv R — accoyuamusHoe KoAbUO.

(1) Ecau edurunnwtd sremenm cyuecmsyem, mo on equncmeerHil.

(2) Ecau das a € R cywecmesyem obpamunili saemenm, mo ok eQuHcmeertbi.
(3) Ecau snemenm a € R obpamum, mo on He moocem Obimb deaumenem HyAs.
(4) Ecau anemenm a € R obpamum, mo aremenm a~ obpamum u (™')™t = a.

5) Ecau anemenmus a, b € R o6pamumol, mo saemenm b-a obpamum u (b-a)™ =a 1071

33
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Ob6paTHag maTpuiia

~

IIpucoedurennoti mampuyet x marpune A = (a;;) Ha3bBaerca marpuna A = (a;;), Lie
a;; = Aj,;. Takum obpaszom,
. Arg Ana
A= ... ...
Aln Ann

Teopema (Dopmysia st obparnoii Mmarpunsl). [fyems A € Mat, (k). Ecau |A| # 0, mo

):
obpamnas mampuua cywecmeyem u A1 = LA,

= L
[A]

Joxasamenncmeo. Tyers A- A = (¢; ;). Torna

n n . .

R |A|  ecam i = j,

Cij = E Q4 Ak 5 = E ai,kAj,k = 0 . .
k=1 k=1

ecsin i # j.

Taxum oGpasom, A - A = |A|E. Amanoruuno, A- A = |A|E. O

CunencrBue (Kpurepuit o6parumoctu marpuibt). |A| # 0 <= JA™L

ITpumep. Ilycts A = (Z Z) Torna

d —b
A= (ad_—cbc ad;bc) .
ad—bc  ad—bc
Brorauciaenne O6paTHOI71 MaTpulbl IIPpW IIOMOIIMN 3JI€EMEHTAPHbBIX IIPpE-
obpa3oBaHuMit

Sameuanne. Marpuna obpaTHas K 3/1eMeHTapHOl — TakzKe sneMenTapHasd: U; j\-U; ; _y = E,

Ui,)\ . Ui’/\fl = E, Ui,j . Ui,j — E

Teopema (nenurenu nynst B Kosbie Marpui). [yemo A € Mat,(k), A # 0. Caedyrowue
YCAOBUA IKGUSANEHIMHL:

(1) [A] =

(2) A — seswti deaumensv nyaa 6 Mat, (k),
(3) A — npasud deaumenv nyasn 6 Mat,, (k),
(4) ne cywecmsyem obpamnoti mampuywl k A.

ManI/IHbL VAOBJIETBOPAIOIINAE 3TUM YyCJIOBHAM, Ha3bIBAIOTCA GbLPOWCdeHH?)LMU.
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Joxazameavcmeo. — [Tycrs |A| = 0. TTo Teopeme Kpamepa cymectByer croaber; X
rakoit, aro A- X = 0. [Tycre B € Mat, (k) — marpuna y koropoii mepssiii croster coBmaiaer
¢ X, a ocrasgbHble cTOI0IBI — Hy1eBble. Torma A - B = 0.

= [(3)| Ilycrs |A| = 0. Torma |AT| = 0 u AT — neswiit neurens nyaa, r.e. AT-B = 0.
Orciona BT - A = 0.

[(2)= [(4)| Inane A-B=0,0=A"'-A-B=8.

— Anamoruano.

— Nnaue |A| # 0 m o6paTHasg MaTpHIa CYIECTBYeT 110 popMyJIe 1ia 0OpaTHOl
MaTpHILE. O

CJIe,Z[CTBI/Ie. JIobas He@bLPODdeGHHGﬂ MAMPUYa AGAAECTNCA TLpOUSG@dGHU@M IAEMEHTTIAPHDBLL.
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Jleknmuga 7

Hesbipoxaennnie marpunst. I'pynnsr GL,(R) u SL,(R). Bekropubie npocrpancrsa. Jluneiinas 3a-

BUCUMOCTE. KpuTepuit HeBbipoxkaenHoctn MaTpunbl. basnc. Koopanaarer. Jlemma o nuHeltHo# 3a-
pucumoctu. CiiencrBust.

BekTopHble npocTpaHCTBA.

Omnpenenenune. Bexmophnovim npocmparcmeom Hajl mojeM K Ha3piBaeTcss MHOXKeCTBO V, a
KOTOPOM 3ajaHa ONepalns CJIOXKEeHUs 3J1eMeHTOB V' MexK Iy coboi

Vv, w €V, 3aian sjementr v+ w €V
1 omepanusg YMHOKEeHHS 371eMeHToB k Ha smemenTsr V
Viek VveV, 3aman snrement \v € V,
TaKue, YTO BBIIOJHAIOTCA CJEYIONne CBOMCTBA:

n

2

+(w+u)=(v+w)+u VYv,w,uclV;
eV v+0=0+v=v, Vvel,;
J)WweV F—veV v4(—v)=(-v)+v=0;

4 v+w=w+v, Vv, wel.

2) a(v+w)=av+aw, VYv,weV, Vack;
(af)v =a(fv), VveV, Va, fek;
l-v=v, ¥YWweV.

(1) v
(2)
(3)
(4)
(I) (1) (a+p)v=av+pv, YveV, Va, ek;
(2)
(3)
(4)
[Ipu 3TOM 3s1eMeHTHI V' HA3BIBAIOTCA 6€KMOPAMU, & JJIeMeHTH k — crasapamu.
3ameuanue. HernocpeicTBEHHO U3 ONpEJIEICHUS MOy IaeM.
e Jlnsa mobbix a, b € V ypapHenne a + X = b umeer e ITMHCTBEHHOE pellleHHE.

e Hynesoit sstement 0 € V' eqnHCTBEHEH.

e /[yist moboro a € V npoTHBONOJIOKHBIN 9J1eMEHT —a eJIUHCTBEHEH.

37



Aunre6pa-1

e lnst moboro a € V umeem O0a = 0. [leiicturensro, a4+ 0a = la+ 0a = (1 + 0)a =
la = a.

e Jlnsi oboro o € k umeem a0 = 0. lefictBurensro, a0 + aa = a(0 + a) = aa.
ITpumepsr. (1) V = {0}.

(2) Iycre R™ = {(a,...,q,)} — MHOXKeCTBO ¢TpOK jyiuHbl 1, The «; € R. Croxkenue u
VMHOKEHUE Ha YUCIa — TOKOMIIOHEHTHbIE. AHAJOTHIHO onpeessercs Q™ ...

(3) mmoxecrso Mat,, (k) Bcex n X m-marpu;

(4) reomerpuuecKmre BEKTOPBI B JABYMEDHOM (COOTB. TPEXMEPHOM) HPOCTPAHCTRE;

(5) MHOXKecTBO BeexX (GECKOHEUHDBIX) MOCIEI0BATCILHOCTEH Gy

(6) MHOKECTBO BCEX YHCIOBBIX (DYHKIMIA HA OTpe3Ke.
Omnpenenenne. [lyctb aj,...,a,, € V u nycrsb ay,...,q, € k. Jlunetnot xombunayuet
BEKTOPOB a1, ..., a,, € V ¢ Kosddunmearamu oy, . . ., a,, € k HazpiBaeTca aja;+- - -+a,,a,, €
V. Jluneitnast KOMOMHAIINS HA3bIBAETCSI MPUBUGNOHOT, €CTIN (1 = + + + = Qyy, = 0.
Omnpenenenne. Bekropsr ay, ..., a,, € V Ha3bIBAIOTCA AUHETHO 346UCUMbBLMU, €CJTT X HEKO-

TOpas HeTPUBHUAJIbHAS JIMHEHHAS KOMOMHAIMSA PABHA HYJI0: 1)+« -+ pa, = 0, tae a; # 0
JIJISE HEKOTOPOTO 7. B MPOTHBHOM CJIydae BEKTOPHI HA3BIBAIOTCS AUHEUHO HE3A8UCUMBLMU. DTO
YCJIOBHE MOYKHO TepedopMyIHPOBATh CJAEAYIONIUM 0Opa30M:

e vja; + -+ apa, =0 = o = = q, = 0 (ecn JTuHeiiHass KOMOHHAIHS PABHA
HYJTIO, TO OHA TPUBHAJIBHA).

ITpumepst. (1) Oaun BekTOp a; JuHeiiHo 3aBucum <= a; = 0.
(2) Ecmu a; = 0, To cucrema ay, . . . , a,, JUHEHHO 3aBHCHMA.

(3) ZlBa BekTOpa aj, ay JIUHEIHO 3AaBHCHMBI <—> OHH IPOLIOPIUOHAJIBHBI: WX a5 = Aay
W a, = Aa; It HekoToporo A € k.

Bameuanne. (1) Ecam nogcucrema {a;,,...,a; } C {ay,...,a,} mHeiino 3aBucnMa, TO I
BCs cucreMa {ay, ..., a,,} JUHEHHO 3aBUCHMA.

(2) Ecau cucrema {ay, ..., a,, } uHeiino nezasucuma, To u aobas ee moacucrema {a,,, ..., a;, } C
{ai,...,a,,} AuHeiiHO He3aBHUCHMA.

ITpennoxenune. Cucmema sekmopos ay, . ..,a, € V iunelno 3a68ucuma <= Hexomopoil
ee 6EKMOp &;j BUPANHCAEMCA KK AUNHETNAA KOMOUHAUUL OCTNANLHOLT.

JloKa3amenbcmeo. ... O

Teopema (Kpurepuii HEBBIDOXKIEHHOCTH MATpuilsl). [Hycms A — keadpamuas mampuya.
Caedyrowgue Yyearo6us IKGUBANEHITHDL:



Aunre6pa-1

(1) A neswuposrcdena;
(2) cmoabuyv, A auredno He3a6uUCUMbL;
(3) cmpoxu A aunelno He3a8UCUMDL.

oxazameavcmeo. Tlyctb Aq, ..., A, — cTon0OIBl MATPUIII. SalKIIEeM YCJIOBHE JIMHEITHOM 3a-
BucumocTd M A1 + -+ N\, A, =0, e \; € k, a 0 — myneBoit crosberr. YcaoBue MOKeT OBIThH
HEePENUCAHO B BUE

DT0 0IHOPOAHAS CHCTeMa THHeHHbIX ypaBHeHuil. [1o Teopeme Kpamepa |A| # 0 <= cucrema
onpenenena (T.e. \y = -+ = \, = 0 — eIUHCTBEHHOE DerieHne) <= cToadupl A, ..., A,
JIMHEHHO HE3aBUCHMBI. JTO JOKA3bIBAET <= [2)] Tak xak |A| = |AT|, o amamormamo

noayqaeMm [(1)] < O

Onpepenenne. Ilycts V' — BekTopnoe mpocrpanctBo u nyctb M C V — jg0b6oe moaMHO-

KecTBO (cucreMa BEKTOPOB). ['OBODAT, UTO 7€MEHTHI €1, . . ., €, € M obpasyor 6asuc M,
eciu

(1) BekTOpHI €1, ..., €, JUHEHHO HE3ABUCHMEBI,

(2) nnst m06oro v € M BEKTODHL V, €1, . . . , €, JTUHEHHO 3aBUCHMBI.

Bazucom npocrpancrsa V HazpiBaercs 6aszuc M = V.

3amedyaHue. DJIEMEHTHI €1,...,€,, € M obpa3yior 0a3uc TOrJa U TOJBKO TOIJA, KOIJA
BBITIOJTHEHBI YCJIOBHS u[(2):
M1060#t BeKTOp Vv € M JuHeiiHO BhIpasKaeTcd depes ey, . . ., e,.

3ameuanmne. Mol paccMaTpuBaeM TOJIBKO 0a3uChl U3 KOHEYHOIO YHNCJIA 3JIEMEHTOB.

3ameuanue. basuc paccMaTpuBaeTcd KakK yHOPSAJI0YEHHOE MHOYKECTBO.

ITpumep. B npocrpancrse R"” nmeercs crangapTHbiii 6asuc e, . .., e,, tmee; = (0,...,1,...,0).
0
i
IMpennoxeunune. I[lycmov ey, ... e, € M — 6asuc. Tozda a10601 eexmop v € M 00H03HA4HO
BUPAHCAEMNCA “Ueped €1, . . ., e, . Kosdpduyuenmo, 3mozo pazroncenus Hasueaomes KOOpIu-
HATaAMHU 6eKMOopa.
JIoKa3amenvbCmeo. ... .. ]
Teopema (1emMa 0 JTUHEHHON 3aBUCUMOCTH). [Iycmb 6ekmopuvi Vi, ..., V, AUHElHO He3a6U-

CUMDEL U AUHETHO GBIPAINCAIOMCA YEPE3 GEKMOPYL W1, . . ., W,,. To20a n < m.
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Jokazameavemeo. Tlpeamomoxum, 910 n > m. 3anuiiem
Vj = OéLjW1 4+ -+ OémJ'Wm.

Torna
n n m m n
E )\jvj = E >\j E ai,jwi = E Ck@j)\j W;.
j=1 j=1 i=1 i=1 \j=1

PacecmorpuM cucteMy OHOPOTHBIX JUHEHHBIX ypaBHEHUN

n
E O-/i,j/\j:Oa Z:Lm
J=1

OTHOCHTEJIBHO A1, . .., A,. TaKk Kax 9MCJIO HEU3BECTHBIX MEHBIIE YHCIa YPaBHEHUH, TO cHCTeMa
n
MMeeT HeHYJIeBOE PeIeHne TAKOe, U4TO » =1 Ajv; = 0. 0

CaenctBue. Jhobot 6asuc M C V' codepotcum odunarosoe koasunecmeo aremenmos. bBoaee
MOUHO, €CAU W1, ..., Wy, — basuc M, mo awobas cucmema u3 n 8ekmopos vi,...,v, € M
npun > m aunetno 3asucuma. Eeau owce vy, ..., v, maksce obpasyrom baszuc M, mo m = n.

Joxazameavemeo. BeKTOpbI Vi, . . ., V, JIHHEITHO BBIPAZKAIOTCI 9epe3 W1, ..., Wy,. Kcan vy, . ..

JIMHEHHO HEe3aBUCHUMEI, TO IIO JeMMe O JuHeiiHo# 3aBucuMocTH n < m. Ecim ke vq,...,v,
00pa3yoT Ha3uc, To aHAJOIHYHO IHoJydaeM m < 1. O]

Onpepenenne. Ecmu M C V — mo6oe noaMHOXKeCTBO, TO parzom M (obosuadaercs rk M)
HA3BIBAETCS YUCJIO HJEMEHTOB Gasuca (ecam KOHeuHbIH Gasuc cymecrByer). Panrom c¢ros6-
IIOB MATPUIIHI HA3BIBAETCSI PAHD CHCTEMBI ee CTO0NoB (KakK cucreMbl BeKTopoB R™). Panrom
CTPOK MaTpPHUIIBI HA3bIBAETCS PAHI CHCTEMBI ee CTpO PasmepHocmbmm npocrpancTea V'
(obo3nauaercs dim V') naspiBaercs paur M = V.

3ameuanne. Ecoim M C V', to rk M paBeH MaKCUMaJIbHOMY YHCJIY JUHEITHO HE3aBUCHMBIX
BEKTOPOB Vy,...,V, € M.

CaenctBue. llycmo dimV = n. Toeda cucmema uz m sexmopoe 6 V aunelino 3as8ucuma
npu m > n.

Cnencrue. Ecau ece sexmopv, cucmemvr M C V' aunetino ewpasrcaomes wepes 6exmopol
cucmemv. M' C V', mork M < rk M.

Jokazamesvemeo. Ilycrs vy, ... v, — 6asuc M, a vi,...,v, — 6asuc M’'. Ilo ycrosuio
BEKTOPHI V1,...,V, JUHEHHO BhIpaXKaroTcsa depe3 BekTopbl M’ a moboii Bektop M’ nuneii-
HO BBIpasKaeTcsd depe3 v, ..., v, . CiaemoBaTesabHo, Vi, ..., V, JHHEHHO BHIPAXKAIOTCI depe3
vi, ..., vl . Ilo mtemme o uneiinoit 3apucumocTt n < m. O

*Iloz:xe MBI JOKaKeM, 9TO sl JTI000H MaTPHUILI PAHTH CTPOK U CTOJIOIOB COBIIAIAIOT.
"Tepmun panez ymorpebisercs B OTHOMIEHHM HOAMHOXKecTBa (uame Bcero komeunoro) M C V. Tepmun
PA3MEPHOCMH YIOTPEDIISIETCST TOJBKO B OTHOMIEHUH BEKTOPHOI'O TPOCTPAHCTBA.
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CaenctBue. [lycmov dimV =n, M CV u nycmo e, ...,e; € M — aunetino He3asucumvie
sexmopot. Toeda ey, ..., e, € M moocro donosrums do baszuca M.

oxazameavemeo. Ecan pjig a0b6oro x € M BeKTOpPHI €y,. .., €, X JUHEHHO 3aBUCUMBI, TO
el,...,ep — 6aszuc M. B nporuBHoM ciydae cymecTByer X € M Takoii, 4TO BEKTOPHI €1,. . .,
ey, X JJuHeltHo He3aBucuMBL. [lonaraeM e, = X u mpojgomnzkaeM nporecc. [Iporece obopseTcsa
HOCKOJIBKY YHCJIO JUHEHHO HEe3aBUCHMBIX BEKTOPOB HE TMPEBOCXOIUT 1. O

CaenctBue. Ilycmoe W C V — nodnpocmparcmso sexmoprozo npocmparcmea. Tozda dim W <
dimV v ecau dimW =dimV, mo W = V.

Jlokasamenvcmeso. TlepBoe HepaBeHCTBO CJIe/lyeT U3 IPebILYIero caeacTsus (nonaraem M’ =

V, M =W).
[Iycts dimW = dim V. ,HOK&)K@ gyro W = V. Ilycts vy,...,v, — 6asuc V u myctp
wi,..., W, —06a3zuc W. Tak kak w; € V, To MBI MOXKEM 3aIUCATDH

n
W; = E Cliijj.
Jj=1

Lo - n —_—
Ecin marpuna A = (a;;) BBIpOXKIEHA, TO ee CTPOKHU JIHHEHHO 3aBUCHMBL y . A\i@;;j = 0
Vj. Ho Torna

n n

i )\zwz = i )\z Z a; ;Vi | = Z i )\iai,j V= 0.
=1 =1 1=1

j=1 j=1

[TporuBopeune mokassiBaer, uro Marpuna A = (a; ;) meBbpoxkaena. Creg0BaTeIbHO, CyIIe-
crByer obparnas marpuna A1 = (b; ;). meem

n

n n
§:bk,jwi=§ b.q E aijvj | =
i=1 =1

Jj=1

n n n
= Z Z bkﬂ-am Vj = Z 5k,jvj = VL.
j=1 \i=1 j=1
re. vy € W VEk. Ilostomy V C W. O
Zpyeoe doxasamesvemeso. Cucrema wy, ..., w, € W C V MoxkeT OBITH JIOIMOJTHEHA /10 Ha3UCa
V. Tak kak dim V' =n, o wy,...,w, — yxke 6a3uc V. Crenoarensrno, V C W. O

+
*meercst KOPOTKOE JI0KA3ATEIbCTBO (CM. HUZKE)
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JIleknmuga 8

Paur marpursr. Panr cymver matpuil. Teopema o panrre. Aaropury HaxoxqeHus 6azuca. Panr mpo-

n3BegeHus MaTpull. Kpurepnii COBMECTHOCTH CHCTEMBI JIMHEWHBIX ypaBHenuii. Permennsa ognopomnaoii
cUCTeMbl JTUHEHHbIX ypaBHeHnii. OyHIaMeHTa bHAS CUCTEMa PENIeHnii. 3aJaHne Mo IMPOCTPAHCTRA
CUCTeMON JTUHEHAHBIX ypaBHEHUMH.

Teopema (Teopema o panre MaTpuipl). Panz cucmemv. cmpok Mampuyv, pasen panzy cu-
cmemvl ee Cmoaby08 U PaseH HAUBBLCULEMY NOPAOKY OMAUNHO20 OM HYAL MUHODA.

JIemma. Pawne (cucmemv, cmpox) mampuyv, HE MEHAEMCA NPU INEMEHMAPHBIT NPE0OPA30-
BAHUALT CMPOK.

Hoxaszameavemeo. Ilycrs marpuna A’ nosyduena u3z Mmarpunbl A oJHUM 3J1€eMEHTAPHBIM IIPe-
obpasoBanueM cTpoK. Torma crpoka marpuibl A’ JIMHEAHO BHIPAKAIOTCA Yepe3 CTPOKH MaT-
punsl A. Cuenoparensho, tk A” < rk A. Ilpeo6pasosanue A — A’ obpaTumo, mO3TOMY
tk A <tk A O

JIemmMa. Hpu INEMEHINAPHHLL npeo6pa306aﬁu;z$ CMpPoKx Mampuysl AUHETHBLE 3ABUCUMOCITIU
(Hesaeucu./wocmu) cucmemasl ee Cm0ﬂ5u06 HE MEHAIOTNCA.

Joxasameavcmeo. Ilycts A = (a; ;) — n X m-marpuna u nycrs A, ..., A, — ee cTOJOLEL
[Tycrs Matpuna A’ = (a; ;) moxydena us MaTpuipt A OJHIM 371eMEHTaPHBIM TPEoOpPa3oBaHueM
crpok n mycth AY, ..., Al —croabier A'. TTpeamosroykm, 910 nMeeTcst TnHeHasT 3aBUCHMOCTD

> o1 AjAj = 0. DTO 3KBHBATEHTHO CHCTEME N PABeHCTE

(*) Z)\jam:Q Z:1,,7’L
j=1

ITycrb, nanpumep, A — A’ — npeobpasosanue tuna (I), T.e.

ro_ ) Qg upu i 7 i

—
1, .
Qig,j + Haiy,j  TIPU 1 =19

JIJIT HEKOTOPHIX 19 # i1 U . Torma paBeHCTBO coxpaHsercd JIJd a;j upu i # ig, a s
1 = 1g OHO JaeT HaM

m

m m m
_ _ / . /
0= E A = E Aj(al, ;= pag, ) = E AjQig s — 1 ) Gy j
=1 =1 =1

J=1

43
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r m AT

t0,j = 0- Carenosaresbuo, » 00, AjA; = 0.
Haob6opor, npesmnonoxum, aro croibisl A; , ..., A; auneiino He3aBucuMbl. Ecim coot-

BETCTBYIOMIHE CTOAOIBL Ay, ..., A;, JUHEHHO 3aBUCUMBI, TO U3 0OPATUMOCTH PEO0OPA30OBAHUST

A+ A’ MBI oSIydaeM JIMHEHHY IO 3aBUCHMOCTD CTOJIONOB Ay, ..., A . 0

o m
ITockosbKy BTOPOIL |/leH paBer Hyo, TO ) i1 Aja

CJIe,Z[CTBI/Ie. Pane cucmemut Cm0ﬂ6u06 MAMPUYsl HE MEHAETCA NPU SAEMERTIADHDBLT ’flp€06—
Pa3o06aHUAL CIMPOK.

JlemMma. Ilycmo 6 mampuue A MuHop, cmoawut Ha NEPECEUEHUL CMPOK 11, . . ., Ty U CMOND-
) Y Y

Y08 j1, . . ., jr, OMAUYEH OM HYAA. To2da coomeememsyrousue cmpoky (¢ HOMEPAMU i1, . . . , i)

AUHETHO Hesasucumbt. To oice 6epHo 0ad cmoabyos (¢ Homepamu ji, . .., j ).

Joxaszamensvemeo. Tlycts M — coorBercrBytomias marpuia. COTrJIaCHO KPUTEPHIO HEBBIPOZK-
JEHHOCTH MATPHUIIBI CTPOKU U cTOI0IL M nuHeitHo HezapucuMbl. Ciie10BaTebHO, JUHEHHO
HE3aBUCUMBI TAKKe U Y/JIMHEHHBIE CTPOKU U CTOJIOIIDI. O

Jlemma. Pane cucmemvr cmpox cmynenwamot mampuuyst A = (a; ;) pasen paney cucmeros
ee cmoablu08 U PaseH YUCAY ee HEHYAEBVLT CMPOK.

oxasameavemeo. llycrs aqj,, ..., apj — JUAEPHl CTPOK, TIe J1 < Jo < -+ < jp, U T —
YUCY HEHYJIEBBIX CTPOK. Torma MUHOP, CTOSINHI Ha MepecedeHnn CTPOK 1,...,7 U CTOJI0IOB
J1y+ s Jr, OTANYIEH OT HyJId. 110 mpeapIayineii seMMe HeHyIeBble CTPOKH MaTpHIlbl A JnHeiiHo

HE3aBUCHMBI W O3TOMY PaHT cHCTeMbl cTpoK A pasen r. [lanee, raasabie cToa0mer A; ...,
A, TaxzKe suHeilHo He3aBHCHMBI. JlOKaxkeM, 9TO OHH 00pa3yioT 6a3UC CHCTEMBI CTOJIOIOB.
IIycts Ay — npomsBosbHbIil cTo6en mMarpuibl A. JlocTarodHo moKasaThb, YTO UMEET MeCTO
pasnoxkenne A = MA;, + -+ N\ A, . PacemoTpuM ero Kak cucreMy JHHEHHBIX ypaBHe-
HUI OTHOCHTEJILHO A, ..., \,.. Marpuia 3roif cucreMbl TpeyrojbHa W UMeeT OIPeJe/IuTe b

(paBHBIi MUHODY) OTAMYHBIH OT Hyas. Cire0BaTeIbHO, CHCTEMA COBMECTHA. O
CaenctBue. Patne cucmemvl cmpokx Mampubl, Paser pamzy CUcmemvt ee cmoabuos.

Jokazamesvemeo meopemot a paree. OCTanoCch JJ0Ka3aTh, YTO PAHT MATPHUIIHI HE MOYKET Ipe-
BOCXO/IUTh HAMBBICIIErO HOPSJIKA OTIMYHOIO OT HyJid MUHOpa. IlycTh B Marpuie cTpoku c
HOMEPaMH i1, . .., 1, 0O6pa3yroT 6a3uc cucTeMbl CTPOK. JloKarkeM, 9TO HEKOTODPHI MUHOP I10-
psanka r oraumdeH or Hynad. [lycrs A’ — marpuna, monydennas u3 A BHIYEPKHBAHUEM BCEX
CTPOK KPOME i1, . . ., 4,. Torma rk A" = r (nockosbky crpokun A’ nuneiino wesasucumbr). [lycrb
Tenepb cToJsOLl MaTpulbl A’ ¢ HoMepamu Jq, ..., J, 00pa3yoT 0a3UC CUCTEMBI ee CTOJIOIOB
u nycrb A” — marpuna, nmosydennas u3 A’ BHIYEpKHBaHEEM BCEX CTOJIOIOB, KPOME ji, . .., Jp.
Cuosa rk A” = r (mockombky cros6nsr A” muneiino nesasucumbl ). COrTacHO KPUTEPUIO HEBBI-
poxkaennoctn Marpunsl |A”| # 0. O

Aaropurm HaxoxjaeHus O6a3mca

Teopema. rk(AB) <tk A, rk B.
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Hoxasameavcmeo. Ilycrs C' := AB. Mwt cuntaem, aro A = (a;;), B = (b;;), C = (¢i;)

u pasMepsl Matpun A, B, C —n X m, m X ¢ u n X ¢, coorBercrBerHo. [lycte C,...,C,
— crobupr C' m mycts Ay, ... A, — croabusr A. Ha i-om Mecte cronbna C; cTOUT 371eMeHT
Cij = Yopey igby ;. Hosromy C; = >0 by jAy,. Takum o6pasom, cronbust Marpuust C

JIMHEITHO BBIpazKatoTcs depe3 crosbubl Marpuiikl A. Ilo caeacTrBuio m3 jieMMbl O JHHEHHOM
zapucumoctu nmeeM tk C' < rk A. Bropoe HepaBeHCTBO CjemayeT U3 TOro, ITO

rkC =1k CT = 1k(BTA") <1k BT =1k B.

Kpurepuii CoOBMeCTHOCTU CUCTEMbBI JMHEMHBIX ypaBHEHU

Teopema (Kpouekepa-Kanemwmun). Cucmema aunetinor ypasnenut AX = B coemecmua
<= rkA=rk(A4| B).

Hokxazameavemeo. = Ilycts 1 = Aq,..., x, = A\, — pemenne. Toroa \{A; + -+ N\, A, =
B, r.e. cron6usl Marpuibl (A, B) Beipaxkatorcs depes croabipl Marpunbl A. [To jgemme o
maueitnoit 3apucumoctu tk A > rk(A | B). Ouesnano takxke, uro rk A < rk(A | B).

< Tlycrs tk A = 1k(A | B) = r. llycrs Ay, ..., A;, 6asuc cronbnos marpuib A. Torma
510 1 Gasuc croabnos marpursl (A | B). CiegoBarenbHo, B BbIpazkaeTcs 4epes 3ToT 6asuc:
MNAi + -+ N A, = B. llomarag A\; = 0 upu j ¢ {i1,...,0,}, MBI MOXKEM 3aluCaTh
MAL+ -+ N A, = B, re. (A,...,\,) — pelienue. O

ITpocTpancTBO penieHnii OJTHOPOAHOI CUCTEMBI JJUHENHBIX yPaBHEHUA

Bce pemenns cucremsr AX = B 0T n HeM3BECTHBIX 00Pa3yioT HOIIPOCTPaHCTBO B R™ Torna
U TOJBKO TOTJa, Korja B = 0, T.e. cucTeMa OJIHOPOJIHA.

Onpeapenenue. Pyndamenmarvhoti cucmemot peweruti OTHOPOIHON CUCTEMbl HA3bIBAETCH
JII000# Ba3KC MPOCTPAHCTBA, PEIIeHNI OJTHOPOIHON CUCTEMBI.

Teopema (pa3zMepHOCTH MPOCTPAHCTBA PElleHH OJHOPOIHOM cucTeMbl ypaBHenuit). ITycmo
AX =0 - 0dnopodnas cucmema aunetinuz ypasnenud, ede X = (x1,...,2,)T u nyemv V -
npocmpancmeo pewenud. Tozda

dimV =n —rk A.

Aokazamenvemeo. 1lycrs r := rk A n mycTtd x;,,...,%;, , — cBOOOJHbIe HeM3BeCTHbIe. Bce
HEU3BECTHDIE BBIPAZKAIOTCH depe3 CBOOOHbIE:

n—r
T; = E bj7kxik, jzl,n
k=0

[Toctpoum Gasuc ey, ..., e, . € V. Hanpumep,



Aunre6pa-1

1 ecm k =s,
0 ecan k # s.

S
alk = 6’6,3 =
Ocranbubie o, j ¢ {i1,...,i,—,} Beramcagorcs mo Gopmyaam seime. Torma e, € V. Bekro-
DHL €1, . ..,€,_, JIUHEHHO He3aBUCUMBI. [[eHCTBUTEIBHO, YKOPOYEHHBIE BEKTODHI €], ..., €/ .

HOJIyYeHHbIE U3 €1, ..., €,_, BBIUYePDKUBAHUEM BCEeX KOOPJMHAT, KPOMe KOOP/JMHAT ¢ HOMepa-
MH i1, ..., 0y, uMeOT Bug €, = (0,...,1,...,0). DTH BEeKTOpPHI JUHEHHO HE3ABUCHMBI, &
7

S
M09TOMY JIMHEIHO He3aBUCHMbI i BEKTODBI €1, . . ., €,_,. 1lycTh V = (aq, ..., qy) — 11060€e pe-

mrenne. [lonoxxum w = v — (€1 + -+ + o, €,,). Tak kak V — mpocTpancTso, 10 W —
pelieHne. 3HadeHne cBOOOJHBIX HEU3BECTHBIX I w paBHbl Hy/o. CienosarenpHo, w = 0 u
V =@, €q + -4 QG Cn_p. O

Teopema. [lycmov V C R" — m-meproe nodnpocmpancmeo. Cyuwecmeyem o00HopooHas cu-
cmema aunetnus ypasrenuti AX = 0 ¢ mampuuetd A maxas wmo X € V mozda u moavko
moeda, xozda AX = 0.

Jlokasameavemso. Ecin V= {0}, To yrBepxkaenune odeuino. Ilycts cronbist By, ..., By,
coctapistior 6asuc V. CoctaBuM n X m-marpuily B, B KoTopoit By, ..., B, aBjIdi0Tcs cTOJI0-
namu. Taknm obpasom, tk B = m. Paccmorpum cucremy Jjmneiinbix ypasuenuit BTY = 0,
riae Y — crosiben, n wemspecTHuIX. [lycrs Y = Fy, ..., F,_,, — dyHIaMeHTaJIbHAasI CUCTEMA,
perennii u mycrb F' — n X (n — m)-mMarpuna, B KOTopoii Fy, ..., Fj,_,, SBISIOTCA CTOJIONAMH.
Torna BTF = 0 u, cienoparensno, F'TB = 0. Ilomaraem A := FT. Umeem AB = 0 u cTpokn
A nureitno He3aBucuMbl. Ilycts W C R"™ — mpocTpaHCTBO peleHnil OJHOPOIHON CHCTEMBI
AX = 0. Janee, AB; = 0. ITostomy AX = 0 mgas mo6oro X, SBIAOMErocs JUHEHHON KOM-
ounanmeit B;, T.e. gy aoboro X, npuramiexamero V. CrenoBarenbno, V' C W. Tak kax
dimW =dimV =m, o V =W. O
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[Moarpymmsr. [Toakomsia. Hoampocrpancrsa. MopdusmMel aarebpandeckux CTpYKTYp(ciydaii rpyI,

KOJIEIT, BEKTOPHBIX TPOCTPAanCTB). Mzomopdusmer. [Tpumepsr. M30MopdusM BEKTOPHBIX TPOCTPAHCTB
oHOM pasMepHocTH. fapo n 06pa3 roMoMopPQHU3MA.

JIuHeiitHbIEe 0TOOpa>kKeHNsT BEKTOPHBLIX ITPOCTPAHCTB

Onpeapenenue. Jlunetnvm omodpasceHuem EKMOPHLL NPOCMPAHCME HA3BIBAETCSI OTOD-
paxkenue f:V — W takoe, 4T0

Fla+b)=fla)+ f(b)  fOa)=\f(a) Va,beV. VAeR.

Jluneitnoe orobpazkenune f : V — V BeKTOPHOrO NPOCTPAHCTBA B Ce0sT HAZBIBACTCS AUHETHbIM
onepamopom. Hzomopdusmom eexmoprovlr npocmparncme HA3BIBACTCS JUHEHHOe 0TODparKe-
aue f:V — W,y KOTOpOro cyiecTsyer obpaTHoe.

Teopema. Bexmophoie npocmpancmea u3omopdhro. mozda u moavko moezda, ko2da u3 pas-
MEPHOCTU COBNAOAIOM.

T'omomopdu3ambr rpyTn

Onpenenenune. [omomoppusmom Tpymnn HaseiBaercs oroopaxkenue f : G — H rpynmosr G
B rpynny H Takoe, 4To

flaob) = f(a)* f(b) Va, b e G.
IMpennoxenune. Ilycmo f: G — H — 2omomoppusm epynn. Toeda

(1) f
) f
) f
)

4

ecau y [ cywecmeyem obpammoe omobpascenue, mo oo MoNACe ABAACMCA 20MOMOP-
Puamom.

47
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ITpumepst. (1) Onpenerurens det : GL, (k) — k* apasercs romomopdusmMom rpyir.
(2) 3nak nojacraHoBKu sgn : S, — {£1} aBasercs romoMopdU3MOM IPyIILL.

(3) Ecim A — abeseBa rpymmna, To orobpazxkenue f(a) = a™ gBjsieTcsi rOMOMOPMHUIMOM.
B abesieBoit ajiiuTuBHOI rpyiie Jijisi 00010 n € Z orobpazkKeHue a —> na ABJIAETCS
roMoMOp(U3MOM TPyl B cebd.

(4) Dkcnonenra exp : R — R*, a — e® sapisiercs roMoMOpGU3MOM IDYIILL.
(5) Bssrue momyas |- | : R* — Ry, 2 +— |z| aBasiercss roMOMOPMH3MOM IDYIIIL.
(6) Z - R*, n+—a"

Onpenenenne. l'omomopduszm rpynn [ : G — H HA3BIBAETCS U30MOPPHUIMOM, €CIIA CY-
mecTByeT obpaTHoe orobpazkerume. Mzomopdusm f : G — G rpymumsl ¢ coboit Ha3bIBaETCS
aA6MOMOPHUIMOM.

IIpumepsni. (1) ToxaecrBennoe orobpaxkenne G — G sBistercst aBTOMOPDU3MOM;
(2) RT = Ry, a+—— e” aBagercsa nzomopdusmom;

-1

(3) ecom A — abesieBa rpynua, To orobpazenue f(a) = a~' sBusiercss aBroMopdUIMOM;

(4) GL,(k) — GL,(k), A r— (A YT apngerca aproMopdH3IMOM;

1

(5) mag mo6oit rpynnsl G u saementa a € G orobpaxenue f(r) = ara™' gBiagercs aBTo-

MopduzmMoMm. OH HA3BIBACTCA GHYMPEHHUM ABTOMOP(MUIMOM.
Onpenenenne. lloavHuozkecTBO
Ker() = {a € G | pla) = 1u)
Ha3bIBaeTCa Adpom romomopdusma rpymr ¢ @ G — H.

JIemma. Ilycmo ¢ : G — H — zomomoppusm epynn. Toeda ezo adpo Ker(p) ssasemes
nodepynnoti 6 G, a ezo u obpas Im(p) = ¢(G) — nodepynnoti 6 H.

Zoxazameavcmeo. IlpoBepuM, HaITpUMep, IepBoe:

ai, az € Ker(p) <= ¢(a1) = p(az) =1 =
= gp(alagl) = gp(al)go(ag)_l =] << alagl € Ker(yp).

]

Bameuanue. 'omomopdbusm ¢ : G — H gBisgercd NHHEKTHBHBIM TOTJA W TOJIBKO TOL/A,
korga Ker(p) = {1}.
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TI'omomMmopdu3mbl KoJtert

Oupenenenne. [omomopdusmom kosey Ha3bIBaETCsS 0TOOpaxKenue ¢ : R — Ry Takoe, 410
ola+b) = p(a) + ¢(b) u p(ab) = p(a)p(b) anst mOOBIX 351eMeHTOB a, b € R. Takum obpa-
30M, TOMOMOPMU3M KOJIEI, ABJISeTCS TOMOMOP(MU3MOM UX 3/IMTUBHLIX I'pynil. Kak oObaHO B
asirebpe, OMEKTUBHBINT TOMOMOPMU3M Ha3bIBAETCA U30oMOpPuamom. N3omopdusm ko/biia HA
cebs naszbiBaerca asmomoppusmom. Ecim R m Ry — xoabna ¢ eguaunamu 1 u 1/, 7o o6bru-
HO CYUTAETCs, YTO roMoMopdusM KoJel ¢ : R — Ry eIuHuIly nepeBojuT B €JIUHUILY, T.€.
(1) = 1’ (310 CBOICTBO ABTOMATHYECKH HE BBIIOJIHSIETCS ).

Jig 0boro Kosbiia [ onpejesieHo yMHOXKEHHE ero dJjieMeHnTa a € [ Ha 1esgoe 9uc/io
n € 7

a+---+a ecmn >0,
—_——
n-a=1<0 ecim n = 0,
a+---+a ecaun <0.
—_——
DTO yMHOXKEHHE yJIOBJIETBOPSET CBOUCTBAM
(ny+mng2)-a=ny-a+ny-a, n-(a;+az) =n-a;+n-as.
(mposepsbre!)
ITpepnoxeunne. [lyecms f: R — S — 2comomoppusm xoaey. Tozda
(1) f(n-a") =n- f(a);
(2) f(Or) = 0s;
(3) f(—a) = —f(a);

(4) ecau y [ cywecmsyem obpammoe omobpasicenue, Mo 0HO MOHCE ACAAECMCA 20MOMOP-
Puzmom.

ITpumepsi. (1) Eciu R — koJb110 ¢ eunuIeii, 70 0TobparkeHnne
7 — R, n—n-1
ABJISCTCS TOMOMOP(U3MOM.

(2) Mycrp A — KosbIo "mcaOBHIX (hyHKIHMIA Ha HEKOTOpOM MHOKecTBe M. 3adukcupyem
snemerT a € M. Orobpazxkenue

p:A— R, fr— f(a).

dBisieTcss roMoMOPGUIMOM.
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Onpepenenne. [logMHoxkecTBO

Ker(p) := {a € G | p(a) = 0}
Ha3bIBaeTCA Adpom romomopduszma kKojer ¢ @ R — S.

JIemma. Ilycmo ¢ : R — S — 2omomopdusm woaey. Toeda ezo sdpo Ker(p) ssasemes
nodkoavuyom 6 R, a e2o u obpas Im(p) = ¢(R) — nodkoavyom 6 S.

Bameuanne. 'omomopdbusm ¢ @ R — S Kojel fBIsSeTcs HHBEKTUBHBIM TOIIA H TOJBKO
rorga, xoraa Ker(p) = {0}.

IlorsaTne aaredbpbI

Onpenenenne. Anzetpoti A maja nosem Kk HA3LIBAETCS MHOZXKECTBO € TPEMsl OIEPAIHAMU:
CJIO’KEHHS 9JIEMEHTOB A MexK Iy coOOM, YMHOKEeHNS 971eMEeHTOB A MexK1y cOOOi 1 YMHOKEHHS
9JeMEHTOB 0/ K Ha 371eMeHThl A Tak, 9TO BBIIOJIHEHBI CJIEIYIONNE YCIOBHS:

(1) A gBisieTcst KOJBIOM;
(2) A saBisieTcst BEKTOPHBIM TPOCTPAHCTBOM HAT K;
(3) Vaek Va,be A (aa)-b=a-(ab) =a(a-b).

TFoBopsT, uTo anredbpa A acconuaTuBHA, KOMMYTATHUBHA, C €JIUHUIEH U T. JI. €CJU TAKOBBIM
SIBJISIETCST COOTBETCTBYIOMIEE KOJIbIO. [0BOPAT, UTO (acconuaTuBHas) aarebpa A gBIgeTCs
anzebpoti ¢ desenuem, ecm B A mMeercs: equHuNa u jig jiroboro a € A, a # 0 cymecrByer
obpaTHBI d/IeMEHT.

ITpumepsi. (1) s060e BEKTOPHOE IPOCTPAHCTBO € HYJIEBbIM YMHOKEHUEM;

HPOCTPAHCTBO BEKTOPOB TPEXMEPHOI'O IMPOCTPAHCTBA C Ollepalueil BEKTOPHOIO YMHO-
KeHud HaJI R;

(7) Mat, (k) man k.

Tomomoppusmom aredp HasbiBaercsa orobpazkenne f : A — A’ Takoe, 4T0 3T0 TOMOMOP-
dbuzm koster; n k-muneiinoe orobpazxkenue (T.e. ........ ). Tomomopdusm anrebp Ha3bIBAETCS
UOMOPPU3MOM, €CTTU Y HErO UMeeTcss 00paTHOe 0TOOparKeHHe.
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[Tonsa. Oupenenenne, cBoiicTBa, npumepsbl. Vzomopdusm noneit. Koneunomeprnas accoruaTuBHas

asrebpa 6e3 memuresieit Hysst ABageTcss TeoM. 11ojie KOMIIJIEKCHBIX rce/l. AKCHOMaTHIeCKOe OTpe-
JIe/leHne, CYIIeCTBOBANNE, eIUHCTBEHHOCTE. AJredpanvecKas 3alich. BelecTBennas 1 MUAMas ga-
cru. KowmrsiekcHoe compsizeHme.

Onpenenenne. [lorem Ha3BIBaeTCS acCONMUATHBHOE KOMMYTATHBHOE KOJBIO Kk Takoe, 4TO
J1I000# HenyJsieBoit 3ement k obparum.

IIpumepsi. (1) Q, R;

(2) Qlv2], Q[V2];

Ilose KOMILJIEKCHBIX YMCeJI

Onpenenenne (akcuomarndeckoe ounpegenenue C). Ilosem KOMNACKCHOZ “ucen HA3BIBACT-
ca moboe moe C, Koropoe obJ1agaeT CaeayoIuMI CBORCTBAMM:

(1) C comepzxur noanose R uzomopdHoe m0JII0 AHCTBUTEIBHBIX 9UCET;
(2) C comepsKuT 3JI€MeHT 4 TaKoii, uTo 72 = —1;
(3) ecom cymecryer noamoe K takoe, uto RC K C Cui € K, 10 K = C.

Teopema. [loae xomnaekcuus yucen C cyuwecmsyem u eQUHCTNBEHHO € TMOYHOCMBIO 00 U30-
moppusma. Boaee mouno, ecau C u C' — dea noas, ydosaemsopaowuz ceoticmseam
mo cywecmesyem uzomoppusm p : C — C', nepesodawuti deticmeumenvroe wucia
R C C & dedicmsumenvnve R' C C'.

Joxazamesvemeo. Cyuecmsosarue. 1lomoxmm

C= { (_ab 2) a, b e R} C Mat,(R).

o1
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Jlerko Bugers, uro C — komMmMyTaTHBHOE OAKOIBLIO B Mat, (R):
a b n a b\ [ a+d b+V
—b a =b d) \—=(b+¥V) a+d)’
a b a b\ [ad -0 ab+db\ [(d UV a b
b a)\=V ) \—ab—db ad =0V \=b d)\-b a)’
-1
a b 1 a —b
(50) —ww )=

Teopema. ITycmv A — accoyuamusnas xoneuromepras areebpa ¢ 1 nad k. Ecau a € A e
asasemcsa deaumenem 0 (u a #0), mo Ja™ .

Tak Kak

to C — noue.

Zokasameavecmeo. g HEKOTOPOTO m 3JIeMeHTH 1, a, ..., a™ JuHelHo 3aBucuMbI. Beibepem
9TO M MUHUMAaJbHbIM. Takum obpa3om,

)\m-am+---)\1-a+)\0-1:0, )\1611&

Tak Kak a He sBjasieTcd gesuTesem 0 U 10 HaITeMy npeanoaokennio \g 7 0. [losaraem

1
al=——A\n-a" A at A ).
Ao

]

CaenctBue. ITycmo A — accoyuamustan koHeunomephan arzebpa ¢ 1. Feau 6 A nem deau-
meaeti nyaa, mo A — anzebpa ¢ deaenuem. Ecau donoarumenvro asrzebpa A Kommymamuena,
mo A — noae.

Nmeerca saoxkenne nosei
R — C, a— al.

HAcno, aro C sBisiercst Takzke BeKTOpHBIM HpocTpancTBoM naj R ¢ 6azucom F, I, tiae

()

u I? = —F. Hakonen, mo6oe npomexyrounoe nmoje R C K C C Taxyke BEKTOPHBLIM HPO-
crparctBoM Ha  R. Tak xkak dimg C =2, o win K = R wmm K = C.

Eoduncmeennocmo. Ilyers C' — moboe apyroe 1oJie, yIOBJIETBOPAIONICe CBOMCTBAM
(2)], [(3)} TTocTponm u3omopdusm ¢ mexay namum nonem C, moctpoenubim Bbie, nu C:

p:C—C, (_ab 2)»—>a+bi.

Heciioxkno nposepsiercs, 94T0 © — roMOMOpPGhU3M KOJIEIL.
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JIemma. ITyems f : F — R — 2omomoppusm wosey. Ecau F — noae u f(F) # 0, mo f
UHBEKIMUBEH.

Jloxasameavecmeo. Tpeanosnoxum, uro f(a) = f(b) u a # b. [onoxkum ¢ := a — b. Torga
B 1

(
c#0u f(c) = f(a)— f(b) = 0. Tanee f(cc™) = f(1) = f(c)f(c™t) = 0. Tz moboro x € F

nveem f(z) = f(x)- f(1) = 0. O
CueroBaresibHo, ¢ — Bioxkenue u ¢(C) — noauosie B C'; conepxamee R' = ¢o(R) u ssement
i .= @(I), ynosnersopsiomuii i2 = —1. ]

CaencrBue (anrebpamdeckast 3auch KOMILIEKCHBIX dncen). C asasemes dsymeproim cex-
mopHuim npocmparcmeom nad R u, maxum obpazom, wascdoe womnaexcnoe wucao z € C
eduncmeenrvLM 00pazom npedcmasasemces 6 sude z = a + ib, a, b € R.

Orobpaxkenue
C —C, z=a+1ib— Z:=a—1b

HA3BIBAETCA KOMNAEKCHUM conpasceruem. [Ipu marpuanoii peannzanun nosisa C koMiiiekc-
HOE CONpPs?KeHHE sBJseTcsd TpaHcuonupoBanueMm. OTcCiofa JIErKO BHIAETH, 9TO KOMILIEKCHOE
colpgAzKenrne OMEKTUBHO U YJIOBJIETBOPSET CJACAYIONIUM CBOUCTBAM:

tw=zZ+w, z -w=7%z-W.

Taxum obpa3oM, KoMILIeKcHoe comnpszkenne — uzoMmopdusm C na ceds. B anredbpe uzomop-
bu3M HEKOTOPOro 0ObeKTa Ha cebs Ha3bIBaeTCs as8momoppusmom. OTMETUM, UTO 2 = Z <>
z e R.
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Tpuronomerpuueckas gopma komiaekcuoro yucia. Popmyna Myaspa. Pemenns ypaBuenus z" =

w. I'pynna p,, xopreit u3 1. Ilepsoobpasusle kKopau. [lukinueckne rpynnsl. Konbna Beraeron. e-
JUTeIN Hyad 1 oopaTuMble s1eMenTsl. [lora Fy,. Korneunoe acconmmarnerOe Kob1i0 6e3 mennTesei 0
siBsisiercst Tesiom. Mzomopdusm Z/nZ n p,,.

Moodysem KOMILIEKCHOTO YHCIa 2 = a + ib Ha3bIBaeTCA HEOTPHUIATEIbHOE JIeHCTBUTEILHOE
ancyio 2] := va? + b2 = /|2]. Tlyers |2| # 0. Torma z/|z| — KoMILIeKCHOE “HCIO, MOJYID
koToporo pasen 1, T.e. z/|z| = a' +il/, rae a' = a/|z|, V' = b/|z|, a’* + b* = 1. Cnenosa-
TesbHO, @’ = cos ¢, V' = sin ¢ ams HekoToporo ¢ € R. D10 ¢ (onpepesernoe M0 MOLYI0 27)
HA3BIBAETCA apeymenmom z. Takum oOpa3oM, KazKaoe KOMILIEKCHOe YHCI0 2z # () IpejcTas-
asieTcst B BUjie 2 = 1(Cos ¢ + isin ) DTo mpecTaBIeHne HASBIBACTCS MPU2OHOMEMPUIECKOT
dbopmoii komiuiekcHoro uuciaa. fcuo, uro 1’ (cos ¢’ + isin ') = r(cosp +ising) <=1’ =r
uo =p+2nk, k €Z.

Teopema. ITycmv z = r(cos +ising) u w = q(cosp +isiny). Toada
(1) zw = rq(cos(p + ) + isin(p + ¥));
(2) z/w = rq(cos(p — ) +isin(p — v)).

Taxum obpaszom, |zw| = |z||w|, arg(zw) = arg(z) +arg(w), arg(z/w) = arg(z) —arg(w) (ecau

z2#0uw#0).
Teopema (dopmyna Myaspa ). ITyemo z = r(cosp +ising) un € Z. Tozda
2" = r(cosny + isinngp).

Teopema. I[Tycmov w = q(cosy) + isine) # 0 un € N. Toeda ypasnenue 2" = w umeem
po6ro n Kopret. Onu mo2ym 6biMb 3a4NUCAHYL 8 BUJE

27k
2, = 1(cos ¢y + isin gy, r = 3/q, ka:i, k=0,....,n—1.
n

O6o3raunM depe3 p,, MHOKECTBO BCeX KOpHeil cTemeHn n u3 1.

Ilpepgnoxxkenue. [, — epynna.

35
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OnpeneneHue. z € pu, Ha3BIBAETCI NEPB00OPA3HHIM KODHEM CTENEHHW N W3 1, ecam OH He
dABJIgeTcsd KOpHeM MeHbIeil crenenu u3 1.

Ilpennoxxenne. /[aa 1106020 n nepsoobpasnvie Kopru cmenenu n u3 1 cywecmeyrom. Bee
KOPHU CENEeHY N u3d 1 ABAAOMCA CMENEHAMU NEPBO0OPA3HO20.

Huknnyeckue Tpynnbl

Onpegenenne. ['pynna G Ha3bIBAETCS YUKAUNECKOT, €CIH CYIIECTBYeT daemMeHT a € G
TaKolt, 4To J1060ii 31eMenT ¢ € G gBasercd CTeleHbIo a, T.e. ¢ = a*, k € 7Z.

ITpumepsi. (1) T'pynna p, — MEKIHEYECKasi, OHA TMOPOXKIAETCS JIIOOBIM TePBOOODA3HBIM
KopHeM u3 1.

(2) Z.
(3) T'pyuna RT — He siBisteTcsl IUK/IMYECKOl, OHA HECUETHA.

Bamaua. Basgerca an mukandeckoil rpynna Q17 I'pynma Q*? Ilycers k — 6eckonednoe mode.
Jokazkure, yro rpynnbl kT u k* He aBIAI0TCH IUKJIMICCKUMU.

KoJuabiia BbIueToB

Badurcupyem n € N. Bynem roBoputs, 110 a, b € Z cpagnumv, no mMo0yat0 n ecam n JeauT
a — b. TToamuozkecTBO
a:={beZ|b=a modn}

HA3BIBACTCSA KAGCCOM 6buemos 1o Momy o n. 1o onpegenennto a = @' <= a = ¢’ mod n.
Takum obpaszoM, g J1I00Oro a Mbl MoxkeM 3amucarb a = a’, tae 0 < o’ < n. MHOXKecTBO
BCEX KJIACCOB obo3Hadaercs depes Z/nZ (wmu Z,). CormacHo cka3zanHoMmy Bbimte, Z/nZ =
{0,1,...,n—1}.

IIpumep. Ilycrs n = 2. Torna Z/27 cocrour u3 aAyx sgeMentoB 0 (dermble umcia) u 1
(HeYeTHBIE YUCIIA).

OmnpeesiuM CJIOXKeHHe U YMHOXKEHUEe JeMeHTOB Z /nZ 1o npaBuiam

= ab.

=
=]
S

a+b=a-+

Y

Koppexrrocts onpenerenus: nycrs @ = @ u b= b'. Torna @’ = a+nk u b’ = b+nl. Orciona

d+bV=(a+nk)+(b+nl)=a+b+n(k+1), a+b=a+b,
a'tl = (a+nk)(b+nl) =ab+ n(k + 1+ nkl), a'll = ab.

Teopema. Z/nZ — KOMMYMAMUEHOE ACCOUUFMUBHOE K0AbYO ¢ 1.
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IIpenmoxkenne. [Tycmos R — koneunoe accoyuamustoe koavuo ¢ 1 u nyecmsv 0 # a € R.
Caedyrowsue ycrosus IK6UBANEHTIHDL:

(1) a asasemea deaumenem nyas,

(2) a ne asasemes 0OPAMUMbLM.

Jloxazameavemeo. Nmmmukanms — ouyeBmaHa. /L5 moKazaTesbcTBa =

paccMoTpuM oTtobpaxkenue ¢ : R — R, x +— ax. Eciu a He gBigercd JaeauTeseM HYJIU, TO
9TO 0TOOpakeHne HHbHEKTHBHO, a IMOCKOJIbKY [ — KOHEYHOe MHOXKECTBO, TO (0 CIOPBEKTHBHO.
[Mostomy cymectByet o’ € R takoit, uto 1 = ¢(a’) = ad’. [Iporusopeune. O

CuaenctBue. Ilycmv R — KoHewHOE KOMMYMAMUBHOE ACCOUUGMUBHOE KOAbYO ¢ 1 be3 deau-
menet wyas. Toeda R — noae.

Ilpennoxkenune. Ilyemv n € N, a € Z.
(1) HO/I(n,a) # 1 <= a - deaumeav nyas 6 Z/nZ (usu a=0),

(2) HO(n,a) =1 <= a asasemca obpamumvim 6 Z/nZ.

Ol

Joxasameavemeo. Ilyers HOM(n,a) = d, k = a/d u v = n/d. Torna ar = ar = kn =
O6parno, nycts a =0, a # 0 u 7 # 0. Torma ar =0 mod n

U

CaencrBue. Caedyoujue Yero8us yK6USAACHIMHbL:
(1) Z/nZ — noae;
(2) Z/nZ we umeem desumenets Hyas;
(3) n — npocmoe wucho.

[ose Z/pZ (rme p — upoctoe 1aucsio obosnagaercs depes F)).
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Teopema Buncona. Xapakrepucruka nosst. Cpoiicsa noseil xapakrepucruku p. Orobpaxkenune @po-

Hennyca. KoabIo MHOTOWIEHOB.

CaencrBue (reopema Buicona ). Hamypaavioe wucao p A6AAEMCA NPOCMbLM MO204 U
moavko moeda, kozda (p — 1) = —1 mod p.

XapaKTepuCTUKa IOJis

Onpepenenune. Ilycts k — mose. Eciim 1+ --- 4+ 1 # 0 mig aoboro n, To roBopgar, 4To k
pen; y +--+1#01 p

n
— mose xapakTepuctuku 0. Ecmm 1+ --- + 1 = 0 1719 HEeKOTOPOTO N, TO XapaKTepuCTUKON k
—_——

n
Ha3bIBaeTCsd MUHHUMAJIbHOE N Takoe, 910 1 + ---+ 1 = 0.
—_———

n

ITpumepst. (1) Tloaa Q, R, C umeror xapakrepuctuky 0.

(2) Ilona F, mmeror xapakrepuctuky p > 0.

IIpennoxkenne. Xapaxmepucmura 2106020 noss usu pasna 0 UAl ABAACNCA NPOCNBIM YUC-
AOM.

Zoxazameavcmeo. Ilycts n — xapakrepuctuka mouasa k. Ipeanomoxum, ato n > 0 uw n =
ning, n; > 1. [lomoxxum v := 1+ --- 4 1. Torma
——
ni
0=14+---+1= — (1 1).
It tl=yt++7 Yot 1)

n na n2

Orcroma 1 + -+ -+ 1 = 0. TIporuBopeune. [
—_——
n2

3ameuanwue. B j11000it a iuTuBHOI abe/1eBO# IPyIIIbl OLPEIEJIeHO YMHOXKEHNE ee 3/IEMEHTOR
Ha Testeie qncaa. s n € Z n a € A nonoxum

a+---+a ecmn >0,
—_——

n
n-a=
0 ecia n = 0,

—((=n)-a) ecau n <O0.

29
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DTa omepalys yAOBIETBOPsieT CTAHAAPHTHBIM CBOHCTBAM (CpPaBHUTE C ONPEJEJTEeHHEM BeK-
TOPHOTO MTPOCTPAHCTBA):

(n+m)-a=n-a+m-a, VYa€ A Vn, meZ

2) n-(a+b)=n-a+n-b, Va,be A, Vn € Z;

(nm)-a=n-(m-a), VYae A, Yn, meZ;
l-a=a,Va € A (3aech 1 € Z).

Hanpumep, cBoiicTBO aag n, m > 0 1okazaBaeTcd cJieayIonieid BBIKJIaIKOMI:

—— A , \ , ~

(& J/
-~

n

CaoiicTBo OYeBHUJIHO, €CJIH OJHO U3 unces n, m pasHo 0. Ecau oba 4ucsia n, m orpuna-
TeJIBHBI, TO

(nm) -a = ((=n)(=m)) - a = (=n)- ((=m)-a) = =(n- (=(m-a))) =n-(m-a).

Cayyan nm < 0 aHajorudubl. B 4acTHOCTH, B JTI0OOM KOMMYTAaTHBHOM aCCOIMATHBHOM KOJIb-
e OIpe/Ie/IeHa OlePalusl YMHOKEHUS [EJIbIX YHCe/I Ha 3JIEMEeHTh KOojibia. Vmeer mecto ¢op-
Mmysa bunoma HbroTona:

n_n n kn—k_n n! kpn—k
k=0

k=0

IIpennoxkeune. B nose k xapaxmepucmuru p > 0 daa awbwx o, € k eunoaneno paser-
cmeo (a+ B)P = of + pP.

Pacemorpum orobpazkenue
vk —k, a € al.

IIpennoxenune. [lycmos k' == p(k). Tozda ¢ : k — k' — usomopusm. Ecau k — xoneunoe
noae, mo (k) = k.

Joxazameavemeo. Mveem
p(apf) = (aB)f = B = p(a)p(B),
pla+p)=(a+B) =a"+ "= p(a)+ ¢(B).
Tax kak (o) = o =0 <= «a = 0, T0 0TOOpaKeHUEe Y UHBEKTHBHO. O

OtobparkeHne ¢ Ha3bIBaeTCHd U30MOpPHuUsmom Ppoberuyca.
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Muoro4,ieHbl

Onpepenenune. [lyctb R — KOMMyTaTHBHOE aCCOIUATHBHOE KOJIBIO ¢ 1. Koavuom mmozo-
YAeH08 OT OJHOM ImepeMeHHOM Ha R HA3BIBAETCS KOMMYTATHBHOE aCCOIUATUBHOE KOJBIIO S,
cojiepzKalee BbIICJEHHbBIH 9JIeMeHT ¢ € .S, Takoe, 9To

(1) R comepxkutcs B .S Kak MOAKOILHO U ¢ ¢ R,

(2) moboit smement f € S 00n03HAUHO TPEICTABIACTCH B BULE

f=ao+at+---+ayt", a; €R.

DJIEeMEHTHI S Ha3BIBAIOTCA MHO20UAEHAMU. BBIIeTEHHBII 3/IEMEHT ¢ HA3BIBALTCS HE3ABUCHMOMN
epeMEeHHON.

Kouspiio Muorowrenos obosnavaercs depes3 R[t].

IIpeanoxkenune. [lycmsv R — xommymamushoe accoyuamustoe koavuo ¢ 1. Koavyo mmo-
eounenoe Rt] nad R cywecmeyem. Eecau R[] — dpyeoe xoavuo mmozousenos nad R, mo
CYWLECTEYEM, US0MOPPHUSM

¢ : R[t] — R[t']
maxot, wmo p(a) = a das ecex a € R u p(t) =1t'.

Joxazameavcmeo. Eduncmeenocmo. Tloroxkum

gp(E aktk> = E agt’™.
Cywecmsosanue. PaccMOTpEM MHOKECTBO () BCeX IOC/IeI0BATeNLHOCTeH

f=(ap,a1,...,an,...)

TaKHX, 9YTO TOJBKO KOHCYHOEC YHCJ/I0 YJI€eHOB OTJIHYHO OT 0. Ha MuoxecTse onpeaejanuM CJIo-
KeHue n YyMHOXKeHHeE. HyCTb

f:(ao,al,...,an,...), g:(bo,bl,...,bn,...).
Torna
f+g=_(co,c1,-,Cny--.), f-g=_(do,dy,...,dp,...),
rjie Ccp = ai + bk,
k
dk = E CI,ibk_i = E aibj.
i=0 i+j=k

dcno, uro () aBiagercd abeieBoil IPYIIIOH 10 CJI0KEHHIO U YMHOZXKeHne KOMMyTaTuBHO. [IycTh

f=f+ ", e

= (ag,dy,...,a,,...), " =(ag,ai,...,a.,...).
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Samnurnem

fg=I(d,dy,....d,...), f"g=(dy,d},....d.,...).

de=ab; =Y (aj+a))b;= > ab;+ Y alb; =dj+dj.

i+ji=k i+j=k i+ji=k i+j=k

Torna

CrenoBaTesbHO,
f+f)g=f-9+f" g

Ocraercs mTpoOBEPUTH aCCOMUATHBHOCTE YMHOKeHHA. [lo10KuM

)

Taxum obpazom, sg = 1. Torma s - §; = sgyy u 000t 37emenT f € S npejcTaBIsercs: B BUje
KOHEUYHOW cyMMBI [ = Y apSk, ax € R. llycre f =Y arsk, g = > bis;, h =Y ¢pmSm. Toraa

(f-9)-h= ((Z%Sk) ' <szsz>) h= (Z akaSkH) : (Z Cmsm) = abiCmsiiiim
f(g-h)=f- <<Zbl5l> : (Zcm5m>) = (Z%Sk) <Z bl0m51+m> = Zakblcm3k+l+m

]
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Konabno ¢gopmansubix creneHubix psaoB. Cremenb MHOTOUWIeHA. JlemuTenn HyAd B KOJbIE MHODO-

wrenoB. [lomcranoBka 3ameMenTa B MHOTOUJEH. BocCcTaHOBJIEHWE MHOTOWIEHA TIO €T0 3HAYEHUSIM.
D yHKIIMOHATLHOE PABEHCTBO MHOTOUWIEHOB. [Ipumep mig xKomeunbix moseii. Kopuu MHOTOW/IEHOB.
Nurepnossinmonnast hopmysaa Jlarpamxka. Cxema [opuepa. Teopema Besy.

Onpenenenne. Koabio ¢hpopMaaIbHBIX CTEIEHHBIX PAIOB.

Onpenaenennme. MunnMaibHOE N Takoe, UTO a, # 0 HasbiBaercs cmenewvio f. CremeHb
mHOrOwIeHa obosuadaercs deg(f).

IIpennoxkenune. Fcau koavuo R ne umeem deaumened nwyas, mo das f, g € R[t], f # 0,
g # 0 umeem deg(fg) = deg f + degg.

Caencreue. (1) Ecau koavuo R ne umeem deaumened nwyas, mo u R[t] ne umeem deau-
menet HYAR.

(2) ITyemov R ne umeem deaumenetd nyas. Saemenm f € R[t] obpamum = deg f = 0,

f#0.
(3) ITycmo k — noae. Tozda f € k[t] obpamum <= deg f =0, f # 0.

3amadga. Ilycrs R — npou3BobHOE KOMMYTATHBHOE aCCONMATHBHOE KOJBIO C 1.
(1) Onurure neqmrenn 0 B R[t]. Omeem: f € R[t] nenurens 0 <= Ja € R af = 0.

(2) Onurmure obpatumbie sjaementol. Omeem: f = > a;it’ € R[t] obparum <= ay o6parum
nd & af=0,i>0.

IToacramoBka 3jieMeHTOB B MHOTO4YJIeH. Jadukcupyem a € R. Orobpazxkenne
L, : R[t] = R, f— f(a)
sBaisiercst romoMopdusmom Kodter. Kaxinomy f € R[t| conocraBasiercs: dbyHkius
f:R—R, a— f(a).

[Tycrs k — noste. ToBopsrt, uto a € k — kopens Muorownena f, ecau f(a) = 0.

63
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Muoro4sieHbl 1 PYHKITUN.

Teopema. ITycmo f, g € k[t], f # g. Caedyrousue ycaosusn IK6uBaAEHMHDL:
(1) fla) =g(e) Vae€k;
(2) noae k koneurno u sce anemenmo, noss kK asasromes xopruamu muozounena h = f — g.

Teopema (urepnonsimuonnas dhopmyna Jlarpanxka). ITyems oy, ..., Qpi1, By .- Pos1 €
k. Toeda cywecmeyem eduncmeennut muozouaer f € k maxot, wmo deg f < n u f(o;) = ;.

Zlokaszamenvcmao.

]

Teopema (cxema Lopuepa ). Jas muozousena [ € K[t] u ssemenma a € k umeem mecmo
npedcmasaenue f = (t — a)g + ¢, ede c = f(a).

Zoxazameavcmeo. Ilycth
n n—1 n
f:Zaitz, g:Zbktk, (t—a)g—l—c:chtl.
i=1 k=0 1=0
[Tpupasuusas kosbdunmentol B f = (t — a)g + ¢ UpU OAMHAKOBBIX CTEHEHSX, TOJLYIHUM

Qyp = bn—l — bn—l = Qp
Up—1 =bpo—ab,1 = byo=a,_1+ab,_y

ap = b_1 — aby = by =ai+ ab_,
alzbg—Oébl ES b0:a1+ab1
ag = ¢ — aby = c=ay+ aby

]

Caencreue (Teopema Besy ). Juemenm o € k asasemea xoprem muozounena [ € k[t] <
f=(t—a)g daa nexomopozo g € k[t].

Caexncrsue. /Jlaa mnozourena [ € Kk[t] u anemenma o € k umeem mecmo npedcmasaenue
f=ct—a)"+ -+t —a)+co, 2de ¢; €k
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Kpatnocts kopug. esenne MHOTOMIEHOB HaJ TToJeM ¢ ocTaTKoM. Hemnmocts B xkombiiax. Hempuso-

JuMble MEOrowieHbl. Hanboabmmii obimuit geaunrens. Anropurm Esknanga. @axkropuaabHOCTh KOJb-
IIa MHOroWIeHOB HaJ mojeM. PakTopraibHbIe U eBKJINIOBBI KOJblla. Jduddepenmuposannsa. dud-
depeHIMpPOBaHNS KOJIBITA, MHOTOUJIEHOB HAJ TTOJIEM.

KparaocTh KOpH4.

,Z[eJIeHI/Ie MHOTOYJI€EHOB Ha/J I10JIeEM C OCTaTKOM

Hanee Mbl paccmorpum anarebpy muorowrenos k[t], rae k — mose.

Teopema (nenenue ¢ ocratkom). ITycmo k — noae. s moboz mmozousenos f, g € Klt],
g # 0 cywecmsyrom eduncmeenmnvie mrozourenst q, r € K[t] makue, umo

f=9gq+7r, degr <degg.

oxazameavcmso. EquucrBennocts. f = gq+r = g¢ +17" = g(¢q—¢)=r—17" = r=1'
= q=q.

CymiectBoBanue. Paccmorpum Bee npectapienns [ = gg—+7r. DTO MHOKECTBO HEITYCTO:
g = 0, r = f. Beibepem u3 HUX TO, y KOTOPOTO 7 WMeeT HAWMEHBINYI0 cTerneHb. [lycTh
degr = k > deg g = m. 3anumem

r:cktk_i_...? g:bmtm+
ITonoxkum,
Ck k—m
rL=r= gatk

Torna degr; < degr m

[Tporusopeune. [

HpaKTI/I‘{eCKOG BLIIIOJIHEHHE JeJIeHUAd C OCTaTKOM.

65
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JleauMocTh B KOJIbIIax

Onpenenenune. AccorumarnBHOe KOMMYTATHBHOE KOJIbIO ¢ 1 6e3 jgenuresieil Hysisd HA3LIBA-
eTCsd YEAOCTHBIM KOJTBITOM.

[Iycts A — nestoctroe Kogbio. L'oBopsar, uto f € A deaumcsa na saement g € A, g # 0,
eciu f = gh ayst Hekoroporo h € A. B s1om cirydae Mbl OyieM tucath g | f (uuraercs “g

nemur f7).
Ipennoxenue. (1) fg & flgo = [f](91£0);
2) flg=flgh, VheA;
B) flg&glh= flh
4) flo& g|f < f=gu, ede u e A — obpamumvii snemenm.

Omnpenenenne. Ilycts R — nenoctroe kouibto. s f, g € R f, g # 0 onpenennm Hauboab-
wull 06wt deaumenv HOJII(f, g) = h caemaytomnum obpazom

e h|f. hlyg
e eciu s | f,s]|g, 0 s]|h.

Onpegenenne. [lycts A — nesocraoe Kosbio. [oBOPAT, 4TO OHO €6KAUJ0O60, €CIIN CYIIECTBY-
er dyuxmus 0 : R\ {0} — NU {0} rakas, aro

(1) alb=d(a) <0(b);

(2) Hns nwobbix a, b € A, b # 0 cymectByer npejacrasienne a = bg + r, tae r = 0 win
d(r) < 4(b).

Jnsa A =Kklt], tne k — nose mosoxum 0(f) = deg f.

Hawubonpimuii odbmuii geauresib. Ajaroputm EBkinga

Teopema. Ilycmv k — noae, f, g €K[t], f #0, g #0. Tozda naubosvwui obuuid deaumens
f u g cywecmeyem u eduncmeenern ¢ mounocmolo do nponopuyuonasvrocmu. bBoaee mozo,
nauborvwul obwuil deaumenv h = HOJI(f, g) moorcem 6wms npedcmasaen 6 eude h =
fu+ gv, ede u, v € Kk[t].

Joxazamesvemeo. Anroputv EBkinga

f = g +n

g = T1q2 + 72

T = T2Q3+ 73

Tk = Tk+1Qk+2 + Tkt2
Tn—1 = TnQnt1 T Tntl

Tn = Tn+1qn+2-
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[Monoxkum § = 1,41 (mOCTeAHUI HEHYIEBON OCTATOK).
s moKazaTebCTBa MOCIEIHEr0 YTBEP:KIEHUs TOKA3bIBaeM, 4TO 7 = fur_1 + gug_o
HHAYKIHel 1o k. O

Bameuanue. HanGosbiuit obmuii nenmurens muorowienos 0 # f, g € k[t] coBmamaer ¢ MHO-
rowienoM 0 # s; € k[t] Takum, aT0

o si|fusi|y

e ecciu 0 £ h| fuhlg, todegh < degs;.

Bameuanne. D10 pasIoKeHHe He eAUHCTBEHHO: S = fu + guv = fuy + gu, <= f(ul —u) +
v —v) = —u=r4 —p=—pf

I —v)=0¢=Fruy—u=r v —v=—r.

3ameuanme. MHoOTO4IEHBI ¥ U U B HPEJIBIAYINEH TeopeMe MOXKHO BbIOpaTh Tak, 4o degu <
deg g, degv < degw.

Jlokasamenvemeo. 3anuiem u = guy + ug, v = fvg +vo. Torna s = fug + gug + fg(ug +vy).
Ecau uy + vy # 0, 1o deg(fug + gvo + fg(us +v1)) > deg f + degg. O

Onpegenenne. Ilycrs f € k[t], deg f > 0. ToBopsr, aro f nenpusodum, ecau ajist a1060ro
paznoxkenust f = fifo, fi € k[t] umeem deg f1 = 0 wnn deg fo = 0.

3ameuanwue. [longarne HENPUBOIUMOCTH 3aBUCUT OT BLIOOPA MOJI.
IIpumepsr. e deg f =1,

e t*+1€R[.
Sameuanne. Henpusogumbiii Maorowien [ nMeer Kopuu <= deg f = 1.

Bameuanne. Muorouen, e umeronuii Kopaeil MoxKeT ObITh TpUBOAUMbIM. [Ipumep: (12 +

1)? € R[t].
Bameuanue. Muorounen f € k[t| crenenn 2 ua 3 HEMPUBOIUM <—> MMeeT KOPHeH.

Paznoxkenne na muoxkurenn.

cI)a,KTOI_')I/IEL]'IIDHOCTI) KOJIbIla MHOT'OY9JICHOB Ha/J I10JIEM

Teopema (hakTOPHATHLHOCTD KOJIbIIA MHOTOUICHOB HaJl osteM). [Tycmo f € Kk[t], deg f > 0.

Hmeem mecmo pasaosicenue: [ = f1--- fu, 20e 6ce f; — nenpusodumvie mrozouienvi. Imo
)

PA3AOANCEHUE EOUHCTNGEHHO C MOYHOCTIDI D0 NOPAOKA U NPONOPUUOHAALHOCTIU.

okazameavcmeo. Cyuecmeosarue. IHAYKINS IO CTEEHH.
Eoduncemeennocms. Unayknus 1mo creneHu.
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JIemma. ITycmo f € k[t] nenpusodum u f | gh. Toeda f | g usu f | h.

Jloxazameavcmeo. lycts f1g. Torna (f,g) =1 u fu+gv = 1. Orciona fhu+ ghv = h —
flg O

Hyers f=fi- fm =91 gk O

CaencrBue. Jobot muozounen [ € K[t] eduncmsennvm (¢ mournocmoio do nepecmanosku
commootcumeneti) npedcmasasemcs 6 eude f = (t —ay)™ -+ (t — )™ g, 2de aq, ..., €k
— ace kophu f, a g € K[t] ne umeem xopred.

Onpepenenne. Ilycrs f € k[t], deg f > 0 u nycrs a € k. ToBopst, 910 v — KOpersv Kpam-
nocmu m, ecmu f = (t — «)™g, rae g He mequtes Ha t — a. ['OBOPSAT, YTO HEMPUBOIUMBII
muorowien h € k[t] muoosrcumenn kpammocmu m, ecam f = h™g, e g ne gaeaurcst Ha h.

CaencrBue. Hucao kopreld muozousena 0 # f € K[t], nodcuumannoe ¢ yuemom xpammo-

cmetl, He NPesocrodum e20 cMmeneHu.

(I)aKTOpI/IaJIbHLIe n €BKJINAO0BbI KOJIbIla

q)aKTOpI/IaJIbeIe KOJIbIlA. Pasnoxxenne Ha MHOXKHTEIN B EBKJINJOBBIX KOJIBIIAX.

ITpumep. Yucna Diinepa R = Z[v/—3|,4 = 2-2 = (1++/—3)(1—+/—3). Kosb1o He apagercs

daxTOprUaIbHbBIM.

ldunddepennmmpoBanus

[Tycrs k — nosie u nycrs A — kKommyTaTuBaas acconuaruBias ajredpa Haj k. Orobparkenue
D : A — A naswsiBaercsa duddepenyuposaruem ecan

e D k-nunHeiiHo;
e D(ab) = aD(b) + D(a)b.
Jlemma. Ilycmov D : A — A — dudepernyuposanue. Tozda
(1) ecau 1 € A — edunuya, mo D(1) = 0;
(2) D(a™) =na™ 'D(a).
Zlokazamenvemso. D(1)=D(1-1)=1D(1)+ D(1)1 = D(1)+ D(1) = D(1) =0.
[(2)] Hoxazxenm no unaykmun: D(a"*!) = D(a"a) = a"D(a)+D(a")a = a"D(a)+na"'D(a)a =
(n+ 1)a" ™ D(a). O

Teopema. IlTycmo k — noae. Cywecmesyem eduncmsennoe duddepenyuposarue D : K[t] —
k[t] maxoe, wmo D(t) = 1.
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Joxasameavcmeo. Eduncmeennocmo. Tlo nemme D(t*) = kt*1D(t) = kt* 1. Tycers f =
S axth. VI3 umeitnocTu BBIBOIHM

D(f) = Z D(aktk) = Z kaktkfl.

k

Cywecmeosanue. Oupenennm D dbopmyaoit soimre. [Tposepunm D(fg) = fD(g) + gD(f).
Bo-nepBoix, mposepuM 31y (HopMysty Jjist ogHowieHos: [ = at"™, g = bt™, D(fg) = D(abt"™™) =
ab(n+m)t"tm=1 = abnt™t™ 1 +abmt™t"1 = fD(g)+gD(f). Tenepb pacnmimemMm MEOTOYICHBI
B BUJIE CYMMbl OHOWICHOB f =Y. f;, g =, g5, fg=>_,; fig;. I3 mumeitnocTn BHIBOIMM

D(fg) = 3" Dfigy)

fD(g) +gD(f) = <Z f¢> ZD(gj) + (Z%) ZD(fi) =
= Z (fiZD(gj) +gj ZD(fi)> :

CoOoTBeTCTBYIONIHE WIEHB B 3THX JBYX CYMMAaX COBIAJIAIOT. 0

Hanee mbr 6yaem pacemarpuBarh anddepennnposanne D : k[t| — k[t], yaomeTBopsto-
mee yeaosuto D(t) = 1. B arom coryuae obosnaunm [/ = D(f). Muorouwren [’ HasbiBaeTcst
NPou36odHoti MHOTOUICHA, f.
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Juddepentmuposanus. [lonmxkerune kparaoctu npu audepentmposanun.Dopmyna Teitmopa. Oc-

HOBHag TeopeMa aareOpbi(hopMyauposka). CXOAUMOCTh MOCTIEIOBATETBHOCTEH KOMILIEKCHBIX -
cen. JlemMMma 0 BO3pacTaHUM MOMY/IST MHOTOUJIEHA.

Teopema. Ilycmo k — noae. Illycmo f € K[t] u nycmo g — nenpusodumonii muoscumens f
xpamrocmy m. Ilpednoroscum, wmo 8vnoareHo 00H0 U3 CAEIYUUT

(1) chark = 0 uau
(2) chark=p >0, ptm up>degyg.
Tozda g asasemes muoncumenem kpammocmu m — 1 das npouseodnoti f.
Jloxazameavcmeo. Samumem f = g"h, tae g 1 h. Torma
f'=mg™ tgh+g"h = g™ (mg'h+ gh').

Orcrona suano, ato ¢™ ! nemut f'. llpemnonoxum, ato ¢ neaut f'. Torma g neamt mg'h.
Caenosarensuo, g geaur mg'. Ilockonbky chark papma 0 mam me geaut m, o m # 0 B
k u mosromy g menur ¢'. Ilockonbky deg g’ < degg, mbl mosydaem, uro ¢ = 0. Samurrem
g = Y bpt*. Torma 0 = ¢ = > kbpt* ! 1e. kby = 0 Vk. DT0 BO3MOMKHO TOIBKO €CJIH
chark = p > 0 u p | k kak TonbKO b)Y # 0. m

Caencteue. Ilycmo k — noae, zapaxmepucmura komopozo pasua 0 uiu we deaum m. Iyems
f €klt] u nyemv a € k — wopero f xpamuocmu m. Toeda o asasemea koprem Kpammocmuy
m — 1 das npouseodnot f.

CaeacrBue. [lyemv k — awboe nose. Kpamuoie xopnu mmozouaena f € k[t] — amo & mou-
nocmu obwue kopruu fu f'.

Aorasameavcmeso. 3anumeMm f = (t — «)™h, rae h(a) # 0. Torma

flf=mt—a)" "h+(t—a)"H.

Ecan o« — kparusiii kopenb f, To m > 1 u f'(a) = 0. O6parno, ecsin f(a) = f'(a) = 0,
tom >1um(t—a)"'hia) =0= m(t —a)™ ! = 0. Cregosareabno, wiu m = 0 win
(t —a)™ ! =0. B oboux cayqagax m > 1. O
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IMpumep. chark =p >0, f = (t —a)?, f' =p(t — )Pt =0.

Orpenenne kpatHbix MHOXKUTEEl. [Tycrs f € k[t], chark = 0 wan > deg f. Boruancasiem
f'. Tlo amropurmy Epkiuna soraucasem h := (f, f'). Torma muorowien f/h umeer te ke
HEeNMPUBOIUMbBIE MHOXKHUTEIN, 9YTO U f, HO BCe — ¢ KpaTHOCTHIO 1. B gacTHOCTH, MHOTOWIEH
f/h umeer e ke KOpHU, 4TO U f, HO BCE — HPOCTHIE.

®opmyna Teitnopa

Teopema. ITycmv k — noae u nycmo f € k[t], deg f = n. IIpednososcum, wmo chark = 0
uau > n. Tozda f eduncmeennvim obpasom npedcmasasemcs 6 sude

f=by+bi(t—a)+by(t—a) + - +by(t—a).
Boaee mozo, by = f®(a)/k!.
Zoxazameavcmeo. Mveem

(£ — a))® = (=1 (I—k+1D{t—a)* upuk<lI
0 nHaue.
9T0 JMoKa3biBaeTca uuayknuei mo k. Takum obpazowm,
f® = buk! + (t — @) - (MHOrOUICH).
Momyuaem f*) () = byk!. ]

[TpakTryeckoe HaxOXKeHNE Pa3JI0KeHUsI IPH ITOMOIITH cxeMbl ['opHepa.

OcHoBHast TeopeMa aJredpbl KOMIJIEKCHBIX YHCEJT

Omnpenenenne. Ilose k HA3BIBAETCS a42€0pAUMECKU 3AMKEHYMbLM, CIU JTIOO0H MHOTOWIEH
f € k[t] mostoxkuTebHOl cTeneHn nmeeT 1o KpaitHeii Mepe ojuH Kopenb B k.

Teopema. [lose C ancebpaunecku 3amKEHymo.
Hamommmm:
o |21+ 2| < an] 4 |2f;
o |21 — 22| > |z1| — |2
Onpepenenne. z, — zg ecau |z, — zo| — 0.
Jlemma. z, — z9 <= Rez, — Rezg & Imz, — Imz.
Jokazameavcmeo. 3anuieMm z, = T, + iY,, 20 = To + iyo. Torma
20 — 20]* = (20 — 0)* + (Y — 10)7,

[T — 20| < |20 — 200, |Yn — Yol < |20 — 20|
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Jemma. z, — zp = |z,] — |20]-

Jokasameavemso. ||z, — |20l] < |20 — 20]- O
CanencrBume. z, — zp — dc € R |z,| <.

Jlemma. z, — zp & w, — wyg = z, + W, — 2o + Wy, 2, W, —> ZoWy.
loxazamenvcmao.

|20 + Wy, — (20 + wo)| < |2 — 20| + |wn — wol,

2p Wy, — ZoWo| = |(2n — 20)Wy, + (W, — wp) 20| <

|(zn — 20)Wn| + |(wn — wo) 20| < €|z — 20| + [(wy, — wo)20]-
[l
CaencrBue. z, — zg = Vf € C[z]  f(z,) — f(20).

JIemMma (0 Bospacranuu Momysist MHorowtena). Ilyems f € C[z|, deg f > 0. Tozda Ve > 0
R € R maxkoe, wmo |f(z)| > ¢ npu |2| > R.

Jokazamesvemeo. 3anuimem
f(z)=a2"+  +az+ay, a,#0, n>1

ITycrs A := max |a;|. Toraa

|f(2)] = lanz™ + - + a1z + ag| =
Ap—1 a1 Qo

:’z’n an+ _|_...+Zn_1 pos Z

o1 (Janl = [ b S+ 22)) >
z zn—l Zn

|an—1| |a1| |a0’

> (2|7 — e _ %ol

ra(mr 2] FE=RPE

A A A
> |7 =
’”O%'V| o MJ

Mb1 MOXkKeM cUHTaTh, YTO
|z| > (nA+1)/|a,| > 1.
Torna |z[F > |z| u
n nA n— n—
\ﬂﬁzb\@m—EO=V!WMW%%sz|V

Taxum obpasom, 1ipu
2| > max((nA +1)/|an|, "V/c):=R.

umveeM |f(z)| > c. O
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Jemmva Tanambepa. OcroBras Teopema anrebpsr (nokazarenberso). Caepcrsusa. Henpusogumbie

vuorowaensl Hag C u R. Ilose wacTHBIX 1e/0cTHOrO KoIbia. 1loe pannonaabHBIX OYHKITAN.

JIemma (1emmva Hdamambepa ). IHycmo f € Clz|, degf > 0, f(20) # 0. Toeda Ve > 0
Jh € C maxoe, wmo |h| <€ u |f(zo+ h)| < |f(20)]-

Zokxasameavcmeo. 3anumieMm
f(2) =bo +bp(z — 20)" 4+ + bz —20)", bp#0, b, #0, k>1.

ITycThb wy — OMH U3 KOpHel MHorodeHa by + byz*. Bynem nckars h B Buze h = twy, t € R,
0 <t< 1. Torma

f(z0+ h) = by + bpwhtt + b wg T 4 bt =
= bo(1 — %) + (bpprwg ™ + -+ - bywgt"F ) ¢

Mycrs C = |bgyr||wo|*™ + - + [by]|wo|™. TIpn ¢ < |by|/C umeem

|f(z0 4+ h)| < [bol(1 — %) + |bprawl ™ + -+ + bpwit™ - F <
S |b0|(1 —tk) + (|bk+1||w0|k+l 4t |bn||w0|ntn—k—l) tlc—l—l S
< Jbol(1 — %) + Ct**! = [bo| + (Ct — [bo|)t* < [bo| = | f(20)-

Takum 06pa3oM, MOXKHO B3dTh h = twy, 0 < t < min(|by|/C, 1). O

JlokazaTenbcTBO OCHOBHOIT Teopembl anrebpsl. [Iycrs f € Clz], deg f > 1. Tlpen-
nostoxkum, uro |f(z)] > 0, Vz € C. onoxum M := inf|f(z)|. CymectByer mnocienosa-
TeJNLHOCTH 2, € C takas, uro |f(z,)| — M. Umerorcs asa ciaydas.

Caynati: nocaedosamenvrocmo |z,| ne asasemes oepanuvernot. VR 3z,  |z,| > R. Ho
1o JiemMe 0 Bospacranuu Moayas Ve 3R |f(z)| > ¢ upu |z| > R. Tlporusopeune.

Cayuati: nocaedosamenvrocmo |z,| oepanuuena. SanumeMm z, = x, + iy,. [locrenosa-
TEJLHOCTH Ty, U Y, OTPAHUYEHBI. BBIGepeM CXOAAIMuUecs MOIOCTeT0BATEIbHOCTH Ty, U Yy, -
[oce10BaTeNbHOCTD 2y, = Tp, + 1Yn, CXOJUTCS: 2, — Zo. lorma f(z, ) — f(z0). D10
nporuBopednT Jemme larambepa.

CaencrBue. Henpusodumuvie muozounenn, f € Clz| — amo moavko muozounerno, cmenenu 1.
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CaencrBue. Hucao xopuel muozousena f € Clz], nodcwumannoz ¢ ywemom kpamuocmed
pasro deg f.

JIemma. ITycmo f € R[t]. Toeda daa awbozo w € C umeem f(w) = f(w).
Caencrue. Ilycmo [ € R[t] u nyems w € C — kopensv f. Toeda u W — kopenw f.

IIpennoxkenne. Henpusodumvie mnozounenv, f € R[t] — amo moavko muozourero, cmenenu
1 u mMHo20MAEHDL CTIENENY 2 € OMPUYATEALHOM JUCKPUMUHAHITIOM.

Jlokasamenvcmso. Tlycrs f € R[t] menpuBoaum u nycrs deg f > 1. Torga f He umeer neii-
creuTebHBIX KopHeit. [Iycts w € C — kopensb f. Torma w # w u w — xopeusw f. Crenosa-
TeabHo, f genurcd Ha (t — w)(t — W) = t2 — 2Re(w)t + |w|? € R[t]. O

Ilone yacTHBIX

Onpepenenne. I[lycts R — nenoctnoe Kosbio. [lojie yacTubix Kojblia R Ha3bIiBaeTcs 1moJie
K Takoe, 1aTo

(1) K comepxkut R Kax HOIKOJIBIO;
(2) mo6oit snement f € K npepcrsasisiercsa B suge f = g/h, g, h € R, g # 0.
[Tosrem wactubIx Kosbila R obosmnadaercs depes Frac(R).
Teopema. (1) /s awbozo yesocmuozo koavua R nose wacmuwnx Frac(R) cywecmesyem.

(2) Iose wacmuux Frac(R) yeaocmmuozo koavua R eduncmeento ¢ mounocmoio do u3o-
moppuama, m.e. ecau Frac(R)" — dpyeoe noae wacmmuiz, mo cyuecmeyem usomophusm
¢ : Frac(R) — Frac(R)', xomopwii aseasemesa mostcoecmeennom na R C Frac(R).

Loxazameavcmeo. Eduncmeennocmo.

Cywecmeosanue. PaccMoTpuM MHOKECTBO
P:={(a,b) € Rx R|b#0}.
Basa UM Coeyonee OTHOIEHRe Ha 9TOM MHOYKECTBe:
!/ / / /
(a,b) ~ (a',b') <= al =d'b.
Jlemma. Omuowenue ~ ABAAEMCH OMHOWEHUEM IKEUBAACHIMHOCTIU.

oxazameavcmeso. Zlcuo, aTo ~ pedIeKCHBHO U CUMMETPUYHO. loKazKeM TPAH3UTHBHOCTD.
Ilycrs (a,b) ~ (a', V) u (a',b) ~ (a”,0"). Torna ab' = a’b u o'V = a"l'. Orcrona

ab't’ = ad'bt" = d't'b=d"Vb = ab” =d"'b = (a,b) ~ (a",1").
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O6o3zuaunm gepe3 Frac(R) MHOKECTBO KJIacCOB 9KBHBAJEHTHOCTH P/ ~. 1 onpenesnM Ha
9TOM MHOZKECTBE OLepPAIUH

(a1,b1) - (az,b2) = (araz,b1by), (a1,b1) + (az,b2) = (a1by + azby, bibs).
JIemma. Dopmyav, onpedesstom xoppexmmuie onepayuu Ha Frac(R).

Jokxazamenvemeo. 1lycts (ay, by) ~ (al, b)) u (ag,bs) ~ (al,b,). Toraa a1b) = ajby u axbh, =
a4ybe. Orcrona

(arby)(azby) = (aibi)(agbs) = (ara2)(b1by) = (ajay)(biby)
1 IIOTOMY
(a1,01) - (a2,b2) = (araz,b1ba) ~ (ayas, bby) = (ay, b)) - (ag, ).
Anajioruaso,
(a1b))baby + (agby)bib| = (a)by)baby + (ahbe)bibl,
(arby + asb1)BLB, = (a by + b, )brb,
((arbg + agby), biby) ~ ((a}by + aybl), bibs),
(a1,b1) + (a2, b2) ~ (ai, by) + (a3, bh).
]

Knace sxsuBanenTaocru napsl (a,b) € Frac(R) rpagunuonno oboznadaercs yepes a/b (a
orHomenue ~ B Frac(R) canraercs paBeHCTBOM).

Jokazkem, aro MHOKecTBO Frac(R) ¢ omepanusamu + u - siBIsgeTcs nosem. [1pu cIoKeHnn
IPUBO/IUM K OOIIeMy 3HAMEHATeJ0 M BCe CBOJUTCH K YMHOKEHUIO IHCJIUTe/Iel:
ab+d'b  (a+d)b a+d

+

@
b b’ b b

(ol i)

Dnement 0/1 sBIseTCs HyIeBBIM, 371eMeHT (—a)/1 ABIAETCS IPOTHBOLIONIOKEBIM K ¢/ 1. YMHO-
JKeHHe: KOMMYTaTHBHOCTD 1 aCCONMATHBHOCTh OYE€BHIHBI, 31eMeHT 1 /1 sSBJIsieTcsa e IuHuIHbIM,
sJeMeHT b/a gBasiercst o6paTHbM K a/b. TucTpubyTHBHOCTD (CHAYaIa MPUBOIUM K O0IIeMy
3HAMEHATEJIIO ) :

b+b

(Cll CLQ) as . a; + as ) @ . (Cll +a2)a3 . ay Clg a9 a3
by b by Dby b by b by

Unmeercs ecrectsennoe Bioxenne R — Frac(R), a — a/1. 9T0 HHBEKTHBHBIH TOMOMOD-
dbusm. M1 oroxaectsum R ¢ mogkobiom Frac(R). O

ITpumepsr. o 7Z+— Q;
o k[t] — k(7).

[Iycrb teneps R — dakropuanbhoe koibio. Jdpobs f/g € Frac(R) umeer necokpamumyro
dopmy, ecin HOJ(f, g) = 1.



Anreb6pa-I

YrBepxkaenue. (1) Jaa 060t dpodu f/g € Frac(R) umeemca necokpamumasn 3anuco.

(2) Jhobasa dpyeasn sanuce f'/g" € Frac(R) amotd dpobu noasyuaemcs u3 mecokpamumod
f/g € Frac(R) ymmosceruem 4ucaumenrs u 3HAMEHAMEAA HA HEKOMOPBLT HEHYAe60T
anemenm h € R: f' = fh, ¢ = gh.

(3) Hecokpamumas opma eOuHCMBERNA ¢ MOYHOCTIDIO 00 YMHOHCEHUS YUCAUMENA U 3HA-
MEHAMENA Ha obpamumull aremenm h € R.

,ZZO%'CLBO/ITL&/L?)CWZGO. COKpaH_IaeM
Hycrs f'/g' = /g = f'g = f¢'. Tak xak (f,g) =1, 10 f | f' = fW, g | g = gh"
— fWg=fgh" = h' =h".

caenyer us [(2)] O
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[Mosre parmmonanbubix Gyukmnmii. Ilpocreiimme apobu. Muorouwmens Ha HAKTOPUATBHBIM KOJIBIIOM.

Jlemma Faycca. @axTopraabHOCTB KOJBIA MHOTOUICHOB HAJ, (DAKTOPUATBHBIM KOJIBIIOM.

Ilosne parmmoHaJIbHBIX (DYHKITHIA.

IIycts Tteneps R = k[t]. Torma coorBeTcTByIONIEe mose TacTHBHIX %) Ha3bIBaETCS TOJEM pa-

noHanbHBIX (yuKuii. ToBopst, 1T0 1pods f/g € k(t) — npasuarvhas, ecin deg f < deg g.
Jlemma. Cymma npasusvhoir 0pobeti A6aaemcea npasusvroti 0pobwio.

YrBepxkaeuune. Jwobas dpobo f/g € k(t) eduncmeennvim o6pazom pasaazaemecs 6 cymmy

! =q+ f—7 q € Kk[t], I npasusbHai 0pobhs.
g g g
Joxaszamensvemeo. emum ¢ ocratkom: f = qg + f*. m

IIpocreiimme apobm

Jpo6sb f/g € k(t) naspiBaerca npocmetiwed, ecam g = pF, Tie p — HeMPUBOAUMBIH MHOTOUIEH
u deg f < degp.

ITpumepnr. e Eciu k = C, To smobag mpocreiimas 1pobb umeeT B ¢/ (t — a)F.

e k =R, To mobag npocreiimas Apods umeet Bu ¢/ (t — a)* winm (at + b) /(2 + pt + q)*,
rie t2 + pt + ¢ He UMeeT JeHCTBATENLHBIX KOPHEIL.

e JIpobn c/(t — a)* asnserca upocreiiuieit na ao6biM nogem K.

Teopema. Besakas payuonasvras dpobs f/g, ede g = pi"* -+ p'm — pazaooicenue 6 npousee-
derue HENPUBOIUMBLET, ABAAELMCH CYMMOT MHO20MAEHE U NPOCMETWUT dpobetll co 3HamMeHa-

MEAAMU D1y« oy DL D2y ooy Dy 2y ey Dy v ey P72
f T mg fl’k
— ZQ+ZZ k) degfz,k<degpz
9 i—1 k=1 i

Mo passroHcerue eOUHCMBEHHO ¢ MOYHOCTBIO J0 NOPAJKA.
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MoxkHO canTarh, 9T0 f/g — npaBuaBHAS IPOOB.

JIemma. ITycmo f/g — npasuavhas payuonarvras 0pobs u nycmv g = ¢1ga — PA3AOHCEHUE
6 npouseedenue 63GUMHO NPOCMBLT MHo20UAeH06 cmeneneld < degg. Tozda cywecmsyem
pasaoncenue f/g = fi/g1 + fo/ge 6 cymmy npasusvnux dpobet. Imo passoscenue edun-
CMBEHHO.

Jlokasamenvemeso. CylecTBYIOT MHOTOYJIEHBI U, U TaKhe, 9T0 g1u + gov = 1. Orcroga f/g =

fv/og+fu/ge = fi/g1+ f2/ 92+ f*, vne fi/g1, f2/g2 — npaBuibHBIe ApO6H, & f* — MHOTOUJIEH.
[Mpeguosoxkum, uro f* # 0. Torpa deg(gf*) = deg(f — fi92 — fo2g1) < degg. Ilporusopeuue.

[Tycrb mveercs nBa pasioxkenust f/g = f1/g1+ fa/g2 = h1/g1+h2/ge. Torma (fi—hy)gs =
(ha — f2)g1, g1 aemar f1 —hq, go menur hy — fo = deg(f1 —hi) > deg g1. [IporuBopeune. [

CuaencrBue. Beakad npasusvhai payuoHasvhas opobs f/g, 2de g = pi™* -+ p™ — pasao-
JICEHUE 8 NPOU3BEIEHUE PASAUYHBLT HENPUBOIUMBLE, ABAAETNCA CYMMOT NPASUALHBLT Ipober]
CO BHAMEHAMEAAMU D], Py, ..., DI . IMo pasaosicenue eduHCMEEHHO ¢ MOYHOCMbIO 00 NO-
pAadka.

Jloxazameavcmeo. VHayKIus 110 7 ¢ UCHOJIB30BAHUEM JIEMMHbI. O

JIemma. Beakas npasuavhas payuonaivhas opobo f/p™, 2de p — nenpugodumviil mrozousen
npedcmasasemcs 6 sude

f19=fm/P" + fi/p" + -+ fi/p,

ede deg f; < degp. Omo pasaooscenue eduncmserto.

Hokasameavemeo. Unpykmusg no m. leaum f Ha p ¢ octatkom: f = gp+ fin, deg f,,, < degp,

degq < degp™ ' = f/p™ = f /D" +q/p" "
Eduncmeennocms. TIpeanonokum, 4To UMeeTCest IPyroe PasjioKeHe

Flg=Fu/0™ + Foa /0" f
u nycrb h; = f; — f7. Torua
0= hn /D™ + hon 1 /P + -+ + I/,
[lycts hy — mepBbiit wien # 0 =
0=hy + hy_1p+ -+ hp' = hy, = 0.
O

DakTOPNAJILHOCTD KOJIbIIA MHOTOYJIEHOB HaJl (paKTOPUAJIBHBIM KOJIb-
IIOM

Teopema. IIycmv R — daxmopuanvroe koarvyo. Tozda koavuo R[t] daxmopuarvho.
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Caexncreue. Koavuo Z[t] daxmopuanrvro.
Caexncrsue. [Tycmo k — nose. Koavyo Kk[t1][ta] - - - [tn] daxmopuarvro.

[Tycrs K := Frac(R). Muorounen f = a,t"™ + - -+ 4+ ap € R[t] Ha3pIBaeTCS IPUMUTHBHBIM,
ecan HO/I(ay, ..., a9) = 1.

JIemma. Jli0601 mmozounsen f € K[t] npedcmasasemesn 6 sude f = %f*, 2dea, € R, b#0,
f* € R[t] - npumumuenvli MHO204AEH.

Jlokasamenvcmso. Tlycrs f = a,t™ + -+ + ag, tae a; = b;/¢;, by, ¢; € R, ¢; # 0. Tonozxkum
B =cy ey uma, =bB/c; € R Torma f = %Eagti. [Monoxkum o = HOd(ag, . ..,a,) u
af = aj/a. Torna f = § 3 ait'. O

JIemma (memma laycca). Ilyems f, g € R[t] — npumumusensie muozousenv. Toeda fg —
NPUMUMUGHDLLT MHO20YUNEH.

Joxaszamenrvcmeo. Sanurinem

f:Zaitia g:ijtj, fgzzcktk7
Cr = Z aibj.

itj=k

rjae

IIpennosoxum mporusaoe. Tormaa cymecTByeT Hepa3JI0KUMBIN 3JIeMeHT p € R Takoil, 4ro
plek, VEk.

[To namemMy npe/rno/I02KeHuio

Bribepem 3tn ¢ u j MUHEMAaJIbHBIMEU. Torga p JEMIUT BCE WIEHBI CYMMBI ¢ = Ziﬂ:k a;b;
Kpome a;b;. [Iporusopeune.

Caencreue. ITycmv f, g € RIt], npuvem g — npumumusnod mmuozousen. Feau g | f 6
xoavue K[t], mo g | f 6 koavue R[t].

Jlokasameavemso. Tlycrs [ = gh, rne h € K[t]. meer mecro npejcrapienne h = %h*, rae
a/f € K — necokparumas 1pobb u h* € R[t| — npumurusablii Maorounen. Torga ff = agh*.
DTO MPOTUBOPEYHUT JiemMMe [aycca. O

CaencrBue. Ilyemov f € R[t] — npumumusnod mnozouaen. Tozda f — nepasaoorcumovit
anemenm 6 koavue R[t] <= f nenpusodum 6 xoavue Klt].

TakuMm 06pa3oM Hepa3IoKUMbIe 3JeMeHTHl [ € R[t] GhIBAIOT IBYX THIIOB:

e deg f =0, f € R — Hepa3J0KUMBIH TIEMEHT,
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e deg f >0, f — mpumuruBHbIil B R[t] n Henpusoxnmsiii B K[t] MmaOrOUIeH.

JIemma. ITycmo p € R[t] — nepasaosicumoiti snemenm 6 koavue R[t] u nyems p | fg, f, g €
Rli] = p| f urup]g.

Jokxazamesvemeo. Cayuati degp = 0. Bamumem f = af*, g = bg*, rne f*, g € R[t] -
HPUMUTHBHBIE MHOTOYIeHBI, a a, b € R. Tlo siemme Taycca f*¢g* npuMuTuBHBIN MHOTOYJIEH.
[Mosromy p | ab = p | a wau p | b.

Cayuat degp > 0. Torna p — npumuTuBHBIE MHOrOWwIeH. [Tycts p 1 f B kKosBIE R[t]. Torma
p 1 f B koabie Kt]. [To cooTBeTcTBYOMIEH JIeMMe 7T MHOTOYJIEHOB HAJ[ [OJIEM UMeeM p | g
B Koubie K[t]. [To ciencrsuio p | g B kombie R[t]. O

Jlokasamenvemso meopemu. Cywecmeosanue. 3anumem f = af*, rne f* € R[t] — npumu-
THBHBIH MHOrO4JIeH, a a € R. naykiueii o cremenn f* momycKaeT pasJioXKeHHe B MPOU3Be-
JIeHHe HEelPUBOAMMBIX TPUMUTHBHBIX MHOrOWIeHOB € R[t]. [Tockosibky R dbakTopuaibHO, TO
@ TOIYCKAET Pa3/IoyKeHne B MPOM3BEICHIE HEPA3IOKUMBIX 3JEMEHTOB.

FEouncmeennocmo. Ilycrs f = pi" - - pI™ — pa3ioxkenue B IPOU3BEICHAE HEPAZIOKIMBIX
¢ HamMeHbITUM Y m;. Manykius no Y m;. [pennonoxum, 910

f=pept = p

Io memme py | pl; ana mexoroporo j. Otcroga saemMents p; u p); acconmuuposanbl. Cokpamas,
IOJTY UM JIBA PA3JI0KeHus f /Py ¢ MEHBIIUM 3HAYEHHEM Y . m;. 110 MpeInoI0KeHII0 HHTY KITTH
OHH COBIIA/IAOT. ]
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Muoro4ierbl 0T HECKOJILKUX repeMeHHbIx. Jlekcukorpadudeckuit mopsiiok. Jlemma o crapiiem diene.

MHoro4/ieHbI OT HECKOJIBKUX MEPEMEHHBIX

Onpepenenne. [lyctb R — KOMMyTaTUBHOE acCOIUATUBHOE KOJIBIO ¢ 1. Koavuom mmozo-
YAEHO08 OT M TEPEeMEHHBIX HaJl R Ha3hIBAeTCsT KOMMYTATHBHOE ACCOIMATHBHOE KOJBIO S,
coepzKalee BbIACJEeHHbIEC 9JIEMEHTHI 1, . . . , t,, TAKOE, 9TO

(1) R comepxkutcst B S Kak MOIKOJIBIO U S # R,

(2) mo6oit srement f € S 00H03HAUHO TPEICTABIACTC B BUJIE

k kn
f= E Ay, by’ 05 i,k € R
k kn

DjeMeHTBl S Ha3BIBAIOTCA MHO204AeHAMU. BBIIeJIeHHbIH 3JeMeHThI tq, . .., 1, Ha3bIBAIOTCA
HEe3aBUCUMBIMU TIepEMEHHBIMU.

KoJibllo MHOTOUJIEHOB OT TEPEeMEHHBIX 11, . . ., t,, 0b03HauaeTcs uepes Rty ... t,].

IIpengmoxkenne. [lycmo R — xommymamusnoe accoyuamustoe xoavuo ¢ 1. Koavyo mmo-
2ounenos S om n nepemennur wad R cywecmeyem. Ecau S' — dpyzoe koavyo MH0204A€H06
om n nepemennnr nad R, mo cywecmsyem uzomopphusm

p: S — 9

maxot, wmo ¢(a) = a daa ecex a € R u o(t;) = t, 2de ti,...,t, (cooms. t,... 1) -
nezasucumoie nepemennvie 6 S (coome., 8S').

Jlokazameavemeo. Eduncmeenocmo. Ymuoxenune B R[tq, ..., t,] 3amaercs dpopmymnavu

k1 k 15 ln _ 4ki1+l kn—+ln
R L oo hntln
Takum obpasom,
k kn _ l In
f= E R A e NN S E b .t t =

83
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_ E my m _ § :
fg - Cm17"'7mnt1 o 'tnn> Cmi,ecoymn = akl,---7knbl1,---7ln’

rJe CyMMHUPOBaHHe BeJETCs 10 BceM Habopam ki, ..., ky, l1,..., [, Takum, 91o ki + [ = my,
covy kp + 1, = m,. Paccmorpum oTobparkenune

t/

),

. k En 1k Tkn,
¥ E ak1,~-.,knt11 ety ? E Qky,....kn b1 e "
klv"'uk‘n klv"'ukn

¢ : Rlt1,...,t,) — R[t}, ...

Ono sByisieTcst B30MOP(UIMOM.
Cywecmeosanue. Onpeneanm Rty ... t,] no naIyKImn:

Rlt1, ... ta] = R[t][ta] - . - [ta]-

Torma R[tq,...,t,] — KOMMyTaTHBHOE acconmuaTUBHOE KOJBIO ¢ 1. Bonee Toro, R[ty, ..., t,]
cosiepkut R.

JIemma. JTwbot saemenm f € Rty ..., t,] odnosnauno sanucwseaemen 6 eude

_ k1 kn
f= E Apy, byt 00 gk, € L
klv---vkn

Aoxazamesvcemeo. Nupykuusnon. f € Rty ... t] = Rty, ... toa][ta] = f =3, fe,t™,
k/'n—l
—

n—1 -

frn € R[t1, ..., tn_1]. TI0 IIPEAMONOMKEHHIO HEAYKIMA fr, = > Gy gy kndnt -1

§ : § : k kn—1 k 2 : k k
f = a’klv-":kn—l»kntll e tnn—l t "= aklw-ykntll T t’nn
kn

k1yskn—1 k1,...kn

Caencteue. Rty ..., t,] >~ R[t][ta] ... [ta].
CaencrBue. Rlti,...,t,| ne umeem deaumenet 0 <= R wne umeem desumened 0.
CanencrBue. Rity,...,t,] ~ Rltoq), ... tom)), Vo € Sy.

Onpepenenue. Muorowien

k kn
f= E T S R o

klr“»k’n
HA3BIBACTCA 00HOPOOHbIM CTETIeHN d, econ ag, g, # 0 = > k; = d.

Paznoxkenune ¢ cymMMy 0JIHOPO/IHBIX KOMIIOHEHT. [Ipon3Be ienne 0iHOPOTHBIX MHOTOYICHOB.

IIpensioxkenune. Ecau 6 R nem deaumeneti 0, mo deg(fg) = deg f + degg.
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Joxazameavemeo. PaccMOTpUM Pas3jioyKeHHe B CYMMY OJHOPOJHBIX KOMIIOHEHT

f:f0+"'fd7 g:g0+...ge.

Toraa pasnoxenne fg =), ; fig; B CyMMy OZHOPOTHBIX KOMIIOHEHT OyJier

f9=> he, = > fig

itj=k

(rpynmmupyeM OJHODPOJHBIE KOMHOHEHTHI creneHu k). KoMmonenta MakCHMAJIbHON CTENeHu:
fage # 0 mockobky B R mer menureneii (. O

IMpennoxenne. Eciu 6 R nem deaumened 0, mo deg, (fg) = deg,, f +deg, g.

Jlexcuroepaduueckuds nopador: (ki,... ky,) < (Ii,...,0,) <= Fic ki =1, ..., ki =1,
Fivr <liya.
Jast omoasenon mmammem atht - - thn < bl -t ecom (ky, .. k) < Iy, 1)

JlemMma. /J[ra odnounenos umeem:
(1) u=v,v>=w= u>w;
(2) u>=v= uw > vw;

(3) u>v, v =v = wu > vv.

Loxasameavcmso. m Bamumrem u = atf' - thn o = bttt w = ™ -t Tlyers i -
MAKCUMAJIBHOE TaKoe, 910 k1 = Iy = my, ..., ki1 = l;_1 = m;_1 (T.e. t; — IepBas nmepeMeHHas,
BXOJISINAS B U, U, W B PA3JUYHBIX CTeHeHdAX). = k; > l; > m,. Ilpuuem no kpaiineii mepe
OJIHO M3 3TUX HEPABEHCTB — CTPOTOE.

m Bamummem u = att* ---thn v = btlt ot w = et -t TlyeTn @ — MAKCHMAJIBHOE
TaKO€, 9TO ]{?1 = ll, ey ki—l = li—l- — kz > lz — k1+m1 = ll—l—ml, ey ki_1+mi_1 =
li—l +m;_q, k’z +m; > lz + m;.

uu’ = vu’ = vv'. O

Crapmmmii 4wien Maorodtena f € Rty, ..., t,]: att* ---th» € f — crapumii ecom att' - - - thn <
bt - tln nns moGoro apyroro bt ...t € f,
Bsejiem Bpemennoe oboznauenue c f) — crapmwuii wien f, o(f) = f — c(f)

Ilpumep. [ = t3ty + tity + t1t5 + t3 = ¢ty — cTapmmii wWie.

IIpennoxenune. c¢(fg) = c(f)c(g) (cmapwud wien npouseederus pasen npoussederuro cmap-
WU 4AEHO8).

Jokasamenvcmeo. Tlycrs f € o(f), g € o(g). Torma c(f) = f,elg) = § = c(felg) = f3,
c(f)elg) = c(f)g, c(f)e(g) = fe(g) = e(f)e(g) — crapmmit wien. O
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Cummerpuyeckue MHOrMOWIeHBl. OCHOBHAsI TeopeMa U CUMMeTpuYecKux MuorouaeHax. @opmysisr Bu-

era. JluckpummaanT. PesyabranT (Onpejenenne u CBONCTEA).

CI/IMMeTpI/I‘{eCKI/Ie MHOT'OY1JI€CHBbI

[Tycrs R — komyTtaTuBHOe acconuaruBaoe Koabio ¢ 1. [lycrs f € R[ty, ..., t,] n mycts § € S,
— moacranoBka. OmpeaeanM HOBBI MHOTOYIEH

f(s(tl, Ce ,tn) = f(t(;(l), . ,t(;(n)).

_ k1 k
Takum obpasom, ecan f = Zkl,...,kn Ay n byt oo B, TO

) k kn
Fr= 20 e katilyy ty
Ki,....kn

Hanpumep, ecim § = [1,2,3] u f =t +t2 + 13 + 1], 10 fO =ty + 2 + 13 + 15.
Omnpenenerne. MHOroUIeH Ha3pIBaeTCsd cummempuieckum, ecan fo = f, Vo € S,,.

TToCKOIBKY S, TIOPOKIAETCS TPAHCIO3UIMIMI, TO PABEHCTBO f° = f HOCTATOYHO IPOBE-
PUTH T TPAHCHO3UITHAA.

ITpumep. e DBce MHOro4IeHBI OT OJHOI NEPEMEHHOU — CUMMEeTPHYECKUE.
— +m m
o CUmenennvie Cymmus Sy, = t7" + -+ 1"

L] SﬂeMeHmaprte CUMMEMPUYECKUE MHO20MNEHDL

Om 1= Z tiy-+ti, 1<m<n.
il<"‘<im

Takum obpasom,

o1 = E i, 09 = E rilj, ey O'nzlll’z

1<j

87
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e Onpedesumenv Bandepmonoa

1 4 nt

1 t2 ’Vl—l
A=l o B CD)

1 t, e I

Mensier 3HaK mpu Tpancnozuuuax. Ilosromy A? — cuMMeTprYecKuit MHOTOUICH.

®opmyasl Buera.

Teopema. [Tycmo [ = > apt® € K[t], degf = n > 0 u nyemo oy, ..., o, — KOpHu
MHO20UNECHA, NEePENUCAEHHDLE ¢ Yuemom kpamuocmedi. Tozda

—Qp-1/ay = a1+ Fay,

an—?/an = o+ -+ 10y

(=D tar/an = G-t andy

(=D"ap/a, = aq- -y

Hpe,u;.nox(eHne. Bce CUMMETNPUYECKUE MHO20YAEHDBL 06pa3ymm nOd%O./LbuO
Rlty, ..., t)" C R[t1,. .., tn).

Teopema (ocHOBHAsI TeopeMa O CHMMETPUYECKUX MHOTOWICHAX ). /10000 cummempuueckud
MHO204AEH eIUHCTNBEHHBM 00PA3OM NPEICTNABAACMCA 68 BUIE MHO20UAEHA O IAEMEHNAD-
HOT CUMMEMPULECKUT.

O6osnauenue: 5 -- - thn € f ecom ath' - - - th» npucyrcreyer B f € R[ty, ..., t,] ¢ Henyte-
BBIM K03 DHUIIHEHTOM a.

Jdemma. IIyems f € Rlty, ..., t,]°" u nyemo u = at? - thn = c(f). Toeda ky > -+ > k.

Joxazameavcmeo. llpennonoxum, uro k; < k; 1. Bo3zbmem 310 1 MI/IHI/IMaJIbeIM Paccmot-
I T _ ik ki ki1 kn 5§ _  1k1 kit ki kn
pum 6 = [i,i + 1] € Sp,. Torna u = aty" -- -t 't ' - - tyr € f = w’ = at)" -t 77 -ty €

f. Ho u? > u. IIporuBopeune. O
Jlemma. /las a0b6020 odnousena u = tlfl . -tfln maxoeo, wmo ky > -+ >k, 3 (I1,...,1,)
maxoti, wmo (ol ---olr) = w.
oxasamenvcmeo. c(o,) = y =

(ol aln ) (b)) (ty - ty) i = gl gl

Pemmaem cuctemy

HonyqaeM €IMHCTBECHHOE pelleHune

ln:k’n, li:ki—ki+1, 1< n.
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okxazameavcmeo meopemor. Cyuecmeosanue. Ilpeanonoxum nporusnoe. Ilycts M — mHO-

KecTBO Beex f € R[ty,...,t,]%", mig KOTOpHIX Teopema He BepHa. Boibepem f € M c
nanvensmuM ¢ f). o memme 3 ol -+ ol makoit, uro ac(ol ---oln) = ¢(f). Torma mus
fi=f—ac(olt--- o) maeem ¢(f1) < ¢(f). Hporusopeune.

FEounemsennocmo. Iycts gi(o1,...,0,) = ga(o1, ..., 0,). Honoxum h = g; — go. Paziio-

KUM h B CyMMY OJIHOYJIEHOB
h=> h.

dcuo, uro hi(oy,...,0,) # 0. Ilyers u; := ¢(hi(oq, ..., 0,)). [lo mocienneii gemmve cpeiu u;
HeT IPOHOPHUOHAILHBIX. IlyeTh u, — crapmmii cpequ nux. Torma u, — crapmuil cpeam Beex
OJIHOUJIEHOB B (071, ..., 0,) U OH HE MOKET COKPATUTHCSI. O

Hpaxmuueckan peasusayus. Ilycts f € R[tl,...,tn]S". Mo:kHO cunTaTh, 9TO f OIHO-
pomen crenenn d. Hycrs c(f) = atf---thn S k; = d. BuiGepem Bce mAGOPSL (71, ... ,77)
HEOTPHUIATETHHBIX EJTBIX YUCEJ TAKHe, UITO

o TLZ 2Ty
e > ri=d,
o (r1,...,rn) < (ki,... ky).

TOF,ZLa g(al, Ce ,O'n) COAEPzKUT BCE€ OJHOYJICHBL BU A
T1—T2 r2—T1 Tn—1—"Tn r
01 %) i O0h g : Unn'

Nx koadpuimenTh HAXOASATCA METOI0M HEONPeIeIEHHBIX K0P DUITNEeHTOB.

Caexncrsue. [Tycmv k — nose. ITycmo f € K[t], f = apt"+- - art +ag u nyemov aq, ..., —
KOPHU, 6unuUcarHve ¢ yuemom kpammocmeti. JTo06ot cummempureckuti MHo20UACH Qi . . . | (ip
BULPAACACTNCA 6 BUIE MHOZOUAEHA OTN Ay /Ay ,- « -, (1 /Gy

JnCKpuMUHAHT

IIycrs k — nose. Ilyers f € K[t], f = ant™ + - a1t + ag u wycTs ay,...,q, — KOPHH,
BBIIIUCAHHBIE C yaeTOM KparaocTeil. OupeaesiuM JUCKPUMUHAHT MHOTOWICHA f CJI€/YIONUM
obpazom

D =a>? H(ai —a;)?.

1<j

JINCKpUMHUHAHT BBIPAZKAETCS Yepe3 olpeIeuTe/ib BaniepMoHia;

2 n—1|2
1 o a% RN X
n—
_ o2 |l a0y ey
D =a;
2 n—1
1 oy a -+ ap

Hpe/:l;ﬂox(eHne. D sulpancacmcAa Kak MHO204AEH C UEABIMU noaﬁﬁuuueﬁmamu om a;.
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Jloxasameavcmeo. D spasiercss MEHOrOWIeHOM (¢ mejbivMu Kod(duimenTammn) o saemeHTap-
HBIX cHMMeTpudeckux GyHKuuit o;(ay, ..., a,):

D=a"?% h(oy,...,00).
ITo dopmysram Buera
o1 = _an—l/ana 02 = an—2/a'na ceey Op = <_1)na0/a'n~

SHaMeHaTe b KayKJI0r0 OIHOUYJIEH], all l22 X -Uf{l B h paBen aﬁf”'*l". C napyroit cTOpOHBHI,

I 2 In _ lh++ln 12+~~-+ln l
c(oy oy o) = aj o) o =

Il In
E li = deg,, (0705 ---o) < 2n — 2.
2n—2 b _ls

(u3 ompenenurensa Bangepmonsa). Takum o6pasoM, 3HAMeHATeNb a2 201 0% - - - ol — MHO-
ro4JeH OT do, . . . G, C HeJbIMH KO3 dUIHEeHTAMHA. O

IIpumep. Ilycth n = 2. Torna f = ag + ait + ast?,
D = a3(ag — a1)? = a3(a; + ag)? — dazaap = aj — dagas.
IIpumep. Ilycrs f = t3 + pt + q. Torna D = —4p® — 27¢.
Dopmyav. Kapdarno Haiinem xopuu Muorodnena f = 2+ pt + q. [lonoxxum t = u+v =
u? +v° 4+ (u+v)(Buv + p) + ¢ = 0.

[Torpedyem 3uv + p = 0. Torma

u3+v3:—q u3+1)3:—q
—
uv = —p/3 uwdvd = —p3 /27
u® u v® maxongarca uz peuenust 2 + qr — p*/27 = 0. Takum obpaszom,

3 3 q ¢  p q
g,y 9, /7p
w,v 2 ST

Bamaga. Kakoil cMbIcs MeeT 3HAK AUCKPUMUHAHTA J7Is1 KyOudeckoro MEorodiena f € R[t]?

Pe3ynabTraHT

[Tycrs k — nose. [ycrs f, g € k[t],
f:ant”+---a1t+a0, g:bmtm+b1t+b0

U IIYCTh 1, ..., 0y, B1, ..., Bm — KOPHH, BRIMHCAHHBLIE ¢ yaeToM KpartHocTeit. [Togoxum

R(f,9) = a;'by, H
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IIpennoxkenne. e R(f,g9)=(=1)""R(g, f);

e R(f,9)=ay [l;9(cu), R(g,[f) =051, f(8);

o (ocnoenoe ceoticmeo) R(f,g) =0 <= f u g umerom obuuii Kopenv (Ut apby, = 0).
Jokasameavemeo. Santerm, w10 g(ai) = b [[(cs — B;), F(B;) = an [1(8; — a0). O
Teopema. R(f, f') = (—1)"n~D/2q, D

Hoxasameavemso. Nmeem R(f, f') = a1 T, f'(cw).

f:anH(t—aj)jf’:anZH(t—aj)j

J k=1 j#k
() =ay, H(O‘i — o) =
i
R(f, ) =aptap ][] ] (@i = ay) = (=0)"" "V a, a2 [ [ (i — o)™
i i j>i
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Boruucienne pesynbranTa. Hukmnueckwe rpymnel. [Ipumepnt. [loarpynna mukangeckoil TPyMIIIb.

Hukanaeckue noarpytibl. lopsox smemenTa.

Broraucnenne pe3yJabTaHTa

Teopema.
Qp, Ap—1 e Qo
(079 An—1 [
Up Gyl oev-. a
Rfg)=1 o o bo1 ’
b b1 e bo
b b1 ... bo

(Onpedesumens nopadka n + m. Iycmoe mecma 3anOAHAIOMCA HYAAMU. )

Zoxasameavcmeo. Obo3HaUNM MaTpuIly B mpaBoit dactu depe3 A. Ilomoxkum N = n + m.
PacemorpuM BermoMoraTeIbHBIN OTIpeIe TuTeN b

N-1 aN-1 N— N-1 _N-1 N—
1 2 e By ! Qg o) Oy !

Bl=|p 8 - B a2 a - A
/81 /82 P /Bm al a2 « . an
1 1 .. 1 1 1 . 1

Beraucaum a0 |A||B| asyms cocobamu.

HepBoe BRIUNC/ICHUE: B oTanuyaercd oT onpejgeaanTeid BaH,ZLepMOH,ZLa TOJIBKO TTepeCTaHOBKa-

MH CTPOK —
1Bl =18 = 8) [ ]85 — i) [ [ (@i — )

1<j %,]J 1<j

Orcroma

apvn Al Bl = |AIR(g, /) [](8 = 8:) [ [ (e — o)

1<j i<j

93
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Bropoe Bbrauciienmue:

I |11
¢:=AB = ( IIT[ 1V ) = (ei5)

Cij = By " ana BT A aoBl T = BT F(B;).

(1)

Cim+j = anaj-v_i + an_lozjv_i_l + -+ aoo/j”_i = oz;”_if(aj) =0.
(111)
Crtij = bmﬁj]'vﬂ + bmflﬂj\fﬂfl + 0o = 87 "g(8) = 0.
(IV)
Cm+im+j — bma;v_l + l)771—105§'\[_2_1 + o+ bOOé;L_Z = Oé;L_Zg(OZj).
Takum obpasomM,
* 0 m—i n—i
Bl = |22 ], = g7 (), o= a7 ig(a).
P A et ap
|A’|B|:Hf(5j)Hg(O‘j) 37 g 2 a2 - a2
J J By s B 31 ay,
1 1 1 1 1
[AlBI =TT ) ] Tatan) [T =8 [ [ (@ — o)
J J 1<j 1<j
Orcroma
anty | Al|Bl = R(f,9)R(g, /) [ T(8: = 8;) [T (s = o)
i<j 1<J
CpaBruBas ¢ epBbiM BhIquCIeHneM, noayanM |A| = R(f, g). ]

HpI/LHO}KeHI/IHZ HNCKJIIOYCHUA HEHU3BECTHDIX.

Onpenenenne. Kpaaparnas marpuna A HazeBaercst opmozonasvhoti, ecmn AAT = E.

IIpumepsi. (1) MHOXKeCTBO BCeX OPTOIOHAJIBHBIX 1 X N-MATPUIL ABJISIETCS TPYIIION U 060-
snauaercs depe3 O, (k) (oproronanbhas rpymrma).

(2) MHO)KeCTBO BCEX OPTOrOHANBHBIX 7 X N-MATPHIL ¢ OIpe/IeauTeseM 1 aBageTcs TPy ol
u obosnavaercs depe3 SO, (k) (cmenuanbaast oproronaabHas TPYIIA).



Aunre6pa-1

[Mukandeckue rpyIb
Onpenenenne. [lycts G — rpynma u nycts S C G — noavuozxecTBo. [omokum
(S) :={a*---apm |a; €5, n; €L}

dcno, aro (S) — nmoarpynuna B G. Tosopsart, uro rpyuna G noposcdaemcs MHOXKECTBOM S,
ecam (S) = G. Nnade roBops, J1060ii anemenT g € G IPECTABIISETCS B B TIPOM3BEIEHUST
CTeIleHell 9JIeMEeHTOB U3 S.

Bameuanne. (S) — naumenbiiag noarpynna B G, cojepzxaias S.

ITpumepsr. (1) Cummerpudeckas rpynmna S, HOPOXKIACTCS TPAHCIOZUIIHAMH.
(2) Ilosmmas ymmueitnasg rpynna G L, (k) nopoxmaercs s71eMeHTaApHBIMA MATPHIIAMH.
(3) QF mopoxkaaeTcst TPOCTHIME YHCIAMH.
(4) k(t)" mopoxnaercsa k(t] u mpocreiimmumvu apobsaMu.

(5) k(t)* mopoxmaercs HEMPUBOIUMBIMI MHOTOWIeHAME 1 K*.

3ameuanme. He Bcgkas rpylia MOpozkKJIaeTcd KOHEYHBIM YUCJI0M 3j1emeHToB. Hamnpumep,
rpymna RT mecuérHa, HOSTOMY He MOXKET HOPOXKIATHCA KOHEYHBIM YUCJIOM 3JEMEHTOB.

Bamaua. Jokaxkure, uro rpynnsl QT u Q* He MOryT OBITH HOPOKICHBI KOHEUHBIM YHCJIOM
9JIEMEHTOB.

Bapmaua. fpisiercs Jin KOHEYHO MOPOXKIeHHOM rpymma Q/Z7

Onpepenenne. ['pynna nasbiBaercd yuxAuveckot, ecjii OHA TOPOKIACTCA OJHUM 3JIEeMEH-
TOM.

ITpumepsi. (1) I'pynna g, — MUKIHYECKasi, OHA TMOPOXKIAETCS JIIOOBIM TEePBOOOPA3HBIM
KopHeM u3 1.

(2) Z/nZ.
(3) Z.
(4) I'pynma RT — HenmukInuecKass, OHA HeCUETHA.

Bamaua. dsastercs an nukandeckoit rpynna Q1? T'pynma Q*? Tlycers k — 6eckonednoe mode.
Joxkazkure, yro rpynnbl k™ u k* He aBIA0TCH NUKITIECKUMHE.

B mo6oii rpynme G i060it aneMeHT a € G TOPOK/AET MUKJINIECKYIO MOATpYHIy (a).
Bonee toro, G = Uyeq(a). Hazosem nopadkom sremenma a € G

mink€N:a* =1 ecm Ik a* =1;

ja] = "
ecam a” # 1 Vk.

Hasosem nopadkom epynno, aucio ee snementos. Obosmadenue: |G|.
B koHeuHoil rpynme HOpsI0K JTI000TO 3JIeMeHTa KOHedYeH.
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Sameuanue. (1) |a|] = co = Bce seMeHTH ag, k € 7 pa3JIndHbL.

(2) Ka)| = lal.
3) la] = n < 00 = (a) = {1,a,...,a"'}. Koneunas rpynma gBiseTcs IUKJIXIECKOIR
<= da € G |a| = |G].
(4) la] =n < 00 =
(a) @™ =1<=n|m;
(b) a* =d' < k=1 mod n.
ITpumepsi. (1) DjeMeHTH KOHEYHOTO MOpsaka B K.

(2) Daementsl KoHewHoro mopsinka B k* — kopuu u3 1.

3amaua. Haiigure cmoco® BBIYHCIATH MOPSIAKU 3JIEMEHTOB B S,. Vkaszarue. Pasioxurh B
[pPOM3BE/IeHIE HE3ABUCHMBIX ITHKJIOB.

IIpennoxkenue. |a| =n < oo = a™ = n/HO(n,m).

Jokazameavemeo. Ilyers d := HOM(n,m), n' = n/d. Torga (a™)” = a4 =1, (a™)* =1
= n|mk=n'|k. O

Caexncrsue. (a) = (a") <= HO/(n,m) = 1.
Teopema. (1) Iodzpynna yukauueckol 2pynnve — GUKAUNECKAA.
(2) Iopadox nodepynnot 6 konewnol yursuvweckol epynne deaum nopadok epynnoL.

(3) m | n = 6 yukauueckol 2pynne nopadka N cywecmesyem nodzpynna nopadka m u
ama nodzpynna — eOUHCMBEHHAA.

Zoxazameavcmeo. Ilycts G = {(a), u nycte H C G — noarpymma. Bozemem m =
min{k € N | a* € H}. llycrs b := a™ u uycrs ¢ € H. Torna c = al, | =mq+r, a' = a™ - a",
a"=am-(am)"€H=r=0uc=ad =a™=1.

[Iycrs G = (a), w nyctb H C G — noarpynna. Torna H = (a™) = |H| = |a™| =
n/HO(n,m).

[Iycte G = (a), u myctb n = mgq. Torna monoxum H = (a9). Umeem |H| = |af] =
n/HO/(n,q) = m. ExauncrBeHHOCTD: Kak B : O

Ilpegnoxeunune. [lycmov G — epynna u nycmo a, b € G — makue, wmo ab = ba. Ilycmo
la| = n, |b] =m v HO[(n,m) = 1. Tozda |ab] = nm.

Joxasamenvcmeo. Umeenm (ab)™™ = 1. C apyroii croponsl, eciu (ab)® = 1, To a* = b=*,

l=a%=b"% —nk=0 modm, m|k. m
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Nzomopdusm mukanaeckux rpy ogH0r0 nopsaaka. CMmexabie Kaacchl. Teopema Jlarpanxka. Majas

teopema Pepma. Hopmagsubie nogrpynmel. CeoitcrBa. [Ipumepnr. @akToprpymma

Teopema. Bce yurauveckue 2pynnov. 00020 nopadka u3omophro:
(1) Beckoneunasn yukauveckan epynna =~ 7.
(2) Koneunas yurauueckas epynna ~ 7 /nl ~ ..

Joxaszameavcmso. Orobpazkenue ¢ : Z — G, k + a* apiagerca nzomopduszMoM.
Orobpaxkenne ¢ : Z/nZ — G, k +— a* asnserca mzomopdusmom. m

CMmexkHbBIe KJIACCHI U TeopeMa Jlarpam»xka
Onpenenenune. /s nwobbix mogmuaokects A, B C G rpynnst G 10J10KuM
AB :={ab|a € A, be B}.
B wacrnocru, asg noarpynuust H C G u ssementa a € H 1M0AMHOXKECTBO
aH :={ah | h e H}

HA3BIBACTC ACEHIM CMEHCHBIM KAQCCOM. AHATIOTHIHO OIIpeae/Idr0TCd IpaBble CMEZKHBIE KJ1aC-
ChbI.

MHOKECTBO BCEX CMEKHBIX KJaccoB obosnauaercs G/H. Momuocts Mmuoxkecrsa G/H
obosnadaercs |G : H] u nasbBaercst underxcom noarpymmnst H.
3amMeTnM, 9TO 3alUCh CMEKHOTO Kacca B Bue gH He saBiasgeTcs eINHCTBEHHOMN:

JIemmva. gH = ¢gH <— 3 he H ¢ = gh.

Aokazamenvemeo. Ecnm gH = ¢'H, 10 ¢ € gH u torna ¢ = gh ana wekoroporo h € H.
O6parho, eciu ¢ = gh nns wekoroporo h € H, 1o g'h/ = ghh/ € gH n nosromy ¢'H C gH.
AHaJIOrMYHO JIOKA3bIBACTCS 00PATHOE BKJIIOYEHUE. ]

Teopema. ITycmo G — epynna u nycmv H C G — a0bas nodepynna.

(1) I'pynna G asaaemca obsedunenuem aeswix cmexcunx xaaccos gH € G/ H.
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(2) Ecau dsa aesvir cmeschm kaacca g1 H u goH nepeceratomes, mo onu cosnadaiom.
(3) Bce sesvie cmeschbie KAGCCH, DABHOMOULHDL.
Ananoruunele yTBepKI€HUS BEPHBI JJIs IPABBIX CMEKHBIX KJIACCOB.

Zoxazameavcmso. 04eBUJIHO, TOCKOJIBKY g € gH.

Iycts g € g1H N goH. Torna g = g1hy = goho jyist Hekoropoix hy, ho € H. Otciona
g2 = g1(hihy') m g1 H = goH 1o sievme.

Orobpakenne H — gH, h — gh saBasiercst Oueximeii. n

CuexncrBue (reopema Jlarpanxa). Ecau G — koneunan epynna, mo

G| =[H] [G: H].
CaenctBue. [lopadox saemenma desum nopadox 2pynnot.
CaexncrBue. Ecau |G| =n, moa® =1 VYaeG.

CaencrBue (Mainas teopema @epma). Iycmo p — npocmoe wucao. Toeda mP =m mod p,
Vm € Z.

CaencrBue. I'pynna npocmozo nopadka — GUKAUNECKAA.
IIpumepsr. (1) G = H = G/H cOCTOUT U3 OTHOTO HJIEMEHTA.
(2) G=S,, H=A,. Imeercst pOBHO 2 CME:KHBIX KJIACCA: YETHBIE U HEUETHBIE MOJICTAHOB-

KH.

Hopwmanbuble TOArpynnbI

Onpepenenne. [loarpynna H C G rpynnbt G HasbBaeTCs HOpMaavhotl (0603HAYAETCST
H<G),eciu gH =Hg Vge€QG.

ITpumepsi. (1) B aGenepoii rpymme J06ast TOArPyIa HOPMaTbHA.
(2) B mo6oii rpynme G uMeroTcst TpUBHATBHBIE HOPMaJbHbIe Toarpynbl G u {1}.
(3) SL,(k) < GL,(k).
(4) A, <QS,.

3ameuanwme. lloarpyiia nnjgekca 2 HOpMaJbHa.

Bameuanmne. ['opopsar, 4To 3eMeHTHl ¢ U ¢’ rpynnbl G CONPszKEHBI, eciu cyuecrsyer © € G
Taxoit, uto ¢’ = zgr~'. (He myTaiiTe ¢ KOMILIEKCHBIM conpszkennem!) Hecmo:kno mpoBepuTs,
YTO OTHOIIIEHUE CONPSIZKEHHOCTH SIBJSIETCS OTHOIIEHUEM dKBHBAJEHTHOCTH. TakuMm obpasowm,
rpynmna G pa3duBaeTCs Ha HEMEPECEKAINIEeCs O0beIUHEHNE KAUCCO8 CONPANCEHHBLT INEMEH-
mos. [logrpynna H gBiigercd HOPMaJbHOR TOIJIa U TOJHKO TOIVIA, KOT/Ia OHA COCTaBJICHA U3
KJIACCOB CONPS?KEHHBIX 3JIEMEHTORB.
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Onpenenenune. [[enmpom rpymnnbl (G HA3BIBAETCSA TOAMHOKECTBO
Z(G):={2€G|gz=29 VgeG}.

OueBnIHO, YTO NEHTP — HOJATPYIINA U OHA HOPMAJIbHA (JJOKAKATE CAMOCTOSITEIHHO). Bosee
Toro, jobast noarpynna H C Z(G) nopmanbha B G.

Samaua. [loarpynna H C G nopsiaka 2 HOpMaJabHa TOrJIA U TOJIBKO TOTaa, Korjga H comep-
JKUTCs B meHTpe. B wacTtHOCTH, S, HE COMEPKUT HOPMAJBHBIX HOAIPYIIT MOPSIKA 2.

Hanpuwmep, Z (G L, (k)) cocront u3 ckangpusix Marput, a Z(SL,(k)) cocrout u3 cxassp-
HBIX MATDUIL ¢ OlpejenTesemM 1.

Tpennoxxenue. Cacdyrouyue Yea06U IKGUEANCHIMHDL:
(1) H<G;
(2) gHg ' C H Vged.

Joxaszamenvcmeo. Tlpeamonoxum, aro H <G, t.e. gH = Hg Vg € Gunycts h € H. Torna
gh € Hg. Cnenosatenbno, gh = h'g naa sekoroporo h' € H n mostomy ghg™' = h' € H.
910 o3mauaet, uro gHg ' C H.

[Ipeamonoxum, uro gHg ! € H. Ilyers g € G u nyerb gh € gH, toe h € H. Torna
ghg™' = W € H. Caenosareanno, gh = h'g € Hg u nostomy gH C Hg. Obparnoe BKIo9e-
HUE JOKA3bIBAETCS AHAJOTHIHO. ]

Bameuanme. Ha camom gesie, B yCJIOBHAX BbIIIe BepHO paBencTBo gHg ' = H. ([Tokaxwure
CAMOCTOSITEJIHHO) .

DakTOpPrpynnbl

[Tycrs H — mopmasbHas moarpynna rpynisl G (B MyJbTHILIHKATHBHON 3amicn). Hamomuanw,
uro gepe3 G/H wmbl 0603HAYAEM MHOXKECTBO BCEX JIEBBIX CMEXKHBIX KJAccoB. Ompeaesnm
YMHOKeHHE CMEeKHBIX KJIACCOB CJIeLYIONUM 00Pa30M:

(aH) - (bH) = (ab)H.

JIemmMma. Onpedeﬂeuﬁoe 6HlULE YMHOHCEHUE HE 3aB8UCUMT 0111 €nocoba 3aNUCY CMEHCHBIT KAQC-
c086.

Hoxaszameavemeo. Ilycrs aH = o’ H u bH = V' H. Torna o' = ahy u ' = bhy 11 HEKOTOPBIX
hi,ho € H. meem
CL/b, = (ah1)<bh2) = (ab)(b_lhlb)hg,

rne b~ 'hib € H (nockonbky H < G). Cnenosarensno, a'b’ = abh pna h := (b~'hib)hy € H u
nosromy (aH) - (bH) = (ab)H. O

IIpenuioxkenune. G/H asasemcsa 2pynnotl 0mMHOCUMEALHO ONPEENEHHO20 BYLULE YMHOMHCE
HUA.
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Jloxazameavemeso. Tlo onpenenennio nveem
(aH -bH) - cH = (ab)cH = a(bc)H = aH - (bH - cH).

DTO JOKA3BIBAET ACCOMMATUBHOCTD omneparun. HeirpanbHabiM snementom B G/H sBasiercst

TPUBHAJIBLHBIN cMexKHBIH Kjgacc 1H = H, a obpaTHBIM K 3jieMeHTy aH sBjgercsd 3JeMeHT
—1

a "H. ]
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Teopema o romomopdusme rpymm. Uneasnsr. [Tpuvepsr. @akTopkrosabia. Teopema o romomopdu3ame

KoOJI€ell. HpI/ICOQ/fLI/IHeHI/Ie K TIOJIIO KOPpHYA HEIIPUBOJMMOTO MHOT'OYJ/ICHA.

Bameuanue. Orobpaxenne 7 : G — G/H, a — aH sBasercs ToMOMOPGU3MOM TPYIIIL.

Ipumep. Iycts G := C* w nycts H = {z | |2| = 1}. Kaxaptii snemenr z € C* enun-
CTBEHHBIM 00Pa30M 3allMChIBAETCH B BHJE 2 = 2, e a € Ryg, 29 € H. Ilosromy KazxKabrit
cMexHbIii krace G/H MOoXKHO ofHO3HAYHO 3amucarh B Bujge aH, a € R.g. CaegoBarennHo,

G/H >~ R>0.

Teopema o romomopdusme rpynm

3ameuanwue. [lycrs rpynna G mOpoXKIAETCI SJEMEHTAMH A1, . . . , Ay ELCIH JUIS IBYX TOMO-
MopuaMoB @1 : G — G u vy : G — Gy umeem p1(a;) = po(a;) 11 Beex i, T0 @1 = @o.

Teopema. Ilycmv ¢ : G — Gy — 20momopdusdm 2pynn. Tozda
(1) Ker(p) < G.
(2) Umeemecs ecmecmeenmvili uzomophusm
: G/ Ker(p) = ¢(G)

maxot, wmo ¢ = Y om, 2de w: G — G/ Ker(p) — ecmecmeennvi 2omomopdpusm 1a
daxmopepynny. B smom cayuae 2o06opam, wmo duazpamma

\/

G/ Ker(y

KOMMYTaTHUBHaA.

Jorasamenvemeso. Tlonoxum H = Ker(p). Jas moboro b € G mmeem
a€H = pla)=1 = pab™')=1 = bab™' € H.
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Cuenosarensno, H — HopMasIbHAs MOATPYIIIA.
Omnpenenum ¢ caemyomum obpasom: Y(aH) = ¢(a). Bo-nepBeix mpoBepsieM, 4T0 3TO
onpezenenue KoppekTHo. Ilycrs aH = o/ H. Torna o' = ah pns mnekoroporo h € H. Orciona

v(d'H) = p(ah) = p(a)p(h) = ¢(a) = P(aH).
Jlasee ipoBepseM, 4TO 1) — rTOMOMOP(U3M:
U(aH - bH) = 1p((ab)H) = p(ab) = p(a)p(b) = yp(aH)p(bH).

Hautee
Y(aH)=1 < ¢(a)=1 <= a€ H < aH =H.

CrenoBaTebHO, 1) HHHEKTUBHO. HakoHeIl, 1) CIOPBbEKTUBHO MO MOCTPOEHUIO. O
IIpumepsr. (1) S, /A, ~ {£1};

(2) GL,(k)/SL, (k) ~ k*;

(3) R*/{#£1} =~ Rsy;

(4) C/p, ~ C.

N neansr

Onpepenenne. [loxrpynna I C R aaguTuBHOM IPYyHIbI KOJIbIIA HA3BIBAETCS (JIBYCTOPOH-
unM) udeanrom, ecnn al C I u la C I nas aoboro a € R.

ITpumepsi. (1) B kaxgom kombie umeercs uaeasn (0) := {0}, koTopslii Ha3bIBaeTCs Hy.ae-
ewvim. Bee xombio R — Takzke maead.

(2) Yernble yucia — ugeas B Koublie Z.

(3) Ilycts R = Cla,b] — KOBIO JEHCTBUTEIBHBIX HEMPEPBIBHBIX (DYHKINI Ha OTPEe3Ke.
Qyukiuu, obpalaliecd B HyJib a HEKOTOPO# TOYKe 00pa3yroT ujeaJ

Ie:={f € Cla,b] | f(c) = 0}.

(4) B koabue marpun, Mat, (k) agantusras noarpynmna

(MATPUIL ¢ HYJEBBIM JIEBBIM CTOIOIOM) HeaToM He gpigercd. OTHAKO OHA ABIACTCH
aesvim udeasom: VA € I, VB € Mat, (k) BAe€l.
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Omnpenenenue. [lycth R — KOMMyTaTHBHOE acCOIUATHBHOE KOJIBIIO U IIYCTh A1, ..., 0, € R.
MHoKecTBO

(ar,...,an) == {a1by +---a,b, | b; € R}

apyasiercss npeaaoM B R. OH Ha3bIBaeTCS udeaLOM, NOPOHCOEHHBIM IAEMEHMAMU (1, . . . , Oy,
DTO HAUMEHBIIUN Hjeasl, COIEPKAIUN a1, . . . , G,. VTean, HOpoKIeHHBIH OJIHUM JIEMEHTOM,
T. €. UJIeajl BAJA

(a) :={ab | b € R}

HA3BIBACTCSA 2406HM. ['OBOPAT, 9TO R — KoADUO 2406HL 40€a.A08, €CTIU B HEM KarKIbIH UIea T
SIBJIIETCsT TMIABHBIM. Ecaun R — kombro ¢ equnnneif, To (1) = R. DToT maean HA3BIBAETCSI
COUHUNHDLM.

IIpumep. [Iyctp R — KOMMyTaTHBHOE acCONMUATUBHOE KOJIBIIO ¢ enHuIel. Ecan HeKoTophIit
uneas I comnep:KUT 0OPATHMBIH 37eMEHT, TO OH IBJISETCS eIUHNIHbIM: @ € | = 1 =aa ' € ]
= [ = (1) = R. Jlwo6oii unean B noje sBISETCS WM HYJIEBBIM HIH € HHUIHBIM.

DaKTOPKOJIbIIA

Ounpenenenne. [lycrs [ — upean kosbiua R. Ha daxroprpyune R/I ajjuuruBHOi rpyiiibl
onpenennm ymuoxkenue o npasuny (a + I)(b+ I) = ab+ I. Hecioxkuo mpoBepuTh, 4T0 3TO
olpe/ie/IeHre He 3aBUCHT OT BHJIA 3aIUCH CMEKHBIX KaIaccoB a+1 n b+ 1: ecom a+1 =a' +1
ub+I=0+1t0d =a+cul =b+d misa wvekoropsix ¢, d € I. Orcroaa

abtl —ab=ad+cb+cdel
u nodromy a’' + I = ab+ I. Kosbuo R/I uasbiBaercs Gaxmopkosvyom.
Bameuanue. Orobpaxenne 7 : R — R/I, a — a+ I sBasercs roMoMopbU3MOM KOJIEIL.
3ameuanwue. Jlerko BupeTh, 9TO
e ko110 R accormmaruBao =—> R /I acconuaTuBHO,
e koJyibl0 R KoMMyTaTuBHO —> R/I KOMMYTaTHBHO,

e kob110 R umeer eqununy 1 u 1 ¢ I = R/I umeer exauHuIty.

Teopema o romomopdusme KoJielg

Teopema (reopema o romomopdusme kogen). Ilyemv ¢ : R — Ry — 2omomopdusm xoaeu.
Tozda

(1) Ker(p) — udean 6 R.
(2) Hmeemea ecmecmeernvili usomophusm
v R/ Ker(p) — ¢(R)

makotl, wmo ¢ = om, 2de w: G — R/Ker(p) — ecmecmsennvit 2omomophusm 1a
ParxmoprosvYyo.
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Jlokasamenvcmso. Tlomoxum I := Ker(p). Bocoabsyemcst reopemoii 0 romoMopdusame rpyTii.
U3 Hee ciejyer, uro [ — noarpyua ajuTHBHON rpy bl R 1 ©MeeTcst eCTeCTBEHHBIH H30MOp-
dusm rpynn ¢ @ R/ — ¢(R), ¥(a+ I) = ¢(a). Ocraercs g0Ka3aTh, 910 ) — roMoMOpdhu3M
KOJIeII;:

((a+ Db+ 1)) =(ab+ 1) = p(ab) = p(a)p(b) = ¢Y(a+ Db+ ).
O

IIpumepsr. e Paccmorpum romomopdusm ¢ : Cla,b] — R, f+— f(c). Torna Ker p = I
u Cla,b)/I. ~ R.

e Paccmorpum romomopdusm ¢ : R[t] = C, f +— f(i). Torna Ker o = (£*+1) u R[t]/(#*+
1) ~C.

HpI/ICOG,Z[I/IHeHI/Ie K ITIOJIIO KOPH4A HEIIPpnBOAMMOI'O MHOTI'OYJIEHA

Ilycts L — moste u mycrs k C L — noxmoste. [las snementa 6 € L gepes k(6) mbr o6o3nadnm
noanoJe B L, mopoxaernoe k u 6. 91o HauMmenbliiee mojamnoJie B L, comepxkamee k u 6.

Teopema. IIycmv k — noae u nycmo [ € K[t] — muozouren nososcumenvroti cmenenu.
(1) Caedyrowue mpu yeaosus IKEUBANEHNHL:

(a) mHozouaen [ nenpueodum,
(b) daxmoprorvyo Kk[t]/(f) asasemes nosem,

(c) darxmoprorvuo K[t]/(f) ne umeem deaumeneti nyaa.

(2) Iycmo mmozounen f nenpusodum. Feau IL/k — pacwupernue noaetd maxoe, wmo f ume-
em kopenv 0 € 1L, mo cyuecmeyem uzomopphusm

w K]/(f) = k(©0), t—0,

asAsOUUTCA mostcdecmeennvim omobpascenuem Ha K.

Aokasameavemeo. (1) Tokazxem[(1) (a)]=[(1) (b)] Iycrs 7 : k[t] — k[t]/(f) — ecTecrBennbril
romomopdusm. Pacemorpnm menynesoit ssement g = g + (f) € k[t]/(f). Takum obpaszom,
g = m(g), tne g € k[t] — muorowren rtaxoit, uro g ¢ (f). Ilocrennee ozmagaer, uro f u g
B3aMMHO TPOCTHI (I0CKOJBKY f HempusoauM). [lo Teopeme o Haubosbinem obiem jesuTesie
CYTIECTBYIOT MHOTOUIeH U, v € k[t] Takue, uro 1 = fu + gv. Orcona

1= (1) = 7(f)n(w) + 7(g)m(v) = gm(v).

Crenosaresbuo, 1060ii Henysaesoii siaement g € k[t]/(f) obparum u nosromy k(t]/(f) — moe.

Nmmnkanus = ouesngna. Ing mokazarenscrsa [(1)(c) = [(1)(a)| npea-
nostoxkuM, 910 f = fifo, e fi & (f). Torma B k[t]/(f) umeem

m(fu)n(fe) = 7(fife) = 7(f) =0,




Aunre6pa-1

re. (f1), 7(f2) — nenurenn myns. IIporusopedne.
PaceMoTpuM oTobpazkeHme

: k[t] — L, h —— h(#).

fcuo, uro ¢ — romomopdusm. Ero aapo ssiagerca riaasapiM miaeatom: Ker(y) = (h). C
apyroit croponbl, f € Ker(¢) u f uenpusomum. ITostomy Ker(¢) = (f). ITo Teopeme o
romomopdusme ¥ (k[t]) ~ k[t]/(f). O

Bameuanue. [locTpoernoe BbIIlle PACIIIPEHUE HABBIBACTCS NPUCOCOUHEHUEM K TOAIO KOPHA
nenpusodumozo mmozousena. leiictsurensio, note k ecrecrsenno Braamsizaerca B k(t]/(f)
(xak xommosmmms k — k[t] — k[t]/(f)), a cormacmo (2) obpas § := 7(t) apageTca KopHeMm
MHOTrO4JIeHa, f.



MEXAHUKO- . P
MATEMATUYECKWNN

DAKYJIBTET - m
Mry MAMEHN

M.B. IOMOHOCOBA NEKLWUN YYEHDbBX MTY




	Матрицы. Операции сложения и умножения на число. Системы линейных уравнений. Метод Гаусса. Следствия. Системы однородных уравнений.
	Умножение матриц. Свойства. Ассоциативность. Матричная запись систем линейных уравнений. Связь однородных и неоднородных систем линейных уравнений. Понятие кольца. Примеры. Умножение на диагональные матрицы. Умножение треугольных матриц. Матричные единицы. Их произведения. Элементарные матрицы. Умножение произвольной матрицы на элементарную. Подстановки. Их произведение. Ассоциативность. Транспозиции. Разложение подстановки в произведение транспозиций. 
	Запись подстановок. Обратная и единичные подстановки. Понятие группы. Примеры. Число подстановок. Неподвижные элементы. Независимые подстановки коммутируют. Циклы. Разложение подстановки в произведение независимых циклов. Применение подстановки к перестановке. Четность. Корректность определения четности (как меняется число инверсий при применении транспозиции). 
	Четность произведения подстановок. Четность обратной подстановки. Число четных и нечетных подстановок. Группа An. Понятие подгруппы. Определители. Определитель треугольной матрицы. Определитель транспонированной матрицы. Вычисление определителя при помощи элементарных преобразований. Полилинейные и кососимметрические функции. Полилинейность и кососимметричность определителя. 
	Эквивалентное определение определителя (как полилинейной кососимметрической формы). Определитель с углом нулей. Разложение определителя по строке (и фальшивое разложение). Определитель Вандермонда. Теорема Крамера. 
	Определитель произведения матриц. Обратная матрица. Единицы и обратные элементы в ассоциативном кольце (единственность). Критерий существования обратной матрицы. Формула для обратной матрицы. Вычисление обратной матрицы при помощи элементарных преобразований. Делители нуля в кольце. Делители нуля в кольце матриц.
	Невырожденные матрицы. Группы GLn(R) и SLn(R). Векторные пространства. Линейная зависимость. Критерий невырожденности матрицы. Базис. Координаты. Лемма о линейной зависимости. Следствия. 
	Ранг матрицы. Ранг суммы матриц. Теорема о ранге. Алгоритм нахождения базиса. Ранг произведения матриц. Критерий совместности системы линейных уравнений. Решения однородной системы линейных уравнений. Фундаментальная система решений. Задание подпространства системой линейных уравнений. 
	 Подгруппы. Подкольца. Подпространства. Морфизмы алгебраических структур(случай групп, колец, векторных пространств). Изоморфизмы. Примеры. Изоморфизм векторных пространств одной размерности. Ядро и образ гомоморфизма. 
	 Поля. Определение, свойства, примеры. Изоморфизм полей. Конечномерная ассоциативная алгебра без делителей нуля является телом. Поле комплексных чисел. Аксиоматическое определение, существование, единственность. Алгебраическая запись. Вещественная и мнимая части. Комплексное сопряжение. 
	Тригонометрическая форма комплексного числа. Формула Муавра. Решения уравнения zn=w. Группа bold0mu mumu n корней из 1. Первообразные корни. Циклические группы. Кольца вычетов. Делители нуля и обратимые элементы. Поля Fp. Конечное ассоциативное кольцо без делителей 0 является телом. Изоморфизм Z/nZ и bold0mu mumu n. 
	Теорема Вилсона. Характеристика поля. Свойсва полей характеристики p. Отображение Фробениуса. Кольцо многочленов.
	Кольцо формальных степенных рядов. Степень многочлена. Делители нуля в кольце многочленов. Подстановка элемента в многочлен. Восстановление многочлена по его значениям. Функциональное равенство многочленов. Пример для конечных полей. Корни многочленов. Интерполяционная формула Лагранжа. Схема Горнера. Теорема Безу.
	Кратность корня. Деление многочленов над полем с остатком. Делимость в кольцах. Неприводимые многочлены. Наибольший общий делитель. Алгоритм Евклида. Факториальность кольца многочленов над полем. Факториальные и евклидовы кольца. Дифференцирования. Дифференцирования кольца многочленов над полем.
	Дифференцирования. Понижение кратности при дифференцировании.Формула Тейлора. Основная теорема алгебры(формулировка). Сходимость последовательностей комплексных чисел. Лемма о возрастании модуля многочлена. 
	Лемма Даламбера. Основная теорема алгебры (доказательство). Следствия. Неприводимые многочлены над C и R. Поле частных целостного кольца. Поле рациональных функций. 
	Поле рациональных функций. Простейшие дроби. Многочлены над факториальным кольцом. Лемма Гаусса. Факториальность кольца многочленов над факториальным кольцом. 
	Многочлены от нескольких переменных. Лексикографический порядок. Лемма о старшем члене.
	Симметрические многочлены. Основная теорема и симметрических многочленах. Формулы Виета. Дискриминант. Результант (определение и свойства). 
	Вычисление результанта. Циклические группы. Примеры. Подгруппа циклической группы. Циклические подгруппы. Порядок элемента.
	Изоморфизм циклических групп одного порядка. Смежные классы. Теорема Лагранжа. Малая теорема Ферма. Нормальные подгруппы. Свойства. Примеры. Факторгруппа
	Теорема о гомоморфизме групп. Идеалы. Примеры. Факторкольца. Теорема о гомоморфизме колец. Присоединение к полю корня неприводимого многочлена.



