Teopus yucen, 4 kypc, 1 notok

NekTop npodeccop KO.B. Hecteperko
MexaHUKo-MaTeMaTuyecknii dpakynster MY

Teopus uucen, 4 kypc, 1 notok



Mnaea |. AcuMmnToTnYeCcKuii 3aKoH
pacnpegeneHnsi NPoCcTbIX Yuncern.

Teopus uucen, 4 kypc, 1 notok



Mnaea |. AcuMmnToTnYeCcKuii 3aKoH
pacnpegeneHnsi NPoCcTbIX Yuncern.

Nnhaea Il. Teopema [Jupuxne o npocTbix
4yucnax B apudMeTUYHeCcKnux NPorpeccusix.

Teopus uucen, 4 kypc, 1 notok



Mnaea |. AcuMmnToTnYeCcKuii 3aKoH
pacnpegeneHnsi NPoCcTbIX Yuncern.

Nnhaea Il. Teopema [Jupuxne o npocTbix
4yucnax B apudMeTUYHeCcKnux NPorpeccusix.

naBa Ill. Anrebpavdeckue n
TPaHCUEeHAEHTHbIe Yuncna.

Teopus uucen, 4 kypc, 1 notok



nasa |I. AcumnrToTunydeckni

3adKOH pacripegejieHmnA
MPOCTbIX 4HUces.

Teopus uucen, 4 kypc, 1 notok



JlutepaTypa.

8 Tanoukun A. U, Hecrepenko FO. B., Liinpnosckuii A. b.
BeepeHne B Teoputo yucen. M.: Usg-so Mock. yH-Ta, 1984.

[ X Xacce. Nlekynu no Teopun Yucen.-M., 1953.-528c.

Teopus uucen, 4 kypc, 1 notok



§1. MNpocTble yncna.

HaTypanbHoe 4ncio n Ha3bIBA&TCA COCTABHBIM, €CIN MOXET ObiThb
NpeacTaBNeHOo B Buge n = uv, rge u > 1, v > 1 uenvle.
HatypansHoe uyncno n > 1, He siBASIOLLEECS COCTABHbIM,
Ha3bIBaeTCA NPOCThiM. Hucio 1 He ABNAETCS HW NMPOCTbLIM, HI
COCTaBHbLIM MO OMPEAENEHUIO.

Teopus uucen, 4 kypc, 1 notok



§1. MNpocTble yncna.

HaTypanbHoe 4ncio n Ha3bIBA&TCA COCTABHBIM, €CIN MOXET ObiThb
NpeacTaBNeHOo B Buge n = uv, rge u > 1, v > 1 uenvle.
HatypansHoe uyncno n > 1, He siBASIOLLEECS COCTABHbIM,
Ha3bIBaeTCA NPOCThiM. Hucio 1 He ABNAETCS HW NMPOCTbLIM, HI
COCTaBHbLIM MO OMPEAENEHUIO.

Hanbonbluee nssectroe npoctoe 282589933 _ 1 nexabps 2020r.
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§1. MNpocTble yncna.

HaTypanbHoe 4ncio n Ha3bIBA&TCA COCTABHBIM, €CIN MOXET ObiThb
NpeacTaBNeHOo B Buge n = uv, rge u > 1, v > 1 uenvle.
HatypansHoe uyncno n > 1, He siBASIOLLEECS COCTABHbIM,
Ha3bIBaeTCA NPOCThiM. Hucio 1 He ABNAETCS HW NMPOCTbLIM, HI
COCTaBHbLIM MO OMPEAENEHUIO.

Hanbonbluee nssectroe npoctoe 282589933 _ 1 nexabps 2020r.

Teopema (Esknug)

MroxecTBo npocTeix qucen beckoHeqHo.
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§1. MNpocTble yncna.

HaTypanbHoe 4ncio n Ha3bIBA&TCA COCTABHBIM, €CIN MOXET ObiThb
NpeacTaBNeHOo B Buge n = uv, rge u > 1, v > 1 uenvle.
HatypansHoe uyncno n > 1, He siBASIOLLEECS COCTABHbIM,
Ha3bIBaeTCA NPOCThiM. Hucio 1 He ABNAETCS HW NMPOCTbLIM, HI
COCTaBHbLIM MO OMPEAENEHUIO.

Hanbonbluee nssectroe npoctoe 282589933 _ 1 nexabps 2020r.

Teopema (Esknug)

MroxecTBo npocTeix qucen beckoHeqHo.

[okazaTenbCcTBO.

MNycTb n - npouseonbHOe HaTypanbHoe Ynucno, M =nl4+1unup>1
- Haumenbwnii geauntens M. Torga p|(n! + 1) n, 3naumT, p > n.
Mpegnonoxum, 4To p = uv, rge u,v > 1. Torga u v v genutenn
M, meHblwne p, sBonpekn onpeaenenuto p. Ntak, ans nroboro
HaTYpanbHOro N HaligETCs NPOCTOE YUCNO p > N. O

Teopus uucen, 4 kypc, 1 notok



[MpocTble Yucna.

Ho cux nop He nokasaH dakT BECKOHEYHOCTM Nap NPOCTbIX YUCEN
suga (n —1,n+ 1) (runotesa «bansneuos»). Camasi bonbluast Ha

CeroAHsIlHNIA AeHb Takas napa 3756801695685 - 2000669 + 1,
HaligeHa B 2011.

Teopus uucen, 4 kypc, 1 notok



[MpocTble Yucna.

Ho cux nop He nokasaH dakT BECKOHEYHOCTM Nap NPOCTbIX YUCEN
suga (n —1,n+ 1) (runotesa «bansneuos»). Camasi bonbluast Ha
CeroAHsIlHNIA AeHb Takas napa 3756801695685 - 2000669 + 1,
HaligeHa B 2011.

He pewena npobnema lonbabaxa: kaxpgoe 4étHoe yuncno n > 2
npeacTaBUMoO B BULE CyMMbl ABYyX npocTeix. V. M. BuHorpapos
pokasan (1937), 4to kakpoe focTaTodHO bonbluoe HEYETHOe
4NCNO NPEACTaBUMO B BULE CyMMbl TPEX npocThix. [pobnemy ans
Tpéx npocTbix nonHoctbto pewnn B 2013r. X. Xenbdrorr: kaxagoe
HeuéTHOe uenoe n > 5 NpeacTaBMMO B BUAE CYMMbI TPEX MPOCTHIX.

Teopus uucen, 4 kypc, 1 notok



[MpocTble Yucna.

Ho cux nop He nokasaH dakT BECKOHEYHOCTM Nap NPOCTbIX YUCEN
suga (n —1,n+ 1) (runotesa «bansneuos»). Camasi bonbluast Ha
CeroAHsIlHNIA AeHb Takas napa 3756801695685 - 2000669 + 1,
HaligeHa B 2011.

He pewena npobnema lonbabaxa: kaxpgoe 4étHoe yuncno n > 2
npeacTaBUMoO B BULE CyMMbl ABYyX npocTeix. V. M. BuHorpapos
pokasan (1937), 4to kakpoe focTaTodHO bonbluoe HEYETHOe
4NCNO NPEACTaBUMO B BULE CyMMbl TPEX npocThix. [pobnemy ans
Tpéx npocTbix nonHoctbto pewnn B 2013r. X. Xenbdrorr: kaxagoe
HeuéTHOe uenoe n > 5 NpeacTaBMMO B BUAE CYMMbI TPEX MPOCTHIX.

Teopema (OcHoBHasi Teopema apudmeTnkn)

Lns noboro yenoro m > 1 cylecTsyeT n egUHCTBEHHO C
TOYHOCTBIO [0 NMEPECTaHOBKN COMHOXUTENEH ero npeacTasleHne B
J— (e5) ot vp(m . .
Buge m=p;...p;" = pr (M) rpe Qj HATypasnbHbIE N P;
pasauyHbie npocTeie Yucaa. HYucna p Takxe npoctsie n vp(m) -

KpPaTHOCTb, C KOTOPO# P BXOAUT B PA3/IOKEHUE M.

Teopus uucen, 4 kypc, 1 notok



§2. Teopema Yebbiwéra.

7(X) - KONNYECTBO NPOCTBIX HMCEN, HE MPEBOCXOAALLNX X.
WcTopusi onpegenenmns acumntotuki dpyHkumm m(x) Takosa:
» Eskana: m(x) — oo npu x — 0.
> Jlexanap, 1798 r.: @ — 0 npn x = 0.
> Yeboiwes, 1848 r.: Ecan npegen w CyLLEeCTBYET, TO OH
paBeH 1.

» Apamap u Banne-lNyccen, 1896 r.: m(x) ~

X
Inx"

Teopus uucen, 4 kypc, 1 notok



§2. Teopema Yebbiwéra.

7(X) - KONNYECTBO NPOCTBIX HMCEN, HE MPEBOCXOAALLNX X.
WcTopusi onpegenenmns acumntotuki dpyHkumm m(x) Takosa:
» Eskana: m(x) — oo npu x — 0.
> Jlexanap, 1798 r.: @ — 0 npn x = 0.
» Yebbiwes, 1848 r.: Ecaun npegen w
paBeH 1.

» Apamap u Banne-lNyccen, 1896 r.: m(x) ~

CyLLIeCTBYET, TO OH

X
Inx"

N > 3 — natypanbHoe 4ucno. Vcknounm ns MHoxkecTBa vncen
2,3,..., N Bce 4€THble COCTaBHbIE YnNCNa:

2-2,2-3, ,2-m<N. m:[g/], =.

N N N+1 N+1 2N
N <(N-1)—(|=|-1)=N-|—| = < < —.
<[ 3] [132] 22
Wcknioumne cocTtaBHble yncna, genawmeca Ha 3, 5 u 1.4., MOXHO
LOKasaTb yTeepxaeHue Jlexangpa.

Teopus uucen, 4 kypc, 1 notok



Teopema YebbliwéBga.

YTBEpXKAEHE O TOYHOM MOpsiAKe pocTa yHkuyun (x) Bnepebie
bbino gokasano B 1852r. 1.J1. Yebbiwesbim.

Teopema (O pacnpegeneHnn npocTbix Hucen.)

Lns Bcex goctatoqyHo 6oabLINX X CIPABEA/INBbI HEPABEHCTBA
X
In x
roe a ~ 0,92129, b ~ 1, 10555.

Teopus uucen, 4 kypc, 1 notok



Teopema YebbliwéBga.

YTBEpXKAEHE O TOYHOM MOpsiAKe pocTa yHkuyun (x) Bnepebie
bbino gokasano B 1852r. 1.J1. Yebbiwesbim.
Teopema (O pacnpegeneHnn npocTbix Hucen.)

Lns Bcex goctatoqyHo 6oabLINX X CIPABEA/INBbI HEPABEHCTBA

rge a ~ 0,92129, b ~ 1,10555.

Nmes uenbro coKpaTuTb BbIYUCAEHNS, 1 pacCKaxky celiyac

[OKa3aTe/NbCTBO MEHEee TOYHbIX HEPABEHCTB C 3 = % ~ 0,3465 n

b=5In2 ~ 3,4657, Ho cnpaBeanBbLIX Npu BCEX X > 6.

Teopus uucen, 4 kypc, 1 notok



Teopema YebbliwéBga.

Jlemma 1

npl/l ﬂl‘O6OM HaT_ypafleOM N BbINOJIHAETCA OLUEHKA HAUMEHbLLENO
obuwero kpatHoro K :=[1,2,3,...,2n+ 1] > 4".

IlokazaTenbCTBO.
f(x) =x"(1—x)"=apx" + ...+ anx*", a;€ZL.
Mockonbky 0 < x(1 — x) < 7 BCropy Ha oTpeske [0, 1], npu

x #0411,

1
1
/::/X”(l—x)"dx< " I > 0.
0 4n

Teopus uucen, 4 kypc, 1 notok



Teopema YebbliwéBga.

Jlemma 1

npl/l ﬂl‘O6OM HaT_ypafleOM N BbINOJIHAETCA OLUEHKA HAUMEHbLLENO
obuwero kpatHoro K :=[1,2,3,...,2n+ 1] > 4".

IlokazaTenbCTBO.

f(x) =x"(1—x)"=apx" + ...+ anx*", a;€ZL.

I'IOCKoany 0 < x(1 —x) < % Bciogy Ha oTpeske [0,1], npu

X;é072)
! 1
/::/ x"(1—x)"dx < — " I > 0.
0 4n
an _d2n 1 n
I = .. ,=K-leZ, K2>I1"">4"
n+1+ 2 +1’

Teopus uucen, 4 kypc, 1 notok



Ob0o3Ha4eHUs.

Mycts A MHOXeCTBO felcTBUTENbHBIX Yucen u f(p) dyHkyus,
onpeaenéHHas Ha MHOXECTBE NPOCTbiX Yucen. B ganbreliwem
CUMBONAMN HpeA pf(P) n ZpeA pf(P) BynyT obosnauaTbCs
npoussegeHne u cymma uncen suga p'(P), B3sTbie no Bcem
npocTbiM Yucnam p u3s muoxectsa A. Myctoie nponsseaeHns n
cyMMbl ByayT cuuTaThes pasHbiMu 1 u 0 cooTeeTcTBEHHO. ECan
MHOXECTBO A coaepXunT BECKOHEYHOE MHOXECTBO NPOCTbIX YNCEN,
TO COOTBETCTBYHOLLEE HECKOHEYHOE NPOM3BEAEHNE U Psig,
NpeanoaraeTcs CxoasLMMCs.

Teopus uucen, 4 kypc, 1 notok



Ob0o3Ha4eHUs.

Mycts A MHOXeCTBO felcTBUTENbHBIX Yucen u f(p) dyHkyus,

onpeaenéHHas Ha MHOXECTBE NPOCTbiX Yucen. B ganbreliwem
f f

CUMBONAMN HpeAp (P) y ZpeAp (P) ByayT 0bo3HaYaTBLCS

nponsBefeHMe U CYMMa YUCeN BUAA pf(P), B3sThie no BCem
NpocTbiM Yucaam p ns muoxectsa A. llyctbie nponssegeHns un
cyMmmebl ByayT cunTaThes pasHeiMu 1 n 0 cooTeeTcTBEHHO. ECau
MHOXECTBO A coaepXuT BecKkoHEYHOE MHOXECTBO MPOCTbIX YKUCen,
TO COOTBETCTBYIOLLEE HECKOHEUHOE NPOU3BEAEHUE U Psif,
NPeAnoaaraeTcst CXOAs LNMCS.

Ecnn mHoxecTBa gelicTButenbHbix 4nucen A n B He nepecekatoTcs

nC=AlB, 1o
H pf(P) = H pf(P).H pf ), Z pf(P) = pr(P)+Z pfP),
peC pEA peB peC peEA peB

Teopus uucen, 4 kypc, 1 notok



Ob0o3Ha4eHUs.

Mycts A MHOXeCTBO felcTBUTENbHBIX Yucen u f(p) dyHkyus,

onpeaenéHHas Ha MHOXECTBE NPOCTbiX Yucen. B ganbreliwem
f f

CUMBONAMN HpeAp (P) y ZpeAp (P) ByayT 0bo3HaYaTBLCS

nponsBefeHMe U CYMMa YUCeN BUAA pf(P), B3sThie no BCem
NpocTbiM Yucaam p ns muoxectsa A. llyctbie nponssegeHns un
cyMmmebl ByayT cunTaThes pasHeiMu 1 n 0 cooTeeTcTBEHHO. ECau
MHOXECTBO A coaepXuT BecKkoHEYHOE MHOXECTBO MPOCTbIX YKUCen,
TO COOTBETCTBYIOLLEE HECKOHEUHOE NPOU3BEAEHUE U Psif,
NPeAnoaaraeTcst CXOAs LNMCS.

Ecnn mHoxecTBa gelicTButenbHbix 4nucen A n B He nepecekatoTcs

nC=AlB, 1o
H pf(P) = H pf(P).H pf ), Z pf(P) = pr(P)+Z pfP),
peC pEA peB peC peEA peB

Teopus uucen, 4 kypc, 1 notok



Teopema YebbiweéBa ([0Ka3aTENBCTBO OLEHKN CHU3Y).

Myctb x >6mun= [%1] Torna 2n+1<x<2n+ 3.
PaccmoTpum paznoxeHue Ha NpoCTbie MHOXUTEN:

K= [172’3’ s 72n+1] = pfl o ,pfr7 r= 77(2n—|—1), p:{(i <2n+l

K < (2n+1)mCn+D),

Teopus uucen, 4 kypc, 1 notok



Teopema YebbiweéBa ([0Ka3aTENBCTBO OLEHKN CHU3Y).

Myctb x >6mun= [%1] Torna 2n+1<x<2n+ 3.
PaccmoTpum paznoxeHue Ha NpoCTbie MHOXUTEN:

K= [172’3’ s 72n+1] = pfl o ,pfr7 r= 77(2n—|—1), p:{(i <2n+l

K < (2n+1)mCn+D),

Mo pokazaHHOl nemMMe nMeem
4" < K < (2n4 1)@t

m(2n+ 1) logy(2n + 1) > nlog, 4 = 2n,
TaK 4TO

2n x—3 X X

> > =a—.
logo(2n+1) = logy, x — 2logy x TInx

m(x)>m(2n+1) >

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbliwéra

Jlemma 2

Mpu nobom x > 2 umeem oyerky [[ o, p < 4%.

p<x

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbliwéra

Jlemma 2

MMpu nrobom x > 2 umeem oLeHKy HP<X p < 4%,

Hokaxxem cHayana, NoNb3ysiCb MHAYKLMEA, HEPABEHCTBO ANSI BCEX
uenbix x > 2. Npun x =2 n x = 3 yTBepxaeHne neMMbl BEPHO.
MycTb x > 4 n HepaBeHCTBO BEPHO AJISI BCEX LENbIX YNCeN U3
npomexyTka ot 2 go x — 1. [lokaxkem ero gns x.

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbliwéra

Jlemma 2

Mpu nobom x > 2 umeem oyerky [[ o, p < 4%.

Hokaxxem cHayana, NoNb3ysiCb MHAYKLMEA, HEPABEHCTBO ANSI BCEX
uenbix x > 2. Npun x =2 n x = 3 yTBepxaeHne neMMbl BEPHO.
MycTb x > 4 n HepaBeHCTBO BEPHO AJISI BCEX LENbIX YNCeN U3

npomexyTka ot 2 go x — 1. [lokaxkem ero gns x.

p<x

x=2m mecZ, m>2= H p= H p < 4>t <X
p<2m p<2m-1

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbliwéra

Jlemma 2

Mpu nobom x > 2 umeem oyerky [[ o, p < 4%.

Hokaxxem cHayana, NoNb3ysiCb MHAYKLMEA, HEPABEHCTBO ANSI BCEX
uenbix x > 2. Npun x =2 n x = 3 yTBepxaeHne neMMbl BEPHO.
MycTb x > 4 n HepaBeHCTBO BEPHO AJISI BCEX LENbIX YNCeN U3

npomexyTka ot 2 go x — 1. [lokaxkem ero gns x.

p<x

x=2m mecZ, m>2= H p= H p < 4>t <X

p<2m p<2m-1
x:2m—1,m6Z,m22:>Hp:Hp- H p-
p<x p<m m<p<2m-1

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbliwéra

Jlemma 2

MMpu nrobom x > 2 umeem oLeHKy HPSX p < 4%,

Hokaxxem cHayana, NoNb3ysiCb MHAYKLMEA, HEPABEHCTBO ANSI BCEX
uenbix x > 2. Npun x =2 n x = 3 yTBepxaeHne neMMbl BEPHO.
MycTb x > 4 n HepaBeHCTBO BEPHO AJISI BCEX LENbIX YNCeN U3

npomexyTka ot 2 go x — 1. [lokaxkem ero gns x.

x=2m mecZ, m>2= H p= H p < 4>t <X

p<2m p<2m-1
x:2m—1,m6Z,m22:>Hp:Hp- H p-
p<x p<m m<p<2m-1

N3 pasenctea (2m — 1) = m!(m — 1)!(2’""71) MO OCHOBHOI

Teopeme apucpmerurm cnepyet [, o 1 p < (2’",;1).

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiweésa (3aBepLueHne [OKa3aTeNbCTBA NEMMbI)

Jlemma 2

[Mpu nrobom x > 2 umeem ouyenky [, p < 4.

p<x

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiweésa (3aBepLueHne [OKa3aTeNbCTBA NEMMbI)

Jlemma 2
Tpu nrobom x > 2 umeem oueHKy HPSX p < 4.
2m—1
x=2m-1 = HpﬁHp-(m )
p<x p<m m

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiweésa (3aBepLueHne [OKa3aTeNbCTBA NEMMbI)

Jlemma 2
Tpu nrobom x > 2 umeem oueHKy HPSX p < 4.
2m—1
x=2m-1 = II;)S II;J-( m >.
p<x p<m m

2m—1 2m -1 2m—1
22m1:1+< ) )+~~+<mm_1>+<mm )+~-+1

2m—1
TG E  T | (ar

p<x p<m

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiweésa (3aBepLueHne [OKa3aTeNbCTBA NEMMbI)

Jlemma 2
Tpu nrobom x > 2 umeem oueHKy HPSX p < 4.
2m—1
x=2m-1 = Hpg Hp-(m >
p<x p<m m

2m—1 2m -1 2m—1
22m1:1+< ) )+~~+<mm_1>+<mm )+~-+1

2m—1
) < . 92m—2 m m—1: x.
<m>: ||p_||p2 <4" .4 4
p<x p<m

xeER, x>2 = Hp: Hp<4[x]§4x.
p<x p<I[x]

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiweésa (H0Ka3aTENLCTBO OLEHKM CBEPXY)

=> 1= > 1+ Y

p<x p<x2/3 x2/3< p<x
lo
o1 >
Iog2x2/3
x2/3<p<x x?/3<p<x
1 2x 3x
lo < .
Iog log, x2/3 Z 82P =15 g, x23 log, x

> 1= a0 = (] < 51 < 2

p<x2/3

1
2X22[X]21+[X]>x:>x>|og2x:>x1/3>§-|og2x:>

2 2 5
x 2B o n(x) < X —5in2.
log, x In x

>
logo x = 3



Teopema YebbliwéBga.

Teopema 1

lpn nrobom x > 6 cnpaBesnBbl HEPABEHCTBA

a— < 7(x) < b

In Inx’

rae a="32 ~0,3465 u b=5In2 ~ 3,4657.

Teopus uucen, 4 kypc, 1 notok



Teopema Yebbiwésa (3amedanns).

Mycte K(x) - HaumeHbluee obliee KpaTHOE BCEX LEbIX YMCEN M C
ycnoeuem 1 < m < x u p® - cTeneHb NPOCTOro 4Yucna p, BxoAsiwas
B pasnoxerne K(x) Ha NpocTble COMHOXMTENM. Toraa u3 npasuia
BbiuncneHus K(x) cnegyet, 4To « - Hanbosbluee HAaTypasibHOE

qucno c ycnoenem p® < x, 1.e. a < ['”X] < a+ 1. 3Hauur,

_ |Inx
o= [Inp] 0O60o3Ha4nm

P(x) =InK(x) = Z [::;] Inp, 0(x)= Ian: Zlnp.

p<x p<x p<x

®Pynkuun (x) n O(x) 6o onpepenenst M.J1. Yebbiwésbim un
NCMoNb30BaNNCh UM B JoKa3aTenbcTee Teopembl 1. Mol Byaem
NCNoNb30BaTb UX B JOKA3aTENbCTBE OCHOBHOIO YTBEPXKAEHUS
MepBOii rNaBbl: aCUMNTOTUHECKOrO 3aKOHA PACMPEAENEHUsl MPOCTbIX

dncen m(x) ~ 25 npu x — +00.

Teopus uucen, 4 kypc, 1 notok



Teopema Yeboiwésa (cneacraus).

Cnepcteue 1
Tlyctb p1 =2 < pp < p3 < ... NOCNAEH0BATENBHOCTL BCEX MPOCThIX
yucen. Torga HaligyTCs NONOXUTENbHBIE KOHCTAHTb! i, 3 > 0,
Takme 4yTo

anlnn < p, < fBnlnn.

Mpn kakgom HaTypansHom n umeem 7(pp) = n. MNogcrasue x = py,
B HepaBeHCTBa TeopeMbl Yebbiwésa, nonyunm npn n > 4:

Pn <n<b
lnpn Inpn

(1)

3n HEPABEHCTBA MOXXHO NMEPENNCATb B BUAE:

, a<c,<b

Teopus uucen, 4 kypc, 1 notok



Teopema Yeboiweésa (cneactsns)

Pn
Inp,’
N3 nocnegHero paseHcTBa cnepyeT

n=cy a<c,<b

Inn=Inp,—Inlnp,+Inc,

I Inl I 1 2
nnnzcn 17nnpn+ncn = —nlnn<p, < —nlnn,
Pn In pp, In p, 2b a

€Cn n gOCTAaTOYHO BENUKO.

Cnencteue 2
Psg > o % pacxoanTCs.

1 1 1
YTBepXAeHNe BLINOAHAETCA, T.K. 2= = 7o W PR D ps 7ins

PacxoauTCs.

Teopus uucen, 4 kypc, 1 notok



Ha ceroaHsa Bceé.
[To3apaBnsito Bac ¢ Havanowm
HOBOrO y4ebHoro rogal

[lo ceupatns!




Jlekuyusa 2
[NoctynaTt BepTtpaHa.

DyHkunss PrumaHa n eé npocTeiiline CBOICTBA.




§3. Moctynat BepTpaHa

Teopema 2 (Moctynat Beptpana, 1852r. M1.J1. Yebbiwée)

Lns nwoboro natypansHoro n > 2 CyLecTBYeT NpPOCTOE YUCO P,
YAOBAETBOPSIIOLLEE HEPABEHCTBAM N < p < 2n.



§3. Moctynat BepTpaHa

Teopema 2 (Moctynat Beptpana, 1852r. M1.J1. Yebbiwée)

Lns nwoboro natypansHoro n > 2 CyLecTBYeT NpPOCTOE YUCO P,
YAOBAETBOPSIIOLLEE HEPABEHCTBAM N < p < 2n.

[okasaTenbcTeO.

[okaxkem cHavana, 4TO YTBEPXKAEHUE TEOPEMbI BEPHO ajs ntoboro

n < 630.



§3. Moctynat BepTpaHa

Teopema 2 (Moctynat Beptpana, 1852r. M1.J1. Yebbiwée)
Lns nwoboro natypansHoro n > 2 CyLecTBYeT NpPOCTOE YUCO P,
YAOBAETBOPSAIOLLEE HEpaBEHCTBaAM N < p < 2n.
[okasaTenbcTeO.

[okaxkem cHavana, 4TO YTBEPXKAEHUE TEOPEMbI BEPHO ajs ntoboro
n < 630. PaccmoTpuM ans 3TOro nocnefoBaTeibHOCTb NPOCTbIX
quncen

2,3,5,7,13,23,43,83, 163, 317, 631.

Ka)xzoe 13 HUX MEHbLUE YLBOEHHOIO MPELbILYLLErO.



§3. Moctynat BepTpaHa

Teopema 2 (Moctynat Beptpana, 1852r. M1.J1. Yebbiwée)

Lns nwoboro natypansHoro n > 2 CyLecTBYeT NpPOCTOE YUCO P,
YAOBAETBOPSIIOLLEE HEPABEHCTBAM N < p < 2n.

[okasaTenbcTeO.

[okaxkem cHavana, 4TO YTBEPXKAEHUE TEOPEMbI BEPHO ajs ntoboro
n < 630. PaccmoTpuM ans 3TOro nocnefoBaTeibHOCTb NPOCTbIX
quncen

2,3,5,7,13,23,43,83, 163, 317, 631.

Kaxkgoe 13 Hux MeHblue yaBoeHHOro npegbigyuiero. lycte n —
npoun3eoibHOe uenoe Yucno us npomexyrtka 2 < n < 630. Torga n
COAEPXNTCS MeXAy ABYMS NOCNefoBaTENbHbIMU NPOCTLIMU G, p U3
BbINUCAHHOIO psiga, T.e. ¢ < n < p. Yuutsigas, 4to p < 2q,
3akatodaem p < 2g < 2n. Mlckomoe npocToe 4Yucno p Haligeno. [



HanomuHaHne.

DiinepoBbl MHTErpansbl.
Myctb o > 0. FTamma-dpyHKUMA Diinepa onpenensercs
WHTErpaaom

+oo
MNa) = / x“"Le™%dXx.
0

Hanpuwmep, npu ntbom uenom n > 0 umeem I'(n+ 1) = nl.
Beta cdyHkuymusa diinepa B(a, £) npn ntobbix NONOKMTENbHbIX
Yucnax «, 3 oNpeAensieTCcss UHTErpanom

1
B(a,ﬁ):/o x7(1 — x)PLdx.

CnpaBegnneo TOXAECTBO

B, 5) - N

MNa+pB)
MoapobHOCTM MOXHO HATW B JIKODOM KaCcCUHeCKOM yHebHUuke no
MaTtemaTunyeckomy aHannsy.



[Mpopon>keHne Aoka3aTeNbCTBa.

[anee bynem npeanonarath BbINOJHEHHBIM HEPaBeHCTBO n > 630.



[Mpopon>keHne Aoka3aTeNbCTBa.

[anee bynem npeanonarath BbINOJHEHHBIM HEPaBeHCTBO n > 630.
Monb3ysce ceoiicteamn Beta- n Namma-dyHkumii diinepa, Haxogum

1
I:/ x"(1—x)"dx=B(n+1,n+1) =
0

_F(n+1)F(n+1)  nlnt 1
~ Tr(2n+2) (@2n+1)! N
DNanee, kak Ha nep.oii nekunn, obosnasum K =[1,2,...,2n+1].

CornacHo pokasaTenbcTBy nemMmbl 1 n3 §2, nveem

K
=K €L N=["1>a4" (1)



[Mpopon>keHne Aoka3aTeNbCTBa.

Paccmotpum uenoe yucno N n gokakem, 4To

2n+1)! » u
o p<2n+1 p<2n 1



[Mpopon>keHne Aoka3aTeNbCTBa.

Paccmotpum uenoe yucno N n gokakem, 4To

2n+1)! » u
o p<2n+1 p§2n 1

Ecnan 2n+ 1 npocroe uncno, 10 v2,+1(N) = 1 n B (2) umeer mecto

— — vp(N
paBeHcTBO. Ecnm xxe 2n+ 1 — cocTaeHoe, To N = Hp§2nfl p p(N)
n (2) TakxKe BbINONHAETCS.



(2n+ 1)

N = nlnl

2n+1) J[ p~ (3)
p<2n—1

1. Mpeanonoxum, 4To yTBEPXKAEHME TEOPEMbI HEBEPHO U UHTEPBAN

n < x < 2n He COAEP>XXNT HM OAHOrO NpocToro 4ncna. Toraa us (3)

cnepyet

@2n+1) [ p~™ (4)

p<n



(2n+ 1)

N = nlnl

@2n+1) [[ p~™ (3)

p<2n—1

1. Mpeanonoxum, 4To yTBEPXKAEHME TEOPEMbI HEBEPHO U UHTEPBAN
n < x < 2n He COAEP>XXNT HM OAHOrO NpocToro 4ncna. Toraa us (3)
cnepyet

@2n+1) [ p~™ (4)

p<n

2. Ecnmn npocToe 4ncno p yaoBaeTBOPSET HEPABEHCTBAM
el < p <, T0p<n<3p L <2pu2p<2n+1<3p.
3Ha‘-IVIT vp(n!) =1 mn vp((2n+ 1)!) = 2. Takum obpasom,
vp(N) = vp((2n + 1)!) — 2vp(n!) = 0 n us3 (4) cnepyer

N<@n+1) J[ p™. (5)

2n+1
p<=3



3. MNMpeanonoxum Tenepb, 4To vV2n+1 < p < % Torpa, B
qactHoctu, In(2n+ 1) < 21In p. MNockoneky N|K, To

vp(N) < 1vp(K) = [%} < 1. Ho Toraa n3 (5) naxoanm

V2nFi<p<2H p<y/2n+1

2n+1
< . . vp(N) 6
e Qe 1 )
p<2l p<y2n+1




3. MNMpeanonoxum Tenepb, 4To vV2n+1 < p < % Torpa, B
qactHoctu, In(2n+ 1) < 21In p. MNockoneky N|K, To

vp(N) < 1vp(K) = [%} < 1. Ho Toraa n3 (5) naxoanm

N<@ei+rl) I e I P <

V2nFi<p<2H p<y/2n+1
2n+1 y
< 0 H p- H pre(N) (6)
p<E p<v2ntl
4. Nanee p < +/2n+ 1. Tak kak N|K, To

In(2n + 1) < In(2n+ 1) :
Inp Inp

pr(N) < 2n + ]_7

0p{N) < () = |

MpaBoe HepaBeHCTBO Teopembl Hebuiwesa gaér

5v2n+1
H p"® 2n+1) m(v/2n+1) < (2n+1)|og2 V2n+1 45\/2n+1.

p<+v2n+1



Bocnonbsosaswnck ouexkoit cHusy us (1) gas yucna N n nemmoii
2, HaxoAnMm

2n+1 2n+1
4" < N < 475 L g5V (7)
210
VYMHOXUM 3TO HEPABEHCTBO Ha 2, BOCNOJb3YEMCSl HEPABEHCTBOM

x <2 =42 npn x = 22+L > 0 u nponorapndmupyem

105
pesynbTaT No OCHoBaHWO 4. B ntore nonyyum
1 2n+1 2n+1
— V2 1
n+2< 210 + 3 + 5v2n +
NAn nocne ynpoLleHuni
17
—Vv2n+1<5.
105
HakoHeu, yuyuTbiBasi, 4To V2n+1> V1261 > 35 Haxo4um
17
— < 5’
3 =

4TO, KOHEYHO, HeeepHo. [NlonyynBLIeecs NnpoTMBOpeYne AOKa3bIBAET
CYLLLECTBOBaHME MPOCTOrO YMCAA, YTBEPKAAEMOE TEOPEMOIA.



§4. OyHkuus PumaHa v eé npocTeiiwve cBoiicTBa

O3eta dbyHkuns Pumana ((s) kOMNaekCHOro nepeMeHHoro s

ONpeaensieTcs psiaom
=1
(s)=)_—- (8)
n
n=1
S:U+it, ns:eslnn:nanit:naeitlnn’ |ns|:n0'.



§4. OyHkuus PumaHa v eé npocTeiiwve cBoiicTBa

O3eta dbyHkuns Pumana ((s) kOMNaekCHOro nepeMeHHoro s

onpenensieTca psagom
o0

1
(=3 ®)
n=1
S:U+it, ns:eslnn:nanit:naeitlnn’ |ns|:n0'.

JNlemma 1

Psgz (8) abcontotHo cxogutcsi B obnactu Rs > 1. Onpegensemas
um pynkyns ((s) ronomopghbHa B 370ii obnactu, a pasenctso (8)
AOMYCKAET NOYNEHHOE ANChhepeHnpoBaHne CKOMb YrofHO MHOIO
pas.



§4. OyHkuus PumaHa v eé npocTeiiwve cBoiicTBa

O3eta dbyHkuns Pumana ((s) kOMNaekCHOro nepeMeHHoro s

onpenensieTca psagom
o0

1
(=3 ®)
n=1
S:U+it, ns:eslnn:nanit:naeitlnn’ |ns|:n0'.

JNlemma 1

Psgz (8) abcontotHo cxogutcsi B obnactu Rs > 1. Onpegensemas
um pynkyns ((s) ronomopghbHa B 370ii obnactu, a pasenctso (8)
AOMYCKAET NOYNEHHOE ANChhepeHnpoBaHne CKOMb YrofHO MHOIO
pas.

Cneactene 1
B obnactu s = o > 1 BbINOAHAETCS paBEHCTBO

gy
() ==Y =
n=2



[okazaTtenbcTBo NeMmsbl 1.

Psg 22‘;1 n% CXoAUTCa B monynnockoct o > 1. Tak kak

1

ns

= 5 (9)

nO’

TO PSIA D ooy # onpeaensitowmii ((s) abcontoTHO CxoquUTCs B 3TOI
obnactu. Mpu nobom § > 0 B obnactn G = {s|RNs > 1+ 4}

CNpaBeAINBO HEPABEHCTBO % < ﬁ cMm. (9). U3 cxogumocTn

psja Y oo ﬁ no npusHaky BeiiepwTpacca cneayert
paBHOMEpHas CXOAMMOCTb psiga (8) B obnactu G, aHaANTUYHOCTL
CyMMbI 3TOro psga 8 0bnact G 1 BOSMOXHOCTb €ro NOYJEHHOro
anddeperyuposanusa (Teopema Beiiepwrpacca) 8 G. B cuny
npoussonsHocT § > 0 BCE 3T CBONCTBA COXpaHSIOTCA B obnactu
o>1.



Jlemma 2
L3eta-pyrkyns He nmeer nyneii B obnactu Rs > 1, u B 100k
0671aCTV BBIMONHAETCS PaBEHCTBO

(s) & m

_ (s i A(n)

rge
_ ok
A(n):{lnp npu n=p~,

0 B NPOTUBHOM CJy4Yae

— pynkuus Manronsara.



Hanomunanve: 1. Ecnn uncnossie pags > 72 aj, .2 bj
cxoaATCst abCONOTHO U UMEIOT Cymmbl A u B, T0 psig > oo Ck, rae
C1,C2, ... €CTb NpPON3BEAEHNs a;b;, B3ATble B NPOU3BOJILHOM
nopsigke, abcontoTHO cxogmuTcsi U umeet cymmy AB.



Hanomunanve: 1. Ecnn uncnossie pags > 72 aj, .2 bj
cxoaATCst abCONOTHO U UMEIOT Cymmbl A u B, T0 psig > oo Ck, rae
C1,C2, ... €CTb NpPON3BEAEHNs a;b;, B3ATble B NPOU3BOJILHOM
nopsigke, abcontoTHO cxogmuTcsi U umeet cymmy AB.

2. Ecan B abcontoTHO cxoasLuemMcst psge paccTaBuTb Kak-Hubyzb
CKOBKM, TO HOBBIA Psif, CXOAUTCA N UMEET Ty XKE CYMMY.



Hanomunanve: 1. Ecnn uncnossie pags > 72 aj, .2 bj
cxoasTCst abcoNoTHO 1 uMmetoT cymmbl A u B, To psg > o2 Ck, TAe
C1,C2, ... €CTb NpPON3BEAEHNs a;b;, B3ATble B NPOU3BOJILHOM
nopsigke, abcontoTHO cxogmuTcsi U umeet cymmy AB.

2. Ecan B abcontoTHO cxoasLuemMcst psge paccTaBuTb Kak-Hubyzb
CKOBKM, TO HOBBIA Psif, CXOAUTCA N UMEET Ty XKE CYMMY.

[e.e]
3. (Teopema BeiiepwTpacca.) Ecan unensi psga E fa(2),

n=0
PAaBHOMEPHO CXOAALLErocsi BHyTpu 0baactn G, aHaMTUYHbI BHYTPN
7ol 0bnactu, To cymma psiga f(z) Takke aHanuTU4Ha B obnactu

o0
G. Kpowme Toro, paabi Z f,,(k)(z) TaKXe CXOAATCA PABHOMEPHO

n=0
BHYTpM G 1 npeacrasnsioT Tam npoussognyto f(K)(z).



[lokazaTenbCcTBO NIeMMbI 2.

@OyHkuus Manronbara onpegenena B pOpMyNpPOBKE JEMMbI 2

— pk
A(n) = Inp npu n= p~,

= [A(n)| <Inn.
0 B MPOTUBHOM Ciy4ae

MoeTOopUM [OKa3aTENLCTBO NeMMbI 1 MPUMEHNTENLHO K PsAY

s A(n) Inn
Y s —ps- Monb3ysck cxoaMMOCTBIO psida g —— B obnactu

n=2
oo A(n)

o > 1, 3akntodaem, 4To pag y °, = abCcontoTHO cxoauTCs B
obnactun Ns > 1 n pasHomepHo cxogutcs B obnactn Rs > 1+ 46
npu nobom ¢ > 0, a NoToMy aHanuTuyeH B obnactu Ns > 1+ 4, a
B cuny npoussosibHocTu & > 0 n B obnactm RNs > 1.




[NpopgonykeHne aokasaTenbCTBa NEMMbI 2.

Monb3ysce TeopeMoii 0 NEPEMHOXEHUN abBCOMIOTHO CXOAALLMXCS
pafos, nepemHoxum pag ans ((s) n pag us (10), . Nmeem

1 Ak
ZE-Z ,Es) Z Z/\ - (11)

/=1 k=2 n=2

34ecb nepemMeHHast cyMmmupoBanus £ bbina 3ameHeHa Ha n C
MOMOLLbIO cooTHoweHusa £ - k = n.

Boiuncaum cymmy B ckobkax. Mycts n = pi* - - pit. Henynepoii
BKJA4 B CYMMy AajyT TOJIbKO 4ucha k Buga p'B’ (1 <8 < ).
Cneposatensto, > 4, A(k) = calnpr + -+ a¢lnpe =Inn.
3amensis cymmy B ckobkax n3 (11) u nonb3ysice cneacrtemem 1,

HaxoAnM
o) > M - ).
k=2




3aBeplUeHne JoKa3aTeNbCTBA NEMMbI 2.

Mo gokasaHHOMY Tpu (PyHKLMUM, YHACTBYHOLLNE B TOXAECTBE

= A(k)

((s) 55 =), (12

k=2

aHanuTu4Hbl B obnactm Ns > 1. Ecan s - Hynb g3eta-cpyHkumm,
nexawmin B 3Toii obnactu, 1o ords, ((s) — ords, ¢'(s) =1, n u3
paeeHcTBa (12) cnepyer

> Ak
ordg, Z /ES) = -1,
k=2

oo A(k)
4TO MPOTMBOPEYUT AHAUTUHHOCTU CyMMbI Y _°, —5+ B obnactu

Rs > 1. Ons 3aBeplueHns 4OKa3aTe bCTBA OCTAN0Ch Pa3fenTb
Toxaecteo (12) na ((s).



KoHeu
BTOpPOW Nekuunn.



Jlekymnsa 3

[pocTeliwne cBoiicTBa A3eTa-PyHKLNN.

AHanuntunyeckoe NpoaoIXKEHNE




§5 BeckoHeuHoe nponssepeHme.

®yHkunsi (n) HA3bIBAETCS BIOSHE MYAbTUNINKATUBHOM, €CAN
f(n) £ 0w f(uv) = f(u)f(v) npu Bcex u, v € N. Beibpas n Tak,
yto f(n) # 0, naxogum f(n) = f(n)f(1) n f(1) = 1.
Mpumepbl. Pynkuun f(n) = n® n f(n) = 1 Bnoane
MYNbTUNANKATUABHBI.



§5 BeckoHeuHoe nponssepeHme.

®yHkunsi (n) HA3bIBAETCS BIOSHE MYAbTUNINKATUBHOM, €CAN

f(n) £ 0w f(uv) = f(u)f(v) npu Bcex u, v € N. Beibpas n Tak,

yto f(n) # 0, naxogum f(n) = f(n)f(1) n f(1) = 1.

Mpumepbl. Pynkuun f(n) = n® n f(n) = 1 Bnoane

MYNbTUNANKATUABHBI.

Jlemma 1

Myctb chyHkyms f(n) BrosHe MynbTUNANKATABHA U PSf

S =522, f(n) abcontotro cxogutcs. Torga S = H(l —f(p))7,
p

TO ecThb H(l —f(p))' =S, npu x — .
p<x



§5 BeckoHeuHoe nponssepeHme.

®yHkunsi (n) HA3bIBAETCS BIOSHE MYAbTUNINKATUBHOM, €CAN
f(n) £ 0w f(uv) = f(u)f(v) npu Bcex u, v € N. Beibpas n Tak,
yto f(n) # 0, naxogum f(n) = f(n)f(1) n f(1) = 1.
Mpumepbl. Pynkuun f(n) = n® n f(n) = 1 Bnoane
MYNbTUNANKATUABHBI.

Jlemma 1
Myctb chyHkyms f(n) BrosHe MynbTUNANKATABHA U PSf
S =522, f(n) abcontotro cxogutcs. Torga S = H(l —f(p))7,
p
TO ecTb H(l —f(p))™t =S, npu x — cc.
p<x
Mokaxem, 4to |f(n)| < 1 npu n> 1. B camom gene, ecnmn
|f(n)] > 1, To u |f(n*)| = |f(n)|* > 1, a 310 npoTuBOpeunT
CXOAMMOCTY psga aas S.



[MpopgonykeHne aokasaTenbCcTBa NeMmbl 1.

Myctb p npoctoe. Mockonbky |f(p)| < 1, T0

(L=F(p) =D _f(p) = Zf(p
k=0 k=0

W psf B NpaBoii YacTn abcontoTHO cxopuTcs.



[MpopgonykeHne aokasaTenbCcTBa NeMmbl 1.

Myctb p npoctoe. Mockonbky |f(p)| < 1, T0

(L-f(p) =) flp) = Zf
k=0 k=0

W psg B NpaBoii YacTn abcontoTHo cxoanTes. Takue pagbl npu
Pa3HbIX P MOXHO MEPEMHOXKaTb, NONb3YsSCb COOTBETCTBYIOLLEN
Teopemoli

Sx)=]Ja-fp)™ HZf )= _f(n)
p<x p<x k=0 n

/
roe > ' 03Ha4YaeT CyMMy MO TEM 1, Y KOTOPbIX BCE NPOCTbIE
"
genutenu He npeocxogaT x. Cymma ) " 03Ha4aeT cymmy no BCem
N, KOTOPbIE AENATCS XOTA Obl HA OAHO MPOCTOE YNCAO P > X.



3aBeplUeHne JoKa3aTenbCTBa AeMMbl 1

Torpa

=> f(n) =S —S(x |<Z|fn)|<2|f(n|—>0

n>x

Npm X — 00, KaK OCTAaTOK CXOAALLErocs psga. 34ech
MCMONb30BaNOCh TAKXKE, YTO KaXKAOE HaTypasibHOE YWNCAO N,
MMeroLLiee NPOCTOl AennTeNb p > X TakXe YAOBAEeTBOPsieT
HEpPaBEHCTBY N > X.



ToxaecTBo diinepa.

Cnepcteune 1
B obnactu Rs > 1 cnpasegnuso cneayroujee npeacrasnenme ((s) 8
Buze bECKOHEYHOro NPOU3BEAEHUS M0 NPOCTbIM YUCAAM

-6 )

p

[lokazaTenbCcTBO.

Bosbmém B npeapl eii nemme f(n) = L. Mo gokasaHHOMY B
n

!

obnactu Rs > 1 pag > 7, -5 abcontoTHo cxoamntes. Kpome Toro,

dbyHkumst f(n) = L Bnonwe mynsTunaMkaTuena. CnpaseanueocTs

TOXAeCTBa Jiifnepa ciedyeT 3 JeMMbl 1 C YKa3aHHOM Bbllue

cyrkumeii f(n) u S = ((s). O



§6 AHanuTnyeckoe NpoAoIKeHNE A3eTa-PyHKLUN.

JNemma 2 (Mpeobpazosanne Abens.)

Tlyctb ag, k =1,2,... — 10CN€[0BaTENLHOCTD KOMMIEKCHBIX YUCEN
n g(t) — KOMMNEKCHO3HAYHASI HEMPEPLIBHO ANGPEPEHLNPYEMast
Ha MHOXecTBe t > 1 ¢pynkuyus. Torga

S ang (k) = A()e(x) - /1 " A1) (1), (1)

k<x

rae A(X) == D <y 3k
Ecnu k Tomy xe psg > p ; akg(k) cxogutes u A(x)g(x) — 0 npu
X — 00, TO

1

S angl) = [ A0
k=1



[lokazaTenbCTBO CNpaBenInBOCTU Npeobpa3oBaHua Abens.

. 0 ecam t < k;
Beeném obosHaueHne k() = DNanee

ax, ecamt > k.



[lokazaTenbCTBO CNpaBenInBOCTU Npeobpa3oBaHua Abens.

. 0 ecam t < k;
Beeném obosHaueHne @k (t) = { ’ DNanee

ax, ecamt > k.

A(x)g Z arg(k) = Z ar(g(x)—g(k)) = Z ak/

k<x k<x k<x
=3 [T eg@de= [ X ot
k<x k<t



[lokazaTenbCTBO CNpaBenInBOCTU Npeobpa3oBaHua Abens.

. 0 ecam t < k;
Beeném obosHaueHne k() = DNanee

ax, ecamt > k.

A(x)g Z arg(k) = Z ar(g(x)—g(k)) = Z ak/

k<x k<x k<x

_2/ or(D)g(£)dt = /1X S (0 | g0yt

k<x
Ocraetcsa 3ametuts, uto npun t € 1, x]
doen(t) =) eu(t) = a=At
k<x k<t k<t

BTopoe yTBepxaeHue neMMbl NOAYHAETCsl U3 MEPBOTO NpeaesbHbIM
NEpexonom.



§AHaNUTNYECKOE MPOAOIKEHNE A3eTa-PYHKLAN.

Teopema 3
lpu Ns = 0 > 1 cnpasegineo ToX[eCTBO

L © g dx.

S
s—1 1 xs+1

((s)=1+

lMpaBasi 4acTb 3TOro TOXAECTBA aHANUTUHHA BCIOZY B
nonynnockoctu Ns > 0 3a ucknouennem Touku s = 1, rge ona
MMEET NOJIHOC NMEPBOro NOpsigKa ¢ BoideTom 1.

Toxpgectso (2) ananntnyeckn npogosxaer gpyukuyumro ((s) 8
Komnnekcryro noaynaockocte Rs > 0, rge ((s) nmeer
eanHcTBerHbil nosoc B Touke s = 1. [lopsigok nonroca paser 1, a
Bbidet ((S) B 3T0M To4YKe Takxe paseH 1.



§6 AHanuTnyeckoe NpoAoIKeHNE A3eTa-PyHKLUN.

[HokasbiBas Toxgectso (2), byaem cuutats, yto Rs > 1. MNycte N
— HaTypanbHoe 4ucio. [Mpumenum nemmy 2 Kk cnydaro, Korga
x=NecN, a =1 ag(t)=t"* Torga g'(x) = —sx (1)
A(x) = > k<x 1 = [x]. Bocnonbzosaseluncs nemmoii 2, nonyuaem

1 N N 1 Nt
. dt = ELEN
ke N TS /1 PENE NI 5/1 PR

~—

Mz

-

N 1ty 1 s s N 1t}
) e el v e B e T 1y ° X a1 dt =
1 1 {}
=1
P T I(s—1) —° 1 t5+1
Ntak
N
1 1 1 N ()
—=1 dt.
kz::lks PR e Te Rl e



MNepexoas k npegeny npu N — 0o, NonyyaeMm TOXKAECTBO U3
opMynnpoBKKN TEOPEMBI

1 > {t}
L(s)=1+ —-s dx. 3
() =1+ =7-s[ 4% 3)
[ns pokasaTenbCTBa aHaANTUYHOCTYW NpaBoii Yacty (3) u
YTBEPXKAEHUS O MOJIIOCE AOCTATOYHO YCTaHOBUTL aHANIMTUYHOCTb
nuterpana us (3) B obnactu Ns > 0. Mycts s = 0 + it. Pa3obbém
nHTerpan Ha vactu. lycts

n+1 n+1 1—s —s
t t—n n —(n+1 n+s
fn(s):/ {}1dt:/ Cdt = (n+1)75( ‘|‘)‘
n tst n tst (1 - S)S)
DyHKynmn fn(s) aHannTuyHel B s >0 (B Touyke s = 1 ycTpaHumas
OCO6eHHOCTb). 3Ha4mMT, NHTerpaa B NpaBoii YacTu eCTb CyMMa psija

13 aHanuTNYeCcKux pyHKUUA. DTOT psf PaBHOMEPHO CXOAWNTCA, Tak
Kak npu o > § > 0 OH MaXKOpUpyeTcst HNCAOBbLIM PSiAOM

n+1 1 1
(5] g/ 1) dx < <

xo+1 o+l = o+l

Ocranock npumennTs Teopemy Beiieptpacca,



§7 Ouerkn aseTta-yHkunn Pumana.

t A

)
Qvy




§7 Ouerkn aseTta-yHkunn Pumana.

JNlemma 3
Myctb s=o0+it, 1 <o <2, alt| >3. Torga

C(s)f <5BInfel,  [C'(s)] < 8In?|tl.



§7 Ouerkn aseTta-yHkunn Pumana.

JNlemma 3
Myctb s=o0+it, 1 <o <2, alt| >3. Torga

C(s)f <5BInfel,  [C'(s)] < 8In?|tl.

1) Ouenum cHavana (-dyHkuyuio. Beiwe npu Rs > 0 gokasaHb

TOXAECTBA
1 oo {X}
g(s):1+s_l—s/1 19X




§7 Ouerkn aseTta-yHkunn Pumana.

JNlemma 3
Myctb s=o0+it, 1 <o <2, alt| >3. Torga

C(s)f <5BInfel,  [C'(s)] < 8In?|tl.

1) Ouenum cHavana (-dyHkuyuio. Beiwe npu Rs > 0 gokasaHb

TOXAEeCTBa
1 > {x}
C(S):1+5—1_5 ) XS+1dX.
N N
1 1 1 {x}
— =1 — — dx.
nzz:l ns R Ns—1(s — 1) s 1 xSt X



BbiunTas BTOpoe paBeHCTBO U3 MEPBOro, HAXOAUM
N

1 1 > {x
(&)= s = i) ° js-l—}ldx

n=1 N




BbiunTas BTOpoe paBeHCTBO U3 MEPBOro, HAXOAUM

N1 1 = Ix}
I VI Mt
1 1 o0
¢(s) :Z;"" NI(s—1) °Jy j::-}ldx
n=1



BbiunTas BTOpoe paBeHCTBO U3 MEPBOro, HAXOAUM

N
1 1 > {x}

N = - _ d

C(S) nz_:l ns Ns—l(s _ 1) s N xs+1 X
1 1 * {x}

= — d

¢(s) HZ:; ns + Ns—1(s —1) Ny xSTL X

Monoxum N = [|t|] n oueHum kaxgoe 3 Tpéx cnaraembix Cnpasa

=1+InN<2InN<2In|t|,

n
Ix
TpeTbe HEPABEHCTBO BEPHO, Tak Kak — < / — npu n > 2.
n n—1 X



N1 1 % fx}
C(S)ZZ;JFW—S js)ildx







N
1 = X
Q(S)ZZTJF(S,l)stl - N Xs+1dX

n=1
zle < 2In|t| 1 = L <i<1
£ n® "o l(s—1)NsTH| s — 1[N0l T |t T 3
* {x} “dx o+t _|t|+2 _5
S/N Xs+1dX§(‘7+|t’)/N 2 N §|t|—1§§'




N
1 = X
¢(s) = Zis + (s — 1)Ns—1 - v xSt dx
n=1
zle < 2In|t| 1 = L <i<1
£ n® "o (s—1)Ns1 |s —1|Ne—1 = |t| = 3°
* {x} “dx o+t _|t|+2 _5
S/N Xs+1dX§(‘7+|t’)/N 2 N §|t|—1§§'

1 5
|C(s)§2|n|t|+§+§ <5In|t|.



JTO KoHel
TpeTben nekunn.



Jlekuyusa 4

OueHkn a3eTa-pyHKUNN.
OTcyTcTBrE HyNell Ha eANHUYHOI NPSIMOIA.




§7 Ouerkn aseTta-yHkunn Pumana.

t A

)
Qvy




§7 Ouerkn aseTta-yHkunn Pumana.

JNlemma 1
Mycte s=o0+it, 1 <o <2, alt| >3. Torga

C(s) <5Inftl,  [¢'(s)] < 8In?t].



§7 Ouerkn aseTta-yHkunn Pumana.

JNlemma 1
Mycte s=o0+it, 1 <o <2, alt| >3. Torga

C(s) <5Inftl,  [¢'(s)] < 8In?t].

Mepeoe HepaBeHCTBO BbING AOKa3aHO Ha npowwnoii nekyuu. MNpu
5TOM WCMOJIb30BasOCh TOXKAECTBO

1 1 o
C(S):Z;‘Fm—s \ );{s):—}ldx’

n=1

cnpeeennneoe npu awobom HaTypansHom N B obnactu Rs > 0.



Ouetka |¢'(s)]

1 1 > Ix
C(S):Z,,s+,\,sl(s_1)s/ jer}ldX (1)

N




Ouetka |¢'(s)]

1 1 * {x}
;+Ns is—1) °Jy pora L (1)

"
ANE

Mo NEPEMEHHON S, Noay4aem

\_/l—l

IOudbcbepenumnpys (1

Z"’:mn 1 In N
T ns (s —1)2Ns-1 s—1)Ns—1

(
e [

N xs+1
1 1 (x—n)]
)'IerKo npoBepuTh, 4TO 5 f”+ XSrdx = f,,n+ (Xxi)lnxdx n

n+1 {X}d _ fnJrl {x}Inx

ds n o xeTT i s dx. JTo obbsACHNET pesynbTaT
anddepeHyupoBarns nHterpana B pasercrse (1).



inn_ 1 B In NV B
- ns (s —1)2Ns-1 s—1)Ns-1

(
{x} * {x}Inx
_/N Xs+1d X+s v xsHl dx.




inn_ 1 B In NV B
N ns (s —1)2Ns-1 s—1)Ns-1

(
> Ix}lnx
—/N x{5+}1d +s " 163, dx.

Xs+1

Ouenum cnaraembie B ycnosusix aemmbl npu N = [|t[] :

1 1 1 1 In N
(s —1)2Ns—1| = 9No-1 =9 |(s—1)Ns—1|—

3InN<§In|t|




inn_ 1 B In NV B
N ns (s —1)2Ns-1 s—1)Ns-1

(
> Ix}lnx
—/N x{5+}1d +s " 163, dx.

Xs+1

Ouenum cnaraembie B ycnosusix aemmbl npu N = [|t[] :

1 1 1 1 In N
(s —1)2Ns—1| = 9No-1 =9 |(s—1)Ns—1|—

3InN<§In|t|




inn_ 1 B In NV B
N ns (s —1)2Ns-1 s—1)Ns-1

(
> Ix}lnx
—/N x{5+}1d +s " 163, dx.

Xs+1

Ouenum cnaraembie B ycnosusix aemmbl npu N = [|t[] :

1 1 1 1 In N
(s —1)2Ns—1| = 9No-1 =9 |(s—1)Ns—1|—

(x} /W1 11
< Sdx =<
‘/I\I S+1dX Y X2dX N~ 2
© Ix}Inx /Ooln Inx + 1\
< —_— pumy =
s [TELEE < ety [T = gy ()

InN + 1 It +2
= (|t 2 <2In|t In|t].
(e +2) (") < 2inlel- (152 <5

3InN<§In|t|




3aBeplUeHne JoKa3aTenbCTBa AeMMbl 1

Ocranock oueHnTb nepeoe cnaraemoe. [ns aToro Bocnosnb3yemcs
HEPaBEHCTBOM '”T" < n"_l '”Tde, CcnpaBesinBbIM Ansa n > 4, Tak

KaK PyHKLNs '”TX npnm X > € MOHOTOHHO ybbiBaeT. Vimeem

N N N
Inn nn In2 In3 Inx
<y ooy T —dx <
In2 In3 1 1 n2 1
<S4 —"4 I N—Z1n?23< —=+421In2N < In?2N < In?|t].
_2+3+2n 2n3 2—1—2n <In < In®|t|



3aBeplUeHne JoKa3aTenbCTBa AeMMbl 1

Ocranock OUEHNTb NEPBOE CllaraeMoe. ,D,ﬂﬂ 3TOro BOCNOJIb3yeMCs

HEPaBEHCTBOM '”T" < n"_l '”Tde, CcnpaBesinBbIM Ansa n > 4, Tak

In x
KakK PyHKUMA T npn X > e MOHOTOHHO YbbisaeT. Vimeem

N N N
Inn nn In2 In3 Inx
<y S 2 —dx <
In2 In3 1 1 n2 1
< —h 4TI N=Z1n%3< —4+=In® N < In®N < In?|t|.
S 5t tgin 2n3 5 T In" N <lIn < In“|t|

HakoHel, nonyyaem oueHKy Ans npon3BoaHOl AseTa-dyHKumMN
Pumana

1 1 1
I¢(s)] < 5 +§In|t\ +5+5In]t + In? |t| < 81n?|t].



[unoTesa PumaHa o Hynsix a3eta-pyHKUWM.

B 1859r. 6. Puman gokasan, 4to dyHKLus
721 (s/2)¢(s)

He MeHsieTcst npu 3amene s Ha 1 — s. OTcroga cneayer, yto ((s)
NMEET OAHOKPATHbIE HYN B TOYKaXx -2, -4, -6, .... DT Hyn
Ha3bIBALOTCA TPUBMANBHBIMU, TaK KaK CBS3aHbl C MOMKOCAMM
(s/2). OcTanbHble Hynn Ha3bIBATCS HeTpMBMaNbHbIMU. Bce oHm
nexkaT B kpuTtudeckoit nonoce: 0 < o < 1. 'mnoTte3a Pumana
YTBEPXKIAET: BCE HETPUBUATILHBIE HYIN [3ETA-(OYHKLNN NIEXAT Ha
KpUTUHECKON npsimori, T.e. y Hux o = 1/2. B 1914r. X. Xapan
[0Ka3aJ, 4TO Ha KPUTUYECKON NPsSIMORA NnexxuT beckoHeyHoe
KoNnm4ecTBo Hyneii gzeta-pyHkunm. A. Censbepr 8 1942 rogy
YCTaHOBWA, YTO MONOXKUTENbHAS LONS BCEX Hy/ei A3eTa-pyHKLNMN
Pumana (1x MHOXeCTBO BECKOHEHO) NEXMUT Ha KPUTUHECKOIR
npsimoii R(s) = 1. B HacToswee Bpems runoTesa Pumana — opHa
N3 CaMblX N3BECTHbIX HEPELUEHHBIX MAaTEMATMHECKMX 3a4a4.



Huxxe Mbl foKaXkeM, 4TO Ha eAMHUYHON NpsMoil o = 1 He nexuT
HW OAWH HYAb A3eTa - cbyHKUMM. IToro byaeT fOCTaTOYHO ANst
[OKa3aTeNbCTBa aCMMNTOTUYECKOrO 3aKOHa pacnpeaeneHns
NPOCTBIX YNCEN.

JNemma 2
Lns mobbix gevicteutenshbix yucen o n r,0 < r <1,
BbIMOJIHSIETCS HEPABEHCTBO

P=|1- r)3(1 - re?)*(1 - reZi“’)‘ <L
N5l OKA3aTENbCTBA Mbl BOCMOb3YEMCS TOXAECTBAMM
Y

X _n
zl<1 = Y 2 =—h(l-2); Rin(l-2z)=Inl-zl.
n
n=1



[lokazaTenbCcTBO NIeMMbI 2.

P=|1-rP1-re?)*1-re*™)| <1



[lokazaTenbCcTBO NIeMMbI 2.

P=|1-rP1-re?)*1-re*™)| <1

—InP=-3In|1—r|—4In|]1—re'?| —In|l — re®?| =

= —3§R|n(1 — r) — 4§R|n(1 — rei‘p) _ §R|n(1 _ reZi(p) _
00 e (9] oo 00 oo
= 3% 44 I ing . g2inp _
n; —+ 3%”2::1 e ”%n; e

o rn o0 rn
=) —(3+4 2np) =2» —(1 2>0.
Z n( + 4 cos ny + cos2nyp) Z n( + cos np)“ >0

n=1 n=1



Hynn Ha eanHnyHoii npsimoid Rs = 1.

Teopema 4
®ynkyns ((s) He umeet Hyneii Ha npsimoii RNs = 1.
Kak n panee bygem ucnonbsosaTb 0603HauveHus: s = o + it,
cyuTan 1 < o < 2 B cnefytolemM fokasaTenbcTee. [lonbsyack
TPUXKAbl TOXAECTBOM Jiinepa, HaxoauMm
C(0)? - ¢(o + it)* - (o + 2it)| =
_ i —o—2ity| -1
:H‘(l_p 0)3(1_p o lt)4(1_p o 2It)| > 1.
P

MocnepHee HEpPaBEHCTBO MOJIYHEHO C MOMOLLLIO NpeablayLuei
NEMMBI, T4 AN KaXKAOrO MPOU3BEAEHUS C (PUKCUPOBLIHHBLIM P
ucnonesyetrcs r = p~ 7, ¢ = —t - Inp.



3aBeplUeHne JoKa3aTeNbCTBA.

Mpepgnonoxum, 4To A3eTa-hbyHKLUA 0DpaLLaeTCs B HYyb B TOYKE
so = 1+ itg, tg # 0, nexaweii Ha eguHNYHOI npsimoid. lNonb3ysich
aHanuTnyHoOCTbio ((S) B Toukax sop = 1+ itg u 1 + 2itg n Tem, 41O
OHa MMEET MOJIIOC NEPBOro NOPsigKa B TOYKe 1, ans s = o + ity npw
o — 1 Haxogum

((s) =¢(1+itg) + O(o — 1) = O(0 — 1),
¢(o+2itg) = O(1), ((0) = O((0 = 1)71).

MosTomy Haxognm
1 < [¢(0)%¢(0 + ito)*¢ (o + 2ito)| = O((c—1)3(0—1)*) = O(c—1).

Mony4nBlIeecs NpoTMBOpeYME 3aBepLUaeT fOKa3aTeNbCTBO
Teopembl 4.



§7 Ouerkn aseTta-yHkunn Pumana.
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OueHrka norapudmMuyeckoii Npon3BoOAHON A3eTa-PYHKLMUN.

Jlemma 3

Ecmms=o+it |t|>3,1<0<2 710
!/
C(S)‘ <cn®|t|, rge c=2%.
¢(s)

Onsa ,EI,OKa3aTEJ1bCTBa pacCMOTpUM fBa Ciy4yas.

1)2>0>1+ |9|t|—01. Torpa

o
d 2

z <14 [TE = E <
x? o-1

IC (U—|—2lt \ 5In2[t] < 161In[t|



1¢(0)] < 2¢1n |t IC(o + 2it)] < 161n |t|

1< [¢(0)3¢(0 + it)* (o + 2it)] < (2)* In*" [t] - [¢(s)|* - 161n ¢,
()7 < ((20)* - 16) ¥ 7 [¢] =274 c " |1,
1¢(s)] > 2% HIn~" |t

2) Myctb Teneps 1 < 0 < 03 s=o+it, s =o1+it. Umeem

[C(o +it) = (o1 + i) =

/Ul ¢'(u+ it) du

<oy —o|-8In?[t| <8ctInT"|t.

Mo HepaBEHCTBY TPEyrofibHUKa UMeeM
IC(s)] > |¢(o1 + it)] — 8c tin7 |t| > 8c tin7 |t].
1C(s)|7t <2 3cIn” |t].



ObbeanHsas BMeCTe HEPABEHCTBA, [OKAa3aHHbIE ANA NEpBoi n
BTOpoOl obnactun, Haxognm

I¢(s)] 7L < max(2_4c|n7 t], 273cIn”|t]) =2 3cIn" [¢],
npu |t| > 3,1 <o <2 W panee

¢'(s)
¢(s)

Jlemma 3 pgokasaHa.

‘ < 8In?|t|-273¢cIn” [t| = cIn® |t].



KoHel
4YeTBEPTOW NEeKUMN.



Jlekuymsa 5.

ﬂ'OKaBaTeﬂ bCTBO aCMMNTOTUNHECKOIO 3aKOHa

pacnpefeneHns npocTbiX Ynucen.




Teopema 5 (AcumnToTMHECKNiA 3aKOH )

lpu x — 0o cnpasesnnBa acuMNToTUHECKAas PoOPMyna

X

m(x) ~

In x



Teopema 5 (AcumnToTMHECKNiA 3aKOH )

lpu x — 0o cnpasesnnBa acuMNToTUHECKAas PoOPMyna

X

m(x) ~

In x

HanomuHanne

) => 1,  Px)=> [::ﬂ In p.

p<x pP<x



Teopema 5 (AcumnToTMHECKNiA 3aKOH )

lpu x — 0o cnpasesnnBa acuMNToTUHECKAas PoOPMyna

X

m(x) ~

In x

HanomuHanne

) => 1,  Px)=> ['”X} In p.

p<x pP<x

Jlemma 4
lpu x — 400 cnpaBeannsa acuMNTOTMYECKAs popMyna

7(x) Inx — (x) = o(x).



Jlemma 4
lpu x — 0o cnpasesnnBa acuMnToTUHECKas (hopMyna

m(x)Inx — ¥(x) = o(x).

() Inx —(x) = > Inx - Z{nx]lnp:Z{::;}lnsz.

p<x p<x



Jlemma 4
lpu x — 0o cnpasesnnBa acuMnToTUHECKas (hopMyna

m(x)Inx — ¥(x) = o(x).

T(x) Inx—1(x) =Y Inx— Z{]Inp:Z{::;}lnsz.

p<x p<x np p<x

m(x)Inx — ¥ me—zrnﬂ np<Y (Inx—Inp) =

p<x pP<x p<x



Jlemma 4
lpu x — 0o cnpasesnnBa acuMnToTUHECKas (hopMyna

m(x)Inx — ¥(x) = o(x).

() Inx —(x) = > Inx - Z{nx]lnp:Z{::;}lnsz.

p<x p<x p<x

m(x)Inx — ¥ me—zrnﬂ np<Y (Inx—Inp) =

p<x p<x p<x
X X X
= g Inf E In —+ 5 In=<m({—)Inx+7m(x)Inlnx <
<x —x P «~ P In x
P P=1x fx <P<X



Jlemma 4
lpu x — 0o cnpasesnnBa acuMnToTUHECKas (hopMyna

m(x)Inx — ¥(x) = o(x).

() Inx —(x) = > Inx - Z{nx]lnp:Z{::;}lnsz.

p<x p<x p<x

m(x)Inx — ¥ me—zrnﬂ np<Y (Inx—Inp) =

p<x p<x p<x
X X X
= g Inf E In —+ 5 In=<m({—)Inx+7m(x)Inlnx <
<x —x P «~ P In x
P P=1x fx <P<X

X

s X

< bA"X_|nx 4+ b——InInx = o(x).
Inm Inx



Cnepcteue 1

X

Ecmn 9(x) ~ x, To w(x) ~ 5.



Cnepcteue 1

Ecmn 9(x) ~ x, To w(x) ~ 5.

Pasgennm Ha x paBeHCTBO

7(x) Inx — 1(x) = o(x).

Torpa
T(x) v _

x/Inx X

npm x — +00



Cnepcteue 1

Ecmn 9(x) ~ x, To w(x) ~ 5.

Pasgennm Ha x paBeHCTBO

7(x) Inx — 1(x) = o(x).

foree () o)

xnx  x o=
npm x — +00 1"

im ) v g

x—+oo x/Inx  x—+oo x



Onpegenum yHKLMIO

()
W(X)_/1 AL



Onpegenum yHKLMIO

*(t)
W(x):/1 AL

Jlemma b5
Ecan w(x) ~ x npu x — +00, 10 (x) ~ X.



Onpegenum yHKLMIO

*(t)
W(x):/1 AL

Jlemma b5
Ecan w(x) ~ x npu x — +00, 10 (x) ~ X.

Mycts xp > x3 > 0. Tak kak (x) HeybbiBatowas dyHKUMsS, TO

w(xe) —w(x1) = /X2 (1) dt < (x2) /X2 % =1(x2)In i—i,

X1 t X1



Onpegenum yHKLMIO

(1)
)= | e

Jlemma b5
Ecan w(x) ~ x npu x — +00, 10 (x) ~ X.

Mycts xp > x3 > 0. Tak kak (x) HeybbiBatowas dyHKUMsS, TO

w(xz)—w(x1)=/x2 vl )dt<zp( )/chf:u,()@)mz’

X1 X1

o) —) = [z ) [T =y 2

1 1 X1



Mpn nrobbix x2 > x1 > 0 umeem

b(x2) In % > w(xe) — w(xa) > ¥(x) In % (1)

1. Belbepem npoussonbHoe € > 0 n nonoxum cnpasa B (1)
x1 =x,x2 = (1 +¢)x. Torpa
w((1+4e)x) — w(x)

< = i
O N e X

P(x) €
= In(1+¢)




Mpn nrobbix x2 > x1 > 0 umeem

X2 X2
P(x2)In —= > wixe) —w(xi) = ¥(xi)In —=. (1)
X1 X1
1. Belbepem npoussonbHoe € > 0 n nonoxum cnpasa B (1)
x1 =x,x2 = (1 +¢)x. Torpa

P(x) €

w((1+¢)x) —w(x) ,
= limsup < n(l+e)

In(1+¢) xotoo X

P(x) <

2. Monoxum cneea B (1) x; = (1 —e)x, x2 = x. Torga

w(x) —w((1 —¢)x) () —€
“in(1— ) = i Z e

¥(x) =



Mpn nrobbix x2 > x1 > 0 umeem

X2 X2
P(x2)In = > w(x2) —w(x1) > ¥(x1)In = (1)
X1 Xl
1. Belbepem npoussonbHoe € > 0 n nonoxum cnpasa B (1)
x1 =x,x2 = (1 +¢)x. Torpa

w((1+¢e)x) —w(x) : P(x) €
In(1+¢) ~ 'L"li‘if X Sln(1+s)'

P(x) <

2. Monoxum cneea B (1) x; = (1 —e)x, x2 = x. Torga

w(x) —w((1—¢e)x) .o (x) —
vlx) 2 —In(1l—¢) - lejrgg X = In(1—¢)
£ Y(x) Y(x) —€
In(1+¢) = ILEJSFL;S X = meéi X = In(1—¢)’



£ > limsup —= ¥(x) > liminf ¥(x) > < .
In(1+¢) = xofo0 X X—too X In(1—¢)
VeTpemnss € K HyN0, Haxoaum
1> limsup —= ¥(x) > liminf —= ¥(x) > 1.
x—4o00 X x—+00 X
3HaunT,
lim M =1

x—+o0o X



Jlemma 6
llycte a > 0,b > 0. Torga

a+ioco bs Inb
/ D s = nb npu
a—icc S 0 npu

lMpu4ém nnTerpan abcomnoTHO CXOAUTCA.

b>1,
b <1,



Jlemma 6
llyctb a > 0,b > 0. Torga

—ds =

/a+i°° b® Inb npu b>1,
a—ico S 0 npu b<1,

lMpu4ém nnTerpan abcomnoTHO CXOAUTCA.

3aMeTUM, H4TO Ha NPSIMOW MHTErPUPOBAHUS BbIMOJHSOTCS
paBeHCTBa

bS
52

b? b?

T

3HauuT, nHTerpan abcontoTHo cxoauTcs. PaccmoTpum panee aga
cnydas.



ea+tit

uu\“a+iu

vya

(ay b>1




1 b®

2mi rya 52

S
ds = Ress—g — = Inb.
s



1 b® b°
b>1. — —2ds:Ress:0—2:In b.
2mi Jrye s s

bS 1 Inb Inb
Pan J1 =
A lopana 2 T @2 + s + 2!




1 b® b°
b>1. — —2ds:Ress:0—2:In b.
2mi Jrye s s

b5 1 Inb In%b

Pag Nlopana: — = - 4 2
A lopana 2 T @2 + s + 2!
1 b® 1 b2 b?
| Zdsl< — .2 i opls| = ——
27i /Cl s2 S‘ — 21 |s]? mlsl Va2 + 2 =0

npu u — oo. Ha Gy npn b > 1 umeem |b°| = b7 < b2,



1 b*® b®
b>1. — 2ds—Ress 03 =Inb.
2mi Jrye s

bS 1 Inb Inb
Pan J1 =
A lopana 2 T @2 + s + 2!

! / bsd < L b 27s| b -0
- —ds — 0 ——  2TTS| = ———
2mi Jo, $2 | T 2w |s|? Va2 + 2 ’
npu u — oo. Ha Gy npn b > 1 umeem |b°| = b7 < b2,

1 b 1 b 1 b*
_/ds__ ds—_/ ds =1Inb+ o(1).
C

27i Jr s? 27 Jryc $° 27i 52




1 b*® b®
b>1. — 2ds—Ress 03 =Inb.
2mi Jrye s

bS 1 Inb Inb
Pan J1 =
A lopana 2 T @2 + s + 2!

! / bsd < 1 b 27|s| b —0
R —ds _ —— . 277S = —/———
2mi Jo, $2 | T 2w |s|? Va2 + 2 ’

npu u — oo. Ha Gy npn b > 1 umeem |b°| = b7 < b2,

1 b 1 b 1 b*
_/ds__ ds—_/ ds =1Inb+ o(1).
C

27i Jr s? 27 Jryc $° 27i 52
a+ioco b
/ 72d5 =Inb.
i S
a—I1o0o




A

eatiu
s
2
a
0 a -
A
‘ .
a-iu

(aJo<bx1




0< b<l.

1 b®

27 ryc 52

—ds=0



1 b*
0< b<1. -— 72d5:O
27 rUC25

1 ° 1 °
_/bds:_/ b—ds:o(l),
270 Jr 2 2mi J¢, s

npu u — 00. [1ns pokasaTenbCTBa NOCNELHErO PaBEHCTBA NMEEM
Ha Co npu 0 < b < 1 cooTHowenus |b°| = b% < b? n



1 b*
0< b<1. -— 72d5:O
27 rUC25

1 ° 1 °
_/bds:_/ b—ds:o(l),
270 Jr 2 2mi J¢, s

npu u — 00. [1ns pokasaTenbCTBa NOCNELHErO PaBEHCTBA NMEEM
Ha Co npu 0 < b < 1 cooTHowenus |b°| = b% < b? n

! / sl < L. onyg) “ o
R J— — e —— 27 e .
2mi Jo, 82 | T 2w |s|? Va2 + u?



1 b*
0< b<1. -— 72d5:O
27 rUC25

1 ° 1 °
_/bds:_/ b—ds:o(l),
270 Jr 2 2mi J¢, s

npu u — 00. [1ns pokasaTenbCTBa NOCNELHErO PaBEHCTBA NMEEM
Ha Co npu 0 < b < 1 cooTHowenus |b°| = b% < b? n

! / sl < L. onyg) “ o
R J— — e —— 27 e .
2mi Jo, 82 | T 2w |s|? Va2 + u?

NTak

a-+ioco bs a+iu bs
/ —2ds: lim / —2ds:O.
a—ico S u=00 Jo—iu S



1 b*
0< b<1. -— 72d5:O
27 rUC25

1 ° 1 °
_/bds:_/ b—ds:o(l),
270 Jr 2 2mi J¢, s

npu u — 00. [1ns pokasaTenbCTBa NOCNELHErO PaBEHCTBA NMEEM
Ha Co npu 0 < b < 1 cooTHowenus |b°| = b% < b? n

! / sl < L. onyg) “ o
R J— — e —— 27 e .
2mi Jo, 82 | T 2w |s|? Va2 + u?

a-+ioco bs a+iu bs
—2ds: lim —2ds:O.
2 S u—=00 Jo i S

—ico —iu

NTak

Jlemma 6 nonHoCTbLIO fOKa3aHa.



Cnegytowas Teopema bblna gokasaHa HE3ABUCUMO ABYMSI
maTemaTukamn Agamapom n Banne-lNyccenom B 1896 roay.

Teopema 6 (AcMNTOTMHECKNTA 3aKOH )

@yHkyns w(x), paBHasi KOUHECTBY MPOCTbIX YUCEN HA OTPE3KE OT
1 go X, yBoBAETBOPSIET aCUMNTOTUYECKOMY PaBEHCTBY

npy x — +00.



Cnegytowas Teopema bblna gokasaHa HE3ABUCUMO ABYMSI
maTemaTukamn Agamapom n Banne-lNyccenom B 1896 roay.

Teopema 6 (AcMNTOTMHECKNTA 3aKOH )

@yHkyns w(x), paBHasi KOUHECTBY MPOCTbIX YUCEN HA OTPE3KE OT
1 go X, yBoBAETBOPSIET aCUMNTOTUYECKOMY PaBEHCTBY

npy x — +00.
Ha aToii nekyun Bbino gokasaHo, 4To npm x — oo

X

1. Ecnn dyrkuma Hebeiwesa 1(x) ~ x, To m(x) ~ 25

2. Ecnn doyrkuns w(x) = /X @dt ~ X, T0 P(x) ~ x.
1



NHrterpansHoe npeacraegneqne dpyHkunn w(x).

Jlemma 7
Lns noboro x > 1 ¢yukymns w(x) npegcrasasiercs abcontoTHo
CXOAALUNMCS MHTErPaIoM

g [ () Ee e

Unterpan bepérca no sepTukanbHoii npsmoii Rs = 2.




NHrterpansHoe npeacraegneqne dpyHkunn w(x).

Jlemma 7
Lns noboro x > 1 ¢yukymns w(x) npegcrasasiercs abcontoTHo
CXOAALUNMCS MHTErPaIoM

g [ () Ee e

Unterpan bepérca no sepTukanbHoii npsmoii Rs = 2.

Ha nyTu uHTerprnpoBaHus cornacHo fieMme 2 nekuumn 2 nmeem

¢'(s) i/\(n) o~ logn
s - 2 ’
' )l |z = n
g, L__1
a Takxe |x°| = x“ n Er HaYuMT, MOAY/b
2
NOAVHTErpabHOl PYHKLMN HE MPEBOCXOANT 4+Xt2 Ha nyTu

WHTErpMPOBaHMNS, U UHTErpan abConOTHO CXOANTCS:



Bribepem HaTypanbHoe uncno N > x, obosHauum byksamu J(x)
npaBsyto YacTb ToxzecTsa (2) u npegcrasum Cymmy psiga ans
norapudmMuyeckoii nponssogHoii ((s) B Buge

N oo
¢'(s) A(n) A(n)
- = + Rn(s), Rn(s) = (3)
R Do
VMHOXUM Tenepb ToxgecTso (3) Ha % . § U MPOUHTErpUPYEM

KaXxXgo€ cjsaraemoe nog 3HakoM CyMMbl

A(n) /2+ioo (%)sds _ { 0, npun > Xx;
2

2mi 52 A(n)In (%), npun < x.

—ioco



Bribepem HaTypanbHoe uncno N > x, obosHauum byksamu J(x)
npaBsyto YacTb ToxzecTsa (2) u npegcrasum Cymmy psiga ans
norapudmMuyeckoii nponssogHoii ((s) B Buge

N 00
¢'(s) A(n) A(n)
- = +Rn(s),  Rn(s) = (3)
ORP R
VMHOXUM Tenepb ToxaecTso (3) Ha % . § 1 NPOMHTErpupyem
Ka)Kaoe Caraemoe nog 3HaKOM CYyMMbl
A(n) /2+i°° (%)Sds ] o, npun > Xx;
21 Ja o S° A(n)In (%), npun < x.
Hanee
o0
/\(n) Inn
< — .
_Z n2 Z s N—>0, N — oo (4)
N+1 N+1

2 +oo
X PNX dt
= DA (G )+ = 5 /_oo i1 Olw) =0

n<x



WNTak, gokasaHo, 4To

J(x) = 2%” /2-5'-1'00 (— g((ss))> . z—;ds = Z/\(n) In (%) .

2—ioo n<x

Danee Bocnonbayemcs npeobpasosanuem Abens, cMm. nemmy 2 u3
TpeTbeil nekunn, nonoxus ax = A(k) n g(t) =In 3. Torpa

= SOAR = 30 At = X [ e = v

In
k<x pr<x p<x p



WNTak, gokasaHo, 4To

J(x) = /MOO (— g((ss))> : z—;ds =3 A(n)In (%) .

27 ;
2—joco n<x

Danee Bocnonbayemcs npeobpasosanuem Abens, cMm. nemmy 2 u3
TpeTbeil nekunn, nonoxus ax = A(k) n g(t) =In 3. Torpa

In x
= SOAR = 30 At = X [ e = v
k<x pe<x p<x p
C nomoubto npeobpasosavus Abens Haxogum

3 A(n)In (%) =3 a,-g(n) = (x)-Inl+ /1X D(t)t Lt =

n<x n<x

— /X ¢(tt)dt = w(x), — J(x) = w(x).

Jlemma 7 pgokasana.



KoHel
NATOW NIEKLUUW.



Jlekuns 6

3aBepLueH|/|e AOKa3aTEJ/IbCTBA ACUMMNTOTUYHECKOIO
3daKOHa pacnpeneneHna npoCtbiX HNCE.




Ha sToii nekuum mbl 3aBeplwinM fOKa3aTeNLCTBO OCHOBHOMO
pesy/nbTaTa NEpBOii rMaBbl — aCUMNTOTUYECKOTO 3aKOHa
pacnpegeneHus npoctbix Yucen. Cnegytowas teopema boina
[OKa3aHa HEe3aBUCUMO LBYMsI MaTemMaTukaMu AgamMapom u
Banne-lyccenom B 1896 roay.

Teopema 5
@ynkyns w(x), paBHasi KOUHECTBY MPOCTbIX YUCEN HA OTPE3KE OT
1 go X, y5oBAETBOPSIET aCUMNTOTUYECKOMY PaBEHCTBY

npun x — +00.



Ha sToii nekuum mbl 3aBeplwinM fOKa3aTeNLCTBO OCHOBHOMO
pesy/nbTaTa NEpBOii rMaBbl — aCUMNTOTUYECKOTO 3aKOHa
pacnpegeneHus npoctbix Yucen. Cnegytowas teopema boina
[OKa3aHa HEe3aBUCUMO LBYMsI MaTemMaTukaMu AgamMapom u
Banne-lyccenom B 1896 roay.

Teopema 5
@ynkyns w(x), paBHasi KOUHECTBY MPOCTbIX YUCEN HA OTPE3KE OT
1 go X, y5oBAETBOPSIET aCUMNTOTUYECKOMY PaBEHCTBY

npun x — +00.
Ha nozanpownoii nekuun bbino gokasaHo, 4To nNpu x — 0o

X

1. Ecnn dyrkuma Hebuiwesa 1(x) ~ x, To m(x) ~ 25

2. Ecnn doyrkuns w(x) = /X @Zj(tt)dt ~ X, 10 P(x) ~ x.
1



NHrterpansHoe npeacraegneqne dpyHkunn w(x).

Jlemma 7

Lnsi noboro x > 1 ¢pynkyms w(x) npeacrasnsercs abconoTHo
CXOAALUMMCS UHTErpPasom

- [T e o

Wnterpan bepérca no BeptukanbHoii npsamoi Rs = 2.
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CoBur KoHTYypa.

Jlemma 8
Mycts 0 < <1, T > 3 u gsera-chbynkyns He obpaiyaercs B Hy/b
Bobnacrun<oc<1, —T<t<T. Torga

) 14 R, rae R(x) = ;ﬂ/r(m <_C’(s)> e

X ¢(s) s2

npu4EM MOCAeAHNI UHTErpan abcotoTHO CXOANTCA.

Buibepem kakoe-Hubyab geiicteutensHoe yucno U > T u
paccmotpum Toukn B=2+ iU, C=1+iU,H=1—-iU,
A=2— iU, nexawme Ha npsMbix Fts =1 u Rs = 2. lo
LOOKa3aHHOMY paHee A3eTa-PyHKLMSI HE NMEET HYNER B
nonynnockocTu s > 1. Kpome Toro, no ycioBuio JeMmbl y HEE
OTCYTCTBYIOT Hynn B npamoyrofbHuke n <o <1, =T <t < T,
cm. puc. 1(a).



CoBur KoHTYypa.

Mostomy dyHKUNA
_(_C0s) x
- (-5) &

BHYTPU M Ha FPaHNLLE MHOrOYrobHMKA, M30DPaxxEHHOrO Ha NeBOM
puc. 1, He umeeT 0CoBbIX TOYEK, BO3MOXKHO nLb B To4ke s = 1.
CornacHo Teopeme 3 n3 Tpetbeii nekuun nmeem ((s) = g roe
yHkuus f(s) aHanutnyHa B Touke s = 1 n (1) = 1. MNoatomy

)1 (s

((s) s—1 f(s)’

OTKyfa cnegyet, 4To dyHKums g(s) MMeeT NosoC NepBoOro nopsigka
B Touke s = 1 n Ress—1 g(s) = x. Mo Teopeme Kown nmeem

1
27Ti r

g(s)ds = Ress—1 g(s) = x. (2)



CoBur KoHTYypa.

Ha nyuye, coegunsitowem 1toukn D =14+ 7T n 1+ ioc,
BbINOJIHAOTCSA COOTHOLUEHUS

cs)
()

‘§c|n9|t|, X =x, [sP=14+t> T<t<oo

((s) x* xcIn® |t|
C(s) s2 |~ 1+t2°

Otcropa cne,u,yeT abcontoTHas CXOOUMOCTb UHTErpasios

1+ico .
f+,T g(s)ds n ananoruxoro uvterpana no aydy ot 1 — iU go

1—joo. Ou,eHMM uHTerpansl no nepembidkam BC n HA.

1
50 /BC g(s)ds

To4HO Tak »Ke OueHMBaeTCs nHTerpas no orpesky HA.

(3)

x2 cln®U

—1
e T Rl G

1
< | —
< ‘27”, glo+il)do| <




CoBur KoHTYypa.

PasencTBo (2) Tenepb MOXHO nepenucaTh B BUAE

L[ g =x— = g(s)ds + o(UY).

270 JaB 270 ) cDEFGH

VcTpemnsist B 3TOM paseHcTee nepeMeHHyto U Kk BECKOHEUYHOCTM 1
NoSIb3YySICb A0Ka3aHHbIMN haKTamm, HaAXOAUM

w(x) =x+

1 (s X e — x N
2mi F(T,n)< C(5)> 52d (L RED:

Jlemma 8 pgokasaHa.



3aBeplUeHne JoKa3aTeNbCTBA.

Ha koHType Rs = 2 cnpaBeanneo paBeHcTBoO |x°| = x2, n3
KOTOPOro CNEAYET, YTO YEM JIEBEE PACMONIOKEH KOHTYP
WHTErpUPOBAHUA B NeMMe 8, TEM MeHbLUNE 3HaYeHns npu bonbLmMx
X NpuHMMaeT mMogynb yHkuun x°. Byaem cTpemuTbcsi neperectu
KOHTYP WHTErpUpPOBaHUS NO BO3MOXHOCTW Nesee. MpensaTcTenem K
3TOMyY ByayT Cny>XuTb 0cobble TOYKM NOAbIHTErpanbHOl byHKLMN.
Mepeoii n3 Hux dyget Touka s = 1 — nostoc dyrkumun ((s), a

!/
CnefoBaTeNbHO, N PYHKLNM —253. BoiueT, B 3TOli Touke paeT

rNaBHbIf YaeH acuMnToTkN Ans w(x). OcTanbHblie ocobble TouKHU
nexat B Hynsax dyrkuun ((s). metowasica B Hawem
PacnopsiKeHn MHOPMaLUS O HYNSX, @ MMEHHO TO, YTO OHM
OTCYTCTBYIOT Ha npsmoii Ns = 1, no3soANT noay4nThL
aCUMNTOTNYECKOE PaBEHCTBO w(Xx) = x + o(x).



3aBeplUeHne JoKa3aTeNbCTBA.

Yiy4leHne oCTaTOHHOTO HaeHa o(x) CBSA3AHO C BO3MOXXHOCTbIO
Ja/bHENLWEero NPOABUXKEHNS KOHTYpa WHTErprpoBaHmMs BAEBO, a
3HAYMT, C NOJIyHYeHNEM MHGOPMALMM O PACMONOKEHNN HyNeld A3eTa
- dbyHkuun Pumana neeee npsmoii Res = 1. NseecTHo, 4To B
kpuTudeckoii nonoce 0 < Rs < 1 pyrkuns ((s) nmeer
DeckoHeHHOEe MHOXECTBO HyAeli, a U3 PyHKLMOHANBHOrO YPaBHEHNS
ans C(s) cnegyet, 4TO Hynn ee B KPUTWYECKON Nosoce
PACMOIOXKEHBI CUMMETPUYHO OTHOCUTENBHO NpsiMoii s = 1/2.
CnpasegnueocTtb runotessl Pumana o Tom, 4To BCe Hynn a3eTa
(DyHKUUM B KPUTUHECKON NOSOCE NexaT Ha npsamoii Rs = 1/2,
fana bbl BOSMOXHOCTb CABUHYTb KOHTYP MHTErpUPOBaHUS
[OCTaTO4HO Bansko k npsimoili Rs = 1/2, yto npuseno bbl K
Hauy4LIEl OLEHKe OCTaTOMHOrO YJIEHa.



Bbibop napametpa T.

Ilna 3aseplieHns AOKA3aTENbLCTBA ACUMNTOTUYECKOTO 3aKOHA
0CTanoch NokasaTb, Kak BblbpaTh AeiicTBnTEnbHbIE Yncna 1,17,
YOOBNETBOPAIOLLNE YCIOBUAM J€MMbI 8 1 A0Ka3aTb, YTO NpU TaKOM
BbibOpe onpepenéHHblii B 31Ol nemme octaTok R(x) cTpemnTcs K
HYJH0 C POCTOM X 10 beckonedHocTu. Bribepem n dmkcupyem B
AanbHENLWNX pacCyXAeHnsx Kakoe-Hubyab uncno € > 0.

13 gokasaHHoii paHee B aTol nekunm oueHkn (3) npu gocTaTouHoO
Bonbwom T cneaytoT HepaBeHCTBa

1+ico 1 s—1 o) 9
1/ (s) x ds‘<C/ Nt ()

% 1+iT C(S) 52 _% T 1+t2 5

Wuterpan, yyacTeyrowmii B nocnenHeM HEPABEHCTBE, €CTb OCTAaTOK
abCoNOTHO CXOASILLEroCs UHTErpaia U NOTOMY CTPEMUTCS K HYIO C
poctom T > 0. 3nauut, T MOXHO BbIbpaTh CTONb BOAbLWIMM,
4T0bbI 3TOT OCTaTOK 6bIN MeHbwe €/5. [ns npegpiayuwiero
HEPaBEHCTBA CYLECTBEHHO, 4TObbI BhIMONHSNOCL T > 3.



Bbibop napametpa 7).

B To4HOCTM Takoe >e HEPaBEHCTBO BbINOJSHSAETCS fJis BTOPOro
beckoHeqHoro yuactka nytu (T, 7).

1 1-iT C’(S) Xs—l €
2m'/1,-oo (s) 92 ds’ =5 )

Ocraetcs nogobpath HyxHoe 7). [ToCKoNbKY Ha OTpeske
[1—iT,1+iT] dynkunsa ((s) B Hynb He obpawaeTtcs, To ans
KaXKJol To4YkM P 3Toro oTpeska HallaeTcs OTKPbITLIA Kpyr C
ueHtpom B P, B koTopom ((s) # 0. OTpesok komnakT, nosTomy
MOXHO BbIOpaTbh KOHEYHOE MOAMOKPLITME €r0 TaKUMU Kpyramu, 1
Halgércst ymcno 1), ctonb banskoe Kk 1, 4T0 BECH OTPE30K
[n—iT,n+ iT] bygeTt comepxaTbCsi B ODBEAMHEHNN KPYTOB N3
NOANOKPbITUSA.




OueHnka unTerpanos no otpeskam ED un GF.

¢'(s)
¢(s)
Ha nomaHoii 3amkHyToli auHun DEFG. ObosHa4wum

, M= M(T,n) = M(e) > 0.

chHKLWISI AHAJINTNYHA, @ NOTOMY HENPEPbIBHA U OrpaHn4eHa

M = maxperc ‘%



OueHnka unTerpanos no otpeskam ED un GF.

!
chHKLI,VISI CC((SS)) AHAJINTNYHA, @ NOTOMY HENPEPbIBHA U OrpaHn4eHa

Ha nomaHoii 3amkHyToli auHun DEFG. ObosHa4wum

M = maxperc (% , M = M(T,n) = M(¢) > 0. Otpesok ED
MOXeT bblTb NapameTpu3oBaH nepemerHol o. [elicTBuTensHo,
s=0+4iT, n <o <1 lMNpu goctatoyHo bosbwoM X UMeeM

| Cs)\ 7t |1t
2m'/ED(‘<(s>>' E ds‘g%/_mmx do =

1

_ M xo-1 M < €
- 27 Inx - 2rlnx 5’
—0oQ
1 SOAE . M_ ¢
1 _ . ds| < =
W BHANOTU4HO | - /GF< ¢(s) 2 P = 0mx 55




OueHrka uHTerpana no otpesky EF.

OTtpesok EF moxeT bbiTb napamMeTpu3oBaH NepeMeHHol t.
HeiicteutensHo, s =n —it, =T <t < T. Ha oTtpeske
WHTErpupoBaHus norapudMmnyeckast NPON3BOAHasA A3eTa-pyHKLUY
no abcontoTHoOl BEAMMHE He npesocxoanT M, xs_l\ = x11y

|s|> = n? 4 |t|?> > n%. dnuna oTpeska unTerpuposaHus pasHa 27T.
MosTomy npu AOCTaTOYHO BOALILIOM X VMEEM

! s—1 T
1/ <_C (5)> . de' <L [ Mg MT 4 €
2mi Jer U C(9) s2 2 )1 n? 2 5
ﬂ'.ﬂﬂ 3aBE€PLUEHNA NOKA3aTe/AbCTBa AOCTATOYHO CAOXKUTL OLLEHKN
NHTErpanoe no NATU YKAa3aHHbIM BblLLE OTPE3KaM. V|3 NONYyYEHHbIX
OLEHOK caenyeT, 4To anst noboro € > 0 n BCex X, NPEBOCXOASILLNX

HEKOTOPYIO FPaHILly, 3aBUCSILLYIO OT €, BbINONHSIETCS HEPABEHCTBO
|R(x)| < e. Apyrumu cnosamu R(x) — 0 npn x — oo.




Cnenctene 1
npl/l n— oo cnpaBeninBo aCUMNTOTUHECKOE PAaBEHCTBO

pn ~ ninn,

rae pn — nNPoCTOe YUCAO C HOMEPOM N.
N3 acnmnToTryeckoro 3akoHa caegyer, 4TO npu N — 0O

CNpaBefINBO PaBEHCTBO

Pn
In pn

n:ﬂ'(pn) = -(1+a,,),
roe a, — 0. CnepoBatensHo, Npu n — 00 UMeeEM

ninn=pp(1+ap) - (Inpy —Ininp, +1In(1 + a,)) ~ pn.

Cnepacteue aokasaHo.



[naBa Il. Teopema Aupuxne o npocTbix Yucnax B
apUMETNYHECKOW NPOrpeccui.



§1. Teopema diinepa.

Teopema 6
CnpaBe,qusbl PaBEHCTBA

Z 1:oo, Z E:oo. (6)

p=1 mod 4 P p=3 mod 4 P

Beenem dyHKuMN AeliCTBUTENBHOMO NEpeMeHHoro s > 1

1 1 > 1
0(5) +3S+55+ kz_o(zk_'_l)sa
1 1 = (1)
L =1 = —— .=y
1(5) 3s + 5s Z (2k+1)s

i
o

Oba psina abcontoTHO cxoaaTcs B yka3aHHOW obnacTtu, a BTOPOIi,
no npusHaky JleiibHuua, ycnosHo cxogntes n npu 1. > s > 0.



Onpegenum dyHKLmuN

0, n=2k;
Xo(n) =
1, n=2k+1.
0, n=2k;
xi1(n) =191, n=4k+1;
—1, n=4k-1.
= Xo\n > x1(n
Lo(s) =) n(s L L=y n()
n=1 n=1

Jlerko npoBepuTsb, 4TO Yo U X1 BNOJHE MYIbTUNANKATUBHbBIE

x(n) —
cbyrkunn. Takumm xe byayT n dynkunm 252, rae x = xo(n) wan
X = x1(n). 3naunT, k byrkyusm Lo(s), L1(s) MoxHO npumMeHnTb
TOXAECTBO Diifepa 1 Nony4nTb

Lo(s) =] <1— XO(”)>_1, L(s)=]] <1— Xl(”)>_1.

s s
p>3 P p=3 P




Norapudmupys nesyto 1 NpaByto 4acTM NONYYEHHBIX BbIPaXKeH Wi,

noay4aem
InL(s -3 < ) = Z(X(f)+rp(s)>.
p=3 p=3 p
Ouennm ry(s). Ecam [x| < 3, 1o In(1 — x) = — <X+ X; +.. )
noaToMy
2 3 1
n( =20+ < B B e ) =
|X‘2 |X2|.
2(1=1x]) —
n 1rp(5)] < . Buaan, |05 (s )1 DI LS Dl R
CnepoBaTenbHO
In L(s X s> 1.

p>3



Teopema diinepa.

W3 nocnegHero paBeHCTBa Haxogum

243 L Cinie(s)+ 0(1),
T =T
1 1

P — =1InLy(s)+ O(1).
T =T L



Teopema diinepa.

W3 nocnegHero paBeHCTBa Haxogum

243 L Cinie(s)+ 0(1),
T R —Te)
1 1
P — =1InLy(s)+ O(1).
T =T L

CKJ'Ia,EI,bIBaH N BblHNTAA 3TW PaBEHCTBA, NOAYHAEM

> pls = % (In Lo(s) + In L1(s)) + O(1).
p=1(4)

:5 = % (In Lo(s) — In L1(s)) + O(1).
p=3(4)



Teopema diinepa.

lNepeiigém Kk npeaeny s — 14 B paBeHCTBaX, NONYYEHHbIX B KOHLE
npeabigywero cnaiiga. Ecnm 6bi pagbl (6) cxogmnucs, To 3T0
03Ha4a”no bbl, HTO CyLECTBYIOT NPEAE/bl NMPaBblX YaCTE PABEHCTB.
Noka>keM, 4TO OHM He cyllecTBytOT. ViMeem

o0 100
Lo(s) = il
o(s) 20:2n+1 2zo:n+1
:Céj)ﬁoo, S‘)l‘l’,

NOCKOJIbKY A3€Ta - PYHKLMS B TOYKE 1 MMEEeT nostoc.

Tenepb ouexnm Li(s). Mpusnak Oupuxne pasHOMepHOIi
cx0AMMOCTU psiaa: nycTb (1) YacTuyHbie CyMMbl

ZnN:1 ap(s) paBHOMepHO orpaHm4eHbl Ha MHOXecTBe S;

(2) by = 0 Ha S; (3) npu kaxpom cdukcupoBaHHom s € S
4uncI0Bas NOCIef0BaTeNbLHOCTL by(s) moHoToHHa. Torpa pag
Y021 an(s)ba(s) paBHOMEpPHO cxoanTCA Ha S.



Teopema diinepa.

B Hawewm cnyyae an(s) = (—1)", a bu(s) 3HaunT, pag

1

— (2n41)s-
L1(s) paBHomepHO cxoanTcs Ha mHoxecTBe S = {s|s > 1}.
PyHkuun an(s), bn(s) HenpepbiBHbl Ha S. MosTomy cymma psiga

Li(s) Takxe HenpepbiBHA Ha S, u ganee

. 1 1 1
VuyuTeiBas HepaBeHCTBa
1 1+ + ! >1 1+ + ! ! >1 1_2
377 4k+1 3 777 4k+1 4k+3 33

cnpasegnusbie npu atobom k > 1, 3aknrodaem, uto Lq(1) > % n

InL1(1) < co. 3HauuT, pagel (6) pacxogaTcs u charaembix B
KaXoM M3 Hux beckoHewHo mHoro. Teopema 6 fokasaHa.



KoHel
LLUECTOW NeKkunn.



[naBa Il. Teopema dvpuxne o npocTbix Yucnax B

apUMETNYECKOWA NPOrpeccuin.

Jlekumsa 7.
XapakTtepbl u L — dpyrukunn Aupuxne.



OcHoBHOIA pe3ynbTaT.

Teopema 6 (dupuxne, 1837r.)

Jliobasi apugpmeTnyeckas nporpeccus, pazHoCTb KOTOPO# v nepsebiii
YJIeH CYyTb B3a8UMHO MPOCTLIE HATYPAJIbHbIE YNCAA, COREPXKUT
bECKOHEYHOE MOAMHOXECTBO, COCTOSILLEE M3 MPOCTHIX YUCE.



OcHoBHOIA pe3ynbTaT.

Teopema 6 (dupuxne, 1837r.)

Jliobasi apugpmeTnyeckas nporpeccus, pazHoCTb KOTOPO# v nepsebiii
YJIeH CYyTb B3a8UMHO MPOCTLIE HATYPAJIbHbIE YNCAA, COREPXKUT
bECKOHEYHOE MOAMHOXECTBO, COCTOSILLEE M3 MPOCTHIX YUCE.

Mporpeccun, o KOTOpPbIX NAET peyb B CPOPMYANPOBAHHONA Teopeme,
umetoT Bug mn+ £, rge n=0,1,2, ..., a m n £ — HaTypasibHble
qucna, (m,£) =1. Mpn m =1 nan m = 2 yTBepxxaeHne TEOpPeMbl
TpusuansHo. MNostomy panee bygem cumtatb, 4To m > 2.



§2. Xapakrtepbl upuxne

3acbukcmpyem HekoTOpOE Uenoe Yucno m > 3.
KomnnekcHosHauHas dyHkumus x(n), onpegenéHHasi Ha MHOXeCTBe
BCEX LENbIX YNUCEs, Ha3bIBAaeTCs xapakTepom [upuxne nan
YUCTIOBLIM XapaKTEPOM 1O MOAY/IIO M, €CAUN OHA YAOBNETBOPSET
yCII0BUSIM:

a) x(n) # 0 Torga n Tonbko Torga, korga (n,m) =1;



§2. Xapakrtepbl upuxne

3acbukcmpyem HekoTOpOE Uenoe Yucno m > 3.
KomnnekcHosHauHas dyHkumus x(n), onpegenéHHasi Ha MHOXeCTBe
BCEX LENbIX YNCEN, HA3bIBAETCS xapakTepom Lupuxne nan
YUCTIOBBIM XapaKTEPOM MO MOZY/IO M, €CIN OHA YAOBJETBOPSIET
YCNOBUSIM:

a) x(n) # 0 Torga n Tonbko Torga, korga (n,m) =1;

6) x(n) nepuopuyna c nepmogom m;



§2. Xapakrtepbl upuxne

3acbukcmpyem HekoTOpOE Uenoe Yucno m > 3.
KomnnekcHosHauHas dyHkumus x(n), onpegenéHHasi Ha MHOXeCTBe
BCEX LENbIX YNCEN, HA3bIBAETCS xapakTepom Lupuxne nan
YUCTIOBBIM XapaKTEPOM MO MOZY/IO M, €CIN OHA YAOBJETBOPSIET
YCNOBUSIM:

a) x(n) # 0 Torga n Tonbko Torga, korga (n,m) =1;
6) x(n) nepuopuyna c nepmogom m;

B) /151 NHODbIX LiEbIX YNCEN U, V BbINOJHSAETCS
x(uv) = x(u) - x(v) (cBoiicTBO BNONHE MYNLTUNNMKATUBHOCTN).



§2. Xapakrtepbl upuxne

3acbukcmpyem HekoTOpOE Uenoe Yucno m > 3.
KomnnekcHosHauHas dyHkuus x(n), onpeaenéHHas Ha MHOXeCTBe
BCEX LENbIX YNCEN, HA3bIBAETCS xapakTepom Lupuxne nan
YUCNIOBBLIM XapaKTEPOM 110 MOAY/IHO M, CIA OHA YLOBNETBOPSIET
YCNOBUSIM:

a) x(n) # 0 Torga n Tonbko Torga, korga (n,m) =1;

6) x(n) nepuopuyna c nepmogom m;

B) 415 N0BbIX LENbIX YUCEN U, V BbINONHAETCS

x(uv) = x(u) - x(v) (cBoiicTBO BNONHE MYNLTUNNMKATUBHOCTN).
XapakTep

HA3bIBAC€TCA M/1aBHbIM XapPakKTEpPOM.



XapakTepbl Qupuxne

CeoiicTBa xapakTepos.
1. x(1) =1.
DenctentensHro, x(1) = x(1-1) = x(1) - x(1) #0.



XapakTepbl Jupuxne

CeoiicTBa xapakTepos.

1. x(1) =1.

DenctentensHro, x(1) = x(1-1) = x(1) - x(1) #0.

2. [lns yncen n, B3aMHO NPOCTbIX C Mogynem m, 3Hadenue x(n)
eCTb KOPEHb U3 eAnHULbI cTenenun o(m).

CornacHo Teopeme Jiinepa umeem n#(™ =1 (mod m). Mostomy

1= x(1) = x(n?(™) = x(n)"™.



XapakTepbl Qupuxne

CeoiicTBa xapakTepos.

1. x(1) =1.

DenctentensHro, x(1) = x(1-1) = x(1) - x(1) #0.

2. [lns yncen n, B3aMHO NPOCTbIX C Mogynem m, 3Hadenue x(n)
eCTb KOPEHb U3 eAnHULbI cTenenun o(m).

CornacHo Teopeme Jiinepa umeem n#(™ =1 (mod m). Mostomy

1= x(1) = x(n?(™) = x(n)"™.

3. [lns Bcex n BbINOJAHSAETCA HEPABEHCTBO

Ix(n)] < 1.

JeiicTBuTENEHO, BCE HEHYNEBbIE 3HAYEHNS XapaKTepa SABASIOTCS
KopHsmMu u3 1.



XapakTepbl Qupuxne

Teopema 7
Lns kaxgoro m > 2 cywectsyet B To4HOCTH (M) xapakTepos.



XapakTepbl Qupuxne

Teopema 7
Lns kaxgoro m > 2 cywectsyet B To4HOCTH (M) xapakTepos.

AokazatenbcTBo. [is KaXkaoro Luesaoro 4ucaa ¢, B3aumMHO
NpocToro ¢ m, byaem HasbIBaTb MTOKA33aTEAEM C HaUMEHbLLIEE
HaTypafibHOe Yucno d, Ans KOTOpOro

c?=1 (mod m).

[pynna Z}, obpaTuMbix 31€MEHTOB KoAbLA Zpy, KOHeYHa n abenesa,
a MOTOMY pa3/araeTcsi B NpsAMOE NPON3BEAEHNE LNKINYECKMNX

noArpynn:
* —
Zm:Hlx...xHr, HJ:(CJ)7 ‘Hj’:dj, d1--~d,:cp(m).
WNnaye rosops, eciu n € Z;,, Ton = Ell‘l X ... X E',‘f. Ha s3bike
CpaBHEHUi 3TO MOXKHO nepenucaThb Tak: ecim (n,m) =1, To
d.
nzc{q--.cf" (mod m), 0 < kj < d;, n ¢’ =1 (mod m).



Myctb & kakoli-HUbyabL kopeHb u3 1 ctenenn di, k =1,...,r.
ObozHaunm & = (&1, ...,&,). NMoctpoum dyHKumMo

(n) = 0, ecnm (n,m)>1;
el = gk ecnun =cock (mod m)
1 r =q r .



Myctb & kakoli-HUbyabL kopeHb u3 1 ctenenn di, k =1,...,r.
ObozHaunm & = (&1, ...,&,). NMoctpoum dyHKumMo

(n) = 0, ecnm (n,m)>1;
el = gk ecnun =cock (mod m)
1 r =q r .

Ona — xapakTep, BCe yCAOBUS B OMPEASiEHN NPOBEPSAIOTCA
HenocpeacTeeHHo. Mokaxem Tenepb, 4TO pasHbIM Habopam KOpHEN
& » v COOTBETCTBYIOT pa3Hble xapakTepbl. [lelicTButensHo, ecan

& # v, 70 xe(ci) = & # vi = xu(cj). 3nauuT, konndectso
NOCTPOEHHbIX XapaKTEPOB COBNafaeT C KOAN4ecTBOM Habopos &, a
nx umeercs di - - - d, = @(m).



XapakTepbl Qupuxne

Tenepb foKaxeM, YTO Apyrux xapakTepos HeT. MMycTb x
NPOM3BOMbHbIN XapakTep no Mogynto m. [okaxewm, 4To OH
OnpeaensieTcs 3HadeHnsMmM Ha obpasytowmx rpynnsi. MycTs
d _

7i = x(¢i). Mockoneky ¢;” =1 (mod m), To

d; .
1=x(1) =x(¢’) = x(¢;)%. Takum obpasom 7 = (71,...,7,) 370
Habop KOpHEll 13 eanHULBI COOTBETCTBYIOLMX CTeneHeid. MoaTomy,

ecn (n,m) =1, 70 n=c*---ck (mod m) c nekoTopbiM
Habopom uenbix yncen ki, ko, ..., k., 0 < ki < d;j n

A0) = x(ele et =t

3HAUUT, X Y>KE COAEPXKUTCA B MOCTPOEHHOM MHOXECTBE
XapaKTepOoB 1 TEOpemMa 7 MOMHOCTbIO JOKa3aHa.



XapakTepbl Qupuxne

Jlemma 1
Boinonnsirorcs pasenctaa
- e(m), X = Xo;
= (1)
; X { 0, X # Xo-
_J o(m), n=1 (mod m)
XX:X(”) B { 0, n#1 (mod m) @)



Joka>kem nepeoe paBeHCTBO

ix(n):{ So(m)a X = Xo;

n=1 07 X 7é X0-

Ecanm x = xo0, yTBEpXAeHue o4eBngHO.



Joka>kem nepeoe paBeHCTBO

- p(m), x = xo;
Y = Ov

> (-

n=1 07 X 7é X0-

Ecnn x = xo, yTBepxaeHue oveengHo. [Hanee y # xo. 3710
3HAYUT, 4TO XapaKTepy X COOTBETCTBYeT Habop kopheii (£1,. .., &),
B koTopom ecTb & # 1. Ecan (n,m) # 1, To x(n) = 0, Tak uT0

m m r dp—1
k: o k
dDoxtm= > x(m= > &g =11 D4,
n=1 n=1,(n,m)=1 0<ki<d; f=1 \ k,=0
dj—1 ¢ 1
npu ¢ = j umeem ng—lilzo.
k=0 &

[MepBOE paBeHCTBO AOKa3aHO.



Ecim n =1 (mod m), To gns noboro xapakrepa uMeem
x(n) = x(1) = 1 n BTOpOE YyTBEpPXKAEHME

0 e(m), n=1 (mod m);
;X( ) { 0, n#1 (mod m).

BbINOAHAETCA.



Ecim n =1 (mod m), To gns noboro xapakrepa uMeem
x(n) = x(1) = 1 n BTOpOE YyTBEpPXKAEHME

0 o(m), n=1 (mod m);
;X( ) { 0, n#1 (mod m).

Bbinontserca. Ecan (n,m) # 1, 1o gns noboro xapakrepa x
nmeem paseHctBo x(n) = 0. B aTom cnyyae Bce craraembie CyMMbl
PaBHbI HY/IO 11 BTOPOE PaBEHCTBO Takxe BbinonHsietcs. Janee
cyntaem (n,m) = 1. Torga n = c{q -k (mod m), rae

CyliecTByeT nokasatens crenenu kj, 0 < k; < dj.



Ecim n =1 (mod m), To gns noboro xapakrepa uMeem
x(n) = x(1) = 1 n BTOpOE YyTBEpPXKAEHME

0 o(m), n=1 (mod m);
ZX:X( ) { 0

n#1 (mod m).

Bbinontserca. Ecan (n,m) # 1, 1o gns noboro xapakrepa x
nmeem paseHctBo x(n) = 0. B aTom cnyyae Bce craraembie CyMMbl
PaBHbI HY/IO 11 BTOPOE PaBEHCTBO Takxe BbinonHsietcs. Janee
cyntaem (n,m) = 1. Torga n = c{q -k (mod m), rae

CyliecTByeT nokasatenb crenenu ki, 0 < k; < d;. Vmeem

r

doxm= 3 g-gr=][{ > &

(517"'7£r) /=1 é-:é-dé:]_
omid
MNpnl=jnn=e dj?é].HaXOp,VIM
I d:
15~ nyg —1
fk _ e dj — 77r — _ O
> Z >l =t

&€%=1
—



Jlemma 2

Myctb x(n) - HernaBHbIi XapakTep Mo MOZYMO M U

S(x) = 1<, x(n). Toraa npu nobom geiicteutensHom x > 1
BbINONHSETCS HepaseHcTeo |S(x)| < m.

HoxkazatenbctBo. OyHkuus x(n) nepnoguyna ¢ nepnogom m n
cornacto nemme 1 ygoenetsopsieT paseHcTsy » .4 x(n) = 0.
Onpegenum uenbie yucna q, r ycnosusimm [x] = mg+r,0 < r < m.
B cornacum co ckasaHHbIM BbllLE MMEEM paBEHCTBa

m mq—+r r
SC)=S(xD=qgY_ x(n+ Y x(n)=> x(n).
n=1 n=mq+1 n=1

Kaxpoe 3HaueHne xapaktepa no abcontoTHoii BennynHe He
npesocxogut 1. Moatomy |S(x)| < r < m. Jlemma 2 pokasaHa.



§3. L-cpbyHkunmn Oupunxse.

Mycte m > 2. ns kaxgoro xapaktepa Hupuxne x(n) no mogynto
m onpegenum L-cbyHkuUM0O

o x(n)
L(s,x) = s (3)

n=1
Jlemma 3
1. Ecnm x # X0, 1o psag (3) cxogutcs B obnactu RNs > 0.
Onpegensemas uM pyHKLUS aHANNTUYHAE B 3TOW obracTu.
2. Psg, onpegensirowmii L(s, xo) cxogutcs B obnactn RNs > 1.
®yukyus L(s, xo) aHanuTuqna 8 31001 obnactu.

Mycte & > 0 m x nponsBONLHLIA XapakTep no mogynto m. B
obnactn Ns > 1 + § cnpaseannebl HEPaBEHCTBA

x(n)

1 1
— <
s

< .
~ n nl+s




L(Sa X) = Z X,(:)
n=1

Psn pasHomepHo cxogutca B obnactn 0 = Rs > 1+ n
ONpenensieT TaMm aHannTu4Yeckyro dyHkuuio. B cuny
npomssonbHOCT § > 0 MOXHO yTBEPXKAaTh, 4TO pyHKuns L(s, x)
aHanuTu4YHa B obnactm Ns > 1. D70 AOKa3bIBAET YTBEPKAEHUS
nemmsbl anst L(s, xo)-



_ - x(n)

Psn pasHomepHo cxogutca B obnactn 0 = Rs > 1+ n
onpefensieT TaM aHaaUTUYecKyto dyHkuymo. B cuny
npomssonbHOCT § > 0 MOXHO yTBEPXKAaTh, 4TO pyHKuns L(s, x)
aHanuTu4YHa B obnactm Ns > 1. D70 AOKa3bIBAET YTBEPKAEHUS
nemmsbl anst L(s, xo). [Hanee cuutaem, uto x # 0. C nomowto
hopmynbl cymmuposatusi Abensi Haxogum

N
X(n) _ S(N) / 5 xS~ ldX (4)

ns
n=1

S(N
NS

B obnactn 0 = Rs > 0 BbINOAHAOTCS HEpaBEHCTBA

S(x)

Xs+1
NMEET npeaen npn N — +00, a TakKXe, 4To ANnAa Ka>XKaoro
HErNaBHOIrO XapakKTepa X pAaa, OI'Ipe,qu'IﬂI-OIJJ'VII\/’I L—beHKU'VII-O
ﬂ'mpmxne, CXoanTCA B O6J'IaCTVI §R5 > 0

< 71- V13 aTux ouerok creayet, 4To npasas 4acTb (4)



[Mepexoas B paBeHCTBe

N N
x(n) = S(N) + S/ S(x)x 5 tdx.
—~ nS NS 1

K npegeny npu N — +00, Haxogum

sx—s/ S(x)x—°~ 1dx—sZ/ x " Ldx.

Ons dyHkuuii fo(s) = fn"H S(x)x~5"dx nmeem

Wrak, dyvkunn f,(s) aHanutnuubl B obnactu o > 0, a B obnactu
o > d > 0 BbinonHsieTcs HepaseHcTso |fy(s)| < ~Fir < 5.

o0
OTctopa cnepyeT paBHOMeEpHast CXOANMOCTb psiga » -4 fa(s) B
obnactn o > J N aHaNUTUYHOCTb B 3TOIN e 061acTn ero Cymmbl 1
dyHkumnn L(s, ). B cuny nponssonsHoctn 6 > 0 3akntovaem, 4To

dyHkuus Qupuxne L(s, x) aHanuTtw iHa B obnactu s > 0.




Ons Toro, 4Tobbl aHanMTMYECKN NpogomKuTL yHKuuo L(s, xo) B
obnacts Rs > 0, Bocnonbayemcs nemmoii 1 n3 nekuyun 3.
Jlemma 4 (Popmyna diinepa ans L dyHkuwii)

Lns noboro xapaktepa x B obnactu Rs > 1 cnpaseannso

TOX4ECTBO )
Lis,x)=]] <1 - Xﬁ()f)) ,

p
rae npomssesnenne bepETCs no BCEM NPOCTbIM HYUCAM.

JokazaTenbcTeO.
x(n)

ns '

BOCI'IOJ'Ib3yeMC$I BNOJIHE MYNbTUNANKATUBHOCTbBIO beHKU'VIVI
abcontoTHOl cxogumocTbio paga anst L(s, x) n nemmoii 1 ns
nekuun 3.

O









L(s, x0) = ¢(s) H (1 - pls> , Res>1 (5)

plm
Hzeta-cbyHkuns aHanutuyna B obnactn Ns > 0 n nmeer nontoc
_ 1
nepsoro nopsiaka B s = 1. @yHkuus Hp|m <1 — ps) aHa/INTUYHA
BO BCEWi KOMMAEKCHOI NAOCKOCTU 1 He 0bpalLatoLaeTcst B HyAb B
Touke s = 1. MNoaTomy paseHcTBO (5) aHaNUTUHECKM NPOAOIKAET

L(s, x0) BO BCIO MpaBytd KOMMIEKCHYIO MOJYMIOCKOCTb, FAE
L(s, x0) wmeeT nontoc nepeoro nopsigka B Touke s = 1.



KoHel
CelbMON Nekunn.



Jlekumnsa 8. 3aBeplueHne JoKa3aTENbCTBA TEOPEMBI
[Nupuxne

O MPOCTbIX YUCIaX B apuPMeTnyeckunx
NPOrpeccusix.




§4. MNoeeperune L-dpyHkumii B Touke s = 1

Teopema 8
Ecnn x # xo0, T0 L(1, %) # 0.



§4. MNoeeperune L-dpyHkumii B Touke s = 1

Teopema 8
Ecnn x # xo0, T0 L(1, %) # 0.

[HokasatenbcTBo pasobbém Ha fBe HacTu.

1. NycTb cHavana x He AeliCTBUTENbHbIN XapakTep, T.e. Cpean ero
3HAYEHWIi eCTb He AENCTBUTENbHBIE. DTO PAaBHOCKUABHO TOMY, YTO
X% # Xo. HacTano Bpems ewg pas npumeHnTs nemmy 2 u3
[0Ka3aTebCTBa Teopembl 4 06 OTCYyTCTBNM Hyneli A3eTa-dyHKLMN
PumaHa Ha egnHuHoli npsimMoii.



§4. MNoeeperune L-dpyHkumii B Touke s = 1

Teopema 8

Ecnn x # xo0, T0 L(1, %) # 0.

[HokasatenbcTBo pasobbém Ha fBe HacTu.

1. NycTb cHavana x He AeliCTBUTENbHbIN XapakTep, T.e. Cpean ero
3HAYEHWIi eCTb He AENCTBUTENbHBIE. DTO PAaBHOCKUABHO TOMY, YTO
X% # Xo. HacTano Bpems ewg pas npumeHnTs nemmy 2 u3
[0Ka3aTebCTBa Teopembl 4 06 OTCYyTCTBNM Hyneli A3eTa-dyHKLMN
PumaHa Ha egnHuHoli npsimoii. PaccmoTpum

P = L(s, x0)*L(s, X)*L(s, x?) =

SUESE )

Ecan cuntate, 4To s peiictBuTensHoe uncno, bosbuee 1, a
ro= %, x(p) = %, Torga x2(p) = €%¥. Mo nemme kaxablii
MHOXNTENb B npoussegeHnn P He meubuie 1. a ziavnm, P > 1.




P = L(s,x0)*L(s, x)*L(s,X?)

Mpeanonoxum Tenepb, 4to L(1,x) = 0. Pyukuus L(s, x)
aHananTn4Ha B Touke s = 1, noatomy L(s,x) = O(s — 1) npm
s — 1+. Tak kak x? # x0, T0 L(s,x?) = O(1). Kpome Toro,

o) =0 (1 21)

N3 aTux oueHok cnepyer, 4To

P:O<(S_11)3-(s—1)4-1>:0(s—1),

a 3TO NPOTWMBOPEYUT paHee noJjy4eHHomMmy ceoiictey P > 1.



2. MycTb Tenepb X AECTBATENBHbIN XapakTep, TO €CTb X2 = Xo. B
sTom cnyuae P = (L(s, xo0)L(s, x))*. PaccmoTpum dyrkuuio

F(s) == C(s)L(s; x)-



2. MycTb Tenepb X AECTBATENBHbIN XapakTep, TO €CTb X2 = Xo. B
sTom cnyuae P = (L(s, xo0)L(s, x))*. PaccmoTpum dyrkuuio

F(s) := ((s)L(s, x). OanvHeiiwemy fokasaTenbCTBy NpeanoLniém
neMMY.

Jlemma 1
B obnactu Rs > 1 ¢pynkymns F(s) = ((s)L(s, x) aHanntuqna u
npejcTasuMa B Buje psiha
o~ a
F(s) = = ap € Z, an>0, ae>1, (1)

S’
n=1

APUYEM B TOYKE S = % psa pacxogutcs. B noaynnockoctu s > 1
psa (1) MoxHO no4neHHo AucbpeperLnpoBaTs, T.e.

F(k) kza" |nn (2)
n=1



Psagbl pns ((s) n L(s, x) abcontotHo cxopsTcs B obnactu Rs > 1.
MepemHOXast NX MO W3BECTHLIM NPaBUIaM, HaXOAUM

Sy [ v v =1 . an
EOED D ILEED I B MIOED B

u,v>1 v|n n=1

rae an = >, X(v). Mpusém psip ans F(s) Takke abecontotho
cxoauTea B obnactu Rs > 1.



Mockonbky x(n) = =1 wan x(n) =0, To a, € Z. OcTanocb
NpOBEPUTL HEOTpULATENbHOCTL. [lycTe n = pi* - - - p?r, Torga

v=pt e p (B < ). u

an=> xp ) =TI [ Do xe)? | = am - an,
Br,osBr j=1 \3=0
roe

4
a+1, x(p)=1

_ )L x(pj) =0;

dnj =

0, x(pj) = —1, n o He4éTHo;
1, x(pj) = —1, v o 4érHo.

Mpn n= k2 ctenenun 4&THbI, nostomy an; # 0, 3HaunT, a, > 1.



Ecan npegnonoxunTs, 4To psig F(s) cxoputes npu s = % TO eCTb

o0 o
an dg2
g —- < 00, TO, Tem bonee, —— < 00,

nt/2 k
n=1 k=1

a NOCKONbKY a,2 > 1, TO Noayyaem, H4TO rapMOHUYECKUl pag
oo 1
Y heq % TOXe A0JIXKEH CXOANTBCS, YTO HEBEPHO.



Ecan npegnonoxunTs, 4To psig F(s) cxoputes npu s = % TO eCTb

dn
g 5 <00, To, Tem bornee,
n
n=1 k=1

a2
—= < o0,
k
a NOCKONbKY a,2 > 1, TO Noayyaem, H4TO rapMOHUYECKUl pag
220:1% TOXE AOJKEH CXOANTBLCS, 4TO HEBEPHO.

VTBepXaeHue 06 aHaNUTUHOCTU M MOUNEHHON
andeperympyemoctu psga (1) B nonynnockoctn Rs > 1 cnepyert
no Teopeme BeliepwiTpacca n3 pasHomepHoii cxogumoctu psiga (1)
B obnactu Rs > 1+ J npu nobom ¢ > 0. Pag xe cxoantes
PAaBHOMEPHO, NOCKOAbKY B 3TOV 061aCTN CNpaBeaiMBO HEPABEHCTBO

an an

= ive

n5

n pag (1) ans dynkunm F(s) cxopntes B Todke s = 1+ 4. Tak kak
41ncno 0 > 0 MOXKHO B3SiTb CKOJIb YTOGHO MasibiM, TO PaBeHCTBO (2)
cnpaseganso B nonynnockoctn Rs > 1.



BepHémMcs k gokasaTenbCTBy BTOPOU 4acTU TEOPEMbI.
Mpegnonoxum, uto L(1,x) = 0. Torna dyHkums F(s) umeer
YCTPaHUMYHO OCOBEHHOCTb B TOYKE S = 1 1 aHanUTUYHA B
OCTasibHbIX TO4YKax noaynnaockoctu s > 0 (nontoc ncuesHer).
3HauuT, dyHkumio F(s) MOXHO pasnoxuTb B psg Teiinopa B
TO4Yke S = 2, Nnpu4ém paanyc kpyra cxogumoctin byaet pasen
PaCCTOAHNIO OT TOYKM S = 2 0 banxaiiweil ocobeHHocTn, T.€.
bynet He menble 2. lNycTb panee s peiictentensHoe, 0 < s < 1.
Torpa [s —2| < 2mn

e (k) e s — k > an nkn
Foy=3 B gp oy oDyl

k=0 ' k=0 n=1



YneHbl nocnenHero 4BOMHOIO psja HEOTPULATESbHBI U OH
cxoauTcsi. Kak N3BECTHO, B CXOAALLEMCS ABOWHOM psige €
HEOTPNLATENLHBIMM YJIEHAMU MOXHO MOMEHSATH MOPSLOK
CYMMUPOBAHUS, U MNpy 3TOM CYyMMa HOBOFO ABOWHOro psifa He
n3meruntest. [oatomy

I
(]2
Es
o
N
|
&
5
3>
| &

[o.¢]
dn o
CrnepoBaTenbHo, pag E — npu nobom AelicTBUTENBHOM
n

n=1
5,0 < s <1, cxoanTcs, 4TO NPOTUBOPEYUT AOKA3aHHOMY B JIEeMME

1 dakTy 0 pacxogMMOCTN 3TOro psiia B TOYKE S =
Wrak, mbl gokasanm, uto L(1,x) # 0 Ans HernaBHbIX XapaKkTepoe.
Teopema 8 gokasaHa MOAHOCTbIO.

N|—=



Jlemma 2
B obnactu Rs > 1 umeer mecto paBeHCTBO

i/\ X(n

rae N — ¢bynkuyms Mauronsara. Psg cxogutca abconoTHo un
L(s, x) # 0 B ykazarnHoii obnacr.



Jlemma 2
B obnactu Rs > 1 umeer mecto paBeHCTBO

oo/\ n
B Z X(’

n=1

rae N — ¢bynkuyms Mauronsara. Psg cxogutca abconoTHo un
L(s, x) # 0 B ykazarnHoii obnacr.
NmeeT mecTo oyeBnpHasa oueHka

’ An)x(n)

nS

Inn

n°’

Ovctopa nerko cnegyet abcontoTHas n paBHOMEPHAasi CXOANMOCTL B
onactax fs > 1 m RNs > 1 + § cooTBeTCTBEHHO Npyn Ntobom
dukcuposannom § > 0. CornacHo Teopeme Beliepwitpacca MoxHO
YyTBEPXAaTb, 4TO CYMMa psija aHanuTudHa B obnactm Ns > 1 + 4.
VyuTteigast, 4to § > 0 MOXET ObITh BHIOPAHO CKOJIb YTOAHO MabiM,
3aK/04aeM, 4YTO CyMMa psifja aHaauTi14Ha B obaactym Ns > 1.



Mposepum BbINONHEHNE TOXAECTBA M3 nemmsbl. [na atoro
nepeMHOXnM Aga abcontoTHo cxopsawmxcs B obnactn Rs > 1 pspga
— psag, cToswuii B NpaBoii yacTu ToxaecTsa u psg ana L(s, x).
Nmeem

ks s ks
k=1 =1 k=1
7%)((”)2/\(,{)7%)((”)'“”7_L/( )
PN "2 e
n=1 kln n=1

Bripaxkenune nocne BTOpOro paBeHCTBa MOJNYHYEHO B pe3ysibTaTe
FPYNMMPOBKM MOMNapHbIX MPON3BEAEHNA, NMEIOLLUX OANHAKOBLIE
3HaueHus k - £ = n n ynopsifiloOHEHUst UX NO BO3PACTaHWIO N.
MocnepHee paBeHCTBO MONYYNUTCS, €CAN NOYAEHHO
npoanddepeHunpoBaTh psag, onpegenstownii dyHkuymo L(s, x).



(s )3 D) _ i 3)

ks
k=1

[Jokaxkem Tenepb otcyTcTeue Hyneii y L(s, x) B obnactu Rs > 1.
Jonyctum, 4to dyrkums L(s, y) obpawaercs B Hyib B TOYKE Sp C
ycnoeuem fsy > 1. KpaTHocTb Hyns obosHauum bykeoii r > 1.
Mpu andbdbepeHMpoBaHNN KPaTHOCTL HYASt YMEHBLLUIAETCS Ha
enuHuuy (B Hawewm cnydae r > 1). MoaTomy KpaTHOCTb Hyns
NPOM3BOAHOIA, CTosiwell B npasoii yactu (3) pasHa r — 1. A
byHKLMS B NEBOI 4aCTM MMEET KPAaTHOCTb HYNs B TOYKE So HE
MeHee r (BTOPO COMHOXNTE/Ib aHAINTUYEH B TOYKE Sp).
Monyumeweecs NPOTUBOpEYNE 3aBEpLUAET [OKA3aTENbCTBO AEMMBI.



Tenepb MOXHO NPUCTYNUTHL K OCHOBHOMY pe3ynbTaTy dupuxne,
fokasaHHomy B 1837-1839 roaax.

Teopema 9 ([dupuxne)

Ecnu m u ¢ HaTypansHbie B3aUMHO NPOCTbIE YUCAA, TO
nocnegosatenbHocte mn—+ £, n =0,1,2,... conepxut beckoHe4Ho
MHOIO NPOCTbIX YUCEN.

Mpn m =1 van m = 2 yTBepxaeHne, OYEBUAHO, BbINOJIHAETCS.
Nanee bygem cuutatb, 410 m > 3. lNycTb Y — NpOM3BOAbHbIi
xapakTep no mogynto m. VI3 nemmbl 2 cnegyet, 4To
norapudmMuyeckast npoussogHas dyrkumn L(s, x) B obnactu
Rs > 1 moxeT bbITh NpeacTaeneHa B Buae abcontoTHo
cxoasiierocs paga

L) g~ M) _ 5 I x(p)

L(S, X) ns - pks

n>2 k>1,p

BTopoe paBeHCTBO BbINOAHAESTCS B CUJy ONpeaeneHunst pyHkuum
Manroneara A(n), cnaraembie B MpaBoii 4acTU PaCnOJIOKEHbI B
nopsiake Bospactanusi yucen pk.



L) _ > |np-i<5(pk) -y Inp-x(p) , > |npbi<s(pk).

L(s: x) k>1,p P P P? k>2,p

Kak ykasbiBasiocb Ha npeaplgyliemM cnaiige, nepeast cymma
HanucaHHON Bbiwe CTpoku abcontoTHo cxoauTes. MosTomy npu
ntoboli nepectaHoBke €€ YneHoB U NbONA rpynNUpPoBKe X, psig,
OCTa&TCS CXOAALLMMCS, @ CYMMa €ro He MeHsieTcs. DTo obbscHseT
BTOPOE PaBEHCTBO.

Joka>keM, 4TO nMocnefHsA CyMMa OrpaHNYEHa HAa MHOXKECTBE
LefCTBUTENbHBbIX Yucen s > 1.

3 e < 3 B2 SeY

k>2,p P k>2,p

Inp . Inn
—Z <Z —c<oo.
D



TakuM 0b6pa3oM, YCTAaHOBIEHO COOTHOLLUEHUE:

3 Inpg(p) = —LL/((SS;)) +0(1), Rs>1. (4)

Yucna m v £ B3aUMHO NpOCTbI MO YCAOBUIO, 3HAYUT, HaligeéTCs
uenoe yncno d, ynosnetsopsitouee cpaserunto £d =1 (mod m).
[ns kaXx[oro xapakTepa X YMHOXUM cpaBHeHue (4) Ha HeHynesoe
qucno x(d) n npocymmmnpyem pesynbraTbl N0 BCEM X:

52 o) = - L) 12N + oq)

P P X

Bcnomuum, uyto

) — o(m), n=1 (mod m);
gX( ) { 0, n#1 (mod m). 2



Nrak, 8 >, x(pd) HenynesbiMu BypyT nuwb cnaraembie, y
kotopbix p = ¢ (mod m). YTo Kacaetcs npagoii 4acTu, TO B Hei
0COBLIM SIBNISIETCA TONILKO CNaraemMoe raBHOro xapakTepa, BCe
OCTasbHble B CUJly TEOPEMbI 8 HE MMEKT MOAIOCOB U NOTOMY UX
MoxxHo BkatounTh B O(1). B ntore nonyuaem

L/(S, X())

om) - 3 M2 @B | oy,

s L
iy P (s, x0)




Nrak, 8 >, x(pd) HenynesbiMu BypyT nuwb cnaraembie, y
kotopbix p = ¢ (mod m). YTo Kacaetcs npagoii 4acTu, TO B Hei
0COBLIM SIBNISIETCA TONILKO CNaraemMoe raBHOro xapakTepa, BCe
OCTasbHble B CUJly TEOPEMbI 8 HE MMEKT MOAIOCOB U NOTOMY UX
MoxxHo BkatounTh B O(1). B ntore nonyuaem

Inp (s, o)
m) - = —xo(d)—7—= + O(1).
fm) 32— (@) 2 4 o)
p=I(m)
A mbi 3Haem, uTo L(s, xo0) = g, npuuém f(1) # 0. Crano ObiTs,
LT' = —% + f?, Kpome Toro, xo(d) = 1. Moatomy

o(m) - Z Inpzsil#—O(l).



Nrak, 8 >, x(pd) HenynesbiMu BypyT nuwb cnaraembie, y
kotopbix p = ¢ (mod m). YTo Kacaetcs npagoii 4acTu, TO B Hei
0COBLIM SIBNISIETCA TONILKO CNaraemMoe raBHOro xapakTepa, BCe
OCTasbHble B CUJly TEOPEMbI 8 HE MMEKT MOAIOCOB U NOTOMY UX
MoxxHo BkatounTh B O(1). B ntore nonyuaem

om)- 3 P o () EEX) L oy,

S
iy P L(s, xo0)

A wmbl 3Haem, 4To L(s,x0) = g, npudém (1) # 0. Crano ObiTs,
LT' = —% + f?, Kpome Toro, xo(d) = 1. Moatomy

Inp 1

p(m)- Y ——=—=+0(1)
p s—1
p=¢(m)

Cnpaga cTouT yHKLUS, CTPEMALLAACS K BECKOHEUYHOCTM Npu

s — 1, a cneBa cymma, KoTopasi CTPEMUTCS K beckoHewHOCTU NnLb
B C/Ty4ae, KOrga cjlaraeMelx B Hell BeCKOHeYHOe KONMYECTEO.
Teopema [dupuxne gokasaxa.



KoHel
BOCbMOW JIEKLNW.



Mnasa Ill. Anrebpavyeckue n

TPAHCUEHOEHTHbIE Huncia.

Jlekuusn 9.



§1. CpoiicTBa anrebpanyeckux Yucesn.

Onpegenenue. 1. KomniekcHoe 4ncio o« Ha3biBaeTcs
anrebpanyeckuM, eciu HalZeTCs OTINYHbLIN OT HYJIS MHOMOYJIEH
f(x) € Q[x], gns kotoporo f(a) = 0.

2. Cpeau Bcex Takux MHOrOYJIEHOB BblbEpeM MHOrO4/1eH
HauMmeHbLLed CTeneHn u co cTapLumm kosgpghuyumentom 1. 3toT
MHOrO4Y/1eH Ha3bIBAETCS MUHUMANbHBIM MHOro4neHoM «. Ero
CTeneHb Ha3bIBAETCS CTENEHbIO (v M bygeT 0bo3HayaTbCs deg av.



§1. CpoiicTBa anrebpanyeckux Yucesn.

Onpepenenune. 1. KomnaekcHoe 4ncao o Ha3biBaeTcs
anrebpanyeckum, ecau HalgeTcss OTAUYHBIN OT HYNs MHOIOYJIEH
f(x) € Q[x], gns kotoporo f(a) = 0.

2. Cpeau Bcex Takux MHOrOYJIEHOB BblbEpeM MHOrO4/1eH
HauMmeHbLLed CTeneHn u co cTapLumm kosgpghuyumentom 1. 3toT
MHOrO4Y/1eH Ha3bIBAETCS MUHUMANbHBIM MHOro4neHoM «. Ero
CTeneHb Ha3bIBAETCS CTENEHbIO (v M bygeT 0bo3HayaTbCs deg av.
Hanpumep, ntoboe pauunoHanbHoe 4ncio a siBnsercs
anrebpanyecknm, Kak KopeHb MHorodneHa f(x) = x — a € Q[x].
VKasaHHbIfi MHOTO4Y/IEH, O4EBUAHO, SBASIETCA MUHUMAbHBIM
MHOrOYJIEHOM Yuca a, n notomy dega = 1.



§1. CpoiicTBa anrebpanyeckux Yucesn.

Onpegenenue. 1. KomniekcHoe 4ncio o« Ha3biBaeTcs
anrebpanyeckum, eciu Ham[eTCss OTANYHBINA OT HYJs MHOMOYJIEH
f(x) € Q[x], gns kotoporo f(a) = 0.

2. Cpeau Bcex Takux MHOrOYJIEHOB BblbEpeM MHOrO4/1eH
HauMmeHbLLed CTeneHn u co cTapLumm kosgpghuyumentom 1. 3toT
MHOrO4Y/1eH Ha3bIBAETCS MUHUMANbHBIM MHOro4neHoM «. Ero
CTeneHb Ha3bIBAETCS CTENEHbIO (v M bygeT 0bo3HayaTbCs deg av.
Hanpumep, ntoboe pauunoHanbHoe 4ncio a siBnsercs
anrebpanyecknm, Kak KopeHb MHorodneHa f(x) = x — a € Q[x].
VKasaHHbIfi MHOTO4Y/IEH, O4EBUAHO, SBASIETCA MUHUMAbHBIM
MHOrOYJIEHOM Yuca a, n notomy dega = 1.

Yucno a = i - KOpeHb HEMPUBOANMOro MHorodneHa x° 4+ 1 € Q,
ecTb anrebpanyeckoe YNcno crenexm 2.



§1. CpoiicTBa anrebpanyeckux Yucesn.

Onpegenenue. 1. KomniekcHoe 4ncio o« Ha3biBaeTcs
anrebpanyeckum, eciu Ham[eTCss OTANYHBINA OT HYJs MHOMOYJIEH
f(x) € Q[x], gns kotoporo f(a) = 0.

2. Cpeau Bcex Takux MHOrOYJIEHOB BblbEpeM MHOrO4/1eH
HauMmeHbLLed CTeneHn u co cTapLumm kosgpghuyumentom 1. 3toT
MHOrO4Y/1eH Ha3bIBAETCS MUHUMANbHBIM MHOro4neHoM «. Ero
CTeneHb Ha3bIBAETCS CTENEHbIO (v M bygeT 0bo3HayaTbCs deg av.
Hanpumep, ntoboe pauunoHanbHoe 4ncio a siBnsercs
anrebpanyecknm, Kak KopeHb MHorodneHa f(x) = x — a € Q[x].
VKasaHHbIfi MHOTO4Y/IEH, O4EBUAHO, SBASIETCA MUHUMAbHBIM
MHOrOYJIEHOM Yuca a, n notomy dega = 1.

Yucno a = i - KOpeHb HEMPUBOANMOro MHorodneHa x° 4+ 1 € Q,
ecTb anrebpanyeckoe YNcno crenexm 2.

Muorounen x3 — 7 He UMeEET pauMOHaNbHbIX KOPHEl W MoToMy
Henpueognm Hag nonem Q. Ero kopetb v/7 ectb anrebpanyeckoe
4ucno ctenenn 3, a x3 — 7 — MUHUManbHLIG MHOTO4YNEH Yucnav/7.



Ykaxem HEKOTOpPbIE CBOWCTBA MWHWMAJILHOMO MHOrOYN€EHa.

Jlemma 1

1. Munumansheiii mHorodnen noboro anrebpanyeckoro 4ucna
HEeNnpuBoOAUM.



Ykaxem HEKOTOpPbIE CBOWCTBA MWHWMAJILHOMO MHOrOYN€EHa.

Jlemma 1

1. Munumanehsiii mHoroqnen ntoboro anrebpanseckoro 4ucna
HENPUBOANM.

2. Ecan f(X) — MUHUMANBHBIK MHOMOYIEH YUCAA (1, KOTOPOE TaKXe
sBAseTCS KopHem MHorodneHa g(x) € Q[x], To mHorouynen g(x)
aenntcs Ha f(x).



Ykaxem HEKOTOpPbIE CBOWCTBA MWHWMAJILHOMO MHOrOYN€EHa.

Jlemma 1

1. Munumaneheiii mHorodnen noboro anrebpanyeckoro 4ucna
HENPUBOANM.

2. Ecan f(X) — MUHUMabHBI MHOTOYJIEH YNCAA (v, KOTOPOE TaKXKe
sBAseTCS KopHem MHorodneHa g(x) € Q[x], To mHorouynen g(x)
aenntcs Ha f(x).

3. Henpusogumsiii MHOro4neH co crapumm kosgpguymeHtom 1
CAYXKUT MUHNMATbHBIM MHOTOYTIEHOM A5 KaXK40ro u3 CBOMX
KOpHei.



Ykaxem HEKOTOpPbIE CBOWCTBA MWHWMAJILHOMO MHOrOYN€EHa.

Jlemma 1

1. Munumaneheiii mHorodnen noboro anrebpanyeckoro 4ucna
HENPUBOANM.

2. Ecan f(X) — MUHUMabHBI MHOTOYJIEH YNCAA (v, KOTOPOE TaKXKe
sBAseTCS KopHem MHorodneHa g(x) € Q[x], To mHorouynen g(x)
aenntcs Ha f(x).

3. Henpusogumsiii MHOro4neH co crapumm kosgpguymeHtom 1
CAYXKUT MUHNMATbHBIM MHOTOYTIEHOM A5 KaXK40ro u3 CBOMX
KOpHei.

4. Bce kopHu MUHUMA/IbHOrO MHOIOY/IEHa Pa3NYHBI.



Ykaxem HEKOTOpPbIE CBOWCTBA MWHWMAJILHOMO MHOrOYN€EHa.

Jlemma 1

1. MunnmaneHeili mHoroynen noboro anrebpanyeckoro yncna
HENPUBOZNM.

2. Ecan f(x) — MUHUMANbHBIT MHOFOYJIEH YNCAA (v, KOTOPOE TaKXKe
sBAseTCS KopHem MHorodneHa g(x) € Q[x], To mHorouynen g(x)
aenntcs Ha f(x).

3. Henpunsogumeiii MHOro4neH co ctapumnm koaggpuymertom 1
CAYXKUT MUHNMATIbHEIM MHOFOYJIEHOM AJ151 KaXXA0r0 U3 CBOUX
KOpHei.

4. Bce KopHN MUHUMaILHOrO MHOMOYJIEHA PA3NHHBI.
MuoxkecTBo BCeEx anrebpanyeckunx vncen bygem obosHavaTb
bykeoii A.



MycTb o anrebpamyeckoe HNCO, N €r0 MUHUMANbHBIA MHOrOYIEH
f(x) € Q[x] MoxeT bbITb pasnoxxeH B NPON3BEAEHNE fABYX
mHorouneHoe u(x), v(x) € Q[x] menbueii crenenu. 13 paBencTea

0=f(a)=ula)v(a)

cnepyet g(a) = 0 nam h(a) = 0. B ntobom cnyqae nonyqaem
npoTueopeudne, Befb f(Xx) NMEET MUHUMAsIbHYIO CTENEHb CPeaN
BCEX HeHyneBbiX MHOrouneHoB konbua Q[x], obpawatowymxcs B
HyMb B TOYKE Q.



MycTb o anrebpamyeckoe HNCO, N €r0 MUHUMANbHBIA MHOrOYIEH
f(x) € Q[x] MoxeT bbITb pasnoxxeH B NPON3BEAEHNE fABYX
mHorouneHoe u(x), v(x) € Q[x] menbueii crenenu. 13 paBencTea

0=f(a)=ula)v(a)

cnepyet g(a) = 0 nam h(a) = 0. B ntobom cnyqae nonyqaem
npoTusopeune, Befp f(x) NMEET MUHUMATLHYIO CTEMeHb CPeAm
BCEX HeHyneBbiX MHOrouneHoB konbua Q[x], obpawatowymxcs B
HyMb B TOYKE Q.

Ona pokasatenbCTBa BTOPOro YTBEPXKAEHUS PASAENNM MHOMOYEH
g(x) Ha f(x) c ocTaTkom

g(x) = f(x)g(x) + r(x), deg r(x) < deg f(x).

CnpaBegnuesl paBeHcTBa

0=g(a) =f()g(a) + r(a) = r(a).
N3 onpepenenns muHumMansHoro MHorodnexa, pasexcrea r(a) =0
n HepasencTBa deg r(x) < deg f(x) cnepyet r(x) =0, Te.
mHorousneH g(x) genantcs Ha f(x) 623 ocTaTka.



Mycte g(x) = x" + a,_1x" "1 4+ ... + ag — HenpusoANMbIil
MHorouneH u3 konsua Q[x] u 5 — ero kopexb. ObosHaunm
MUHUMaJbHBIA MHOrouneH Yncna [ depes f(x). CornacHo BTOpOoMy
yTBepxxAeHuto nemmbl umeem f(x)|g(x). Mo ycnosuto muorounen
g(x) Henpusognm, 3nauut, g(x) = cf(x), rae ¢ — HekoTopas
koHcTaHTa. Crapwue koabduumeHTsl MHorodnenos f(x), g(x)
paBHbl egnHule, noatomy g(x) = f(x) n g(x) ects MUHUMaNbHbI
mHorounen (. TpeTbe yTBEpXKAEHNE NEMMbI JOKA3aHO.



Mycte g(x) = x" + a,_1x" "1 4+ ... + ag — HenpusoANMbIil
MHorouneH u3 konsua Q[x] u 5 — ero kopexb. ObosHaunm
MUHUManbHbIA MHOro4neH vucna [ vepes f(x). CornacHo sTopomy
yTBepxxAeHuto nemmbl umeem f(x)|g(x). Mo ycnosuto muorounen
g(x) Henpusognm, 3nauut, g(x) = cf(x), rae ¢ — HekoTopas
koHcTaHTa. Crapwue koabduumeHTsl MHorodnenos f(x), g(x)
paBHbl egnHule, noatomy g(x) = f(x) n g(x) ects MUHUMaNbHbI
mHorounen (. TpeTbe yTBEpXKAEHNE NEMMbI JOKA3aHO.

MycTb f(Xx) — MUHUMaNbHBIA MHOro4NEH anrebpanyeckoro 4ncna o
n B — kpaTHblii kopeHb f(x). Mo nepsomy yTBEPKAEHNIO NEMMBbI
MHOrousneH f(x) HeNpMBOAMM M TOrAa MO TPETbEMY YTBEPXKAEHO
OH €CTb MUHUMaJIbHbIA MHOrodseH 3. Tak kak B ecTb KpaTHbIiA
KopeHb MHorouneHa f(x), To npoussogHas f/(x) € Q[x] Takxe
nmeet [ ceoum kopHem. CornacHo BTOPOMY YyTBEPKAEHMIO JIEMMDbI
nmeem f(x)|f’(x), 4To HeBO3MOXHO, Tak Kak deg f'(x) < deg f(x).
Mtak, mHorounen f(x) He NMeeT KpaTHbIX KOPHEIA.



Ecan a — anrebpanyeckoe 4ncno CTENEHN N, TO KOPHMN (O, ..., Qp
€ro MMHNMaNbHOIrO MHOFro4YJ1I€EHA HAa3bIBAKOTCA 4YNCAaMWM,
COMNPAXEHHBIMN C (. ,ﬂOKa)KeM, 4YTO MHO>XeCTBO BCe€X
anrebpanyecknx YMcen 3aMKHYTO OTHOCUTENbHO apuPMETUYECKNX
onepauuii.

Teopema 9

Ecaun o v B — anrebpanqeckue 4ucaa, o 4ucna o+ 3, B — a, af,
a B cnyyae, ecm o # 0, To u /v sBasioTcs anrebpandeckumu
yucnamu.

W3 sToii Teopembl CriefyeT, YTO MHOXECTBO BCEX anrebpamyeckux
yucen siBasieTcst noneMm. KOMMYyTaTUBHOCTb U aCCOLMAaTUBHOCTb
onepauuii CIOXKEHUS N YMHOXEHUS, @ TakXKe AUCTpubyTUBHOCTb
YMHOXEHUNS BbIMOJHSAOTCS, NOCKOJbKY OHW UMET MECTO B noJie
komnaekcHbix Yucen. Yuncna 0 u 1 asnarotcs anrebpandeckumu.



3ne|v|eHTapH bl€ CUMMETPUHECKNE MHOIO4HJIEHDI.

HanomuHaHue. lNycte A — HEKOTOPOE KOMMYTaTUBHOE KOJIbLO C
eauHuLel n ti,..., t, — nepemeHHole. MHoro4neH

F(ti,...,ty) € A[t1,..., ty] Ha3bIBAETCA CUMMETPUYECKUM, €CAN
OH He MeHsieTCs npu tobOoN nepecTaHOBKE NepemMeHHbIX. HTobbI
NPUBECTN NPUMEPbI CUMMETPUYHECKNX MHOMOYJIEHOB BBEAEM ELlle
OAHY MEPEMEHHYIO X N PaCCMOTPUM PaBEHCTBO

(x—t1)--(x—ty)) =x"— X" L4 oox"2 — . 4 (=1)"0,.
3pecs bykBamu o1, ..., 0, 0603HaYEHBI MHOTOYJIEHBI

or=ti+tb+---+ 1t
oy = titp + t1tz3 + - - - + th—1ty,

9Tn MHOro4neHbl obaagatoT CBONCTBOM CUMMETPUM U Ha3bIBAOTCS
371EMEHTAPHBIMU CUMMETPUHECKUMYU MHOIOYJICHAMMY,



Teopema 0 cumMeTpuyeckux MHorouvneHax: flycrs
Flti, ..., to] € Alt1,..., t]

— CUMMETPUYECKui MHoro4daeH ctenenu d. Torga cylyecTsyer
muorodnen Glzi, ..., zp| € Alz1,. .., zy] cTenenn He Bbiwe d,
TakoM, 41O

F[i‘l,...,tn] = G[O’l,...,Un].



Teopema 0 cumMeTpuyeckux MHorouvneHax: flycrs
Flti, ..., to] € Alt1,..., t]

— CUMMETPUYECKui MHoro4daeH ctenenu d. Torga cylyecTsyer

muorodnen Glzi, ..., zp| € Alz1,. .., zy] cTenenn He Bbiwe d,
TakoM, 41O

F[i‘l,...,tn] = G[O’l,...,Un].

Hanprmep, nmeet mecto ToXaecTBO

24 t3+... +t2 =07 — 20,



CJ'Ie,lJ,CTBI/IeM TEOPEMbI O CUMMETPUYHECKNX MHOTO4YN€EHAX ABNAETCA

Jlemma 2

Myctb P(x,y) € Q[x, y] — MHOrounexn ot AByx nepemeHHbIX €
paynoHanbHbiMu Kosghgpuymentamu. [lyctb Takxe o —
anrebpan4eckoe Yncao CTeneHn N M A, . .., (L, — BCE COMPSIXKEHHbIE
¢ Hum yucna. Torga

P(x,01) - P(x,a2) - ...  P(x,apn) = R(x), (1)

€CTb MHOIOYJIEH OT NEPEMEHHON X € KOI(bpuLymeHTamMu U3 noas
pauynoraibHbix Yucen Q.

Mycts A = Q[x] — KONBbLO MHOFOYNEHOB OT NEPEMEHHON X.
Paccmotpum npouseegerne P(x, t1) - P(x, t2) - ... P(x, tp), roe
ti,...,ty — NEPEMEHHbBIE. DTOT MHOTOYJIEH HE MEHSETCS Mpw
ntoboli nepecTaHOBKE NEPEMEHHBIX t1, .. ., t,, B NPOU3BEAEHUN
SN MEHSIIOTCS MECTaMU COMHOXMTENN. TaK 4TO 3TO
Npon3BeJeHNe eCTb CUMMETPUYECKN MHOrOYNEH OT NEPEMEHHbIX
ti,...,tn C KO3ppuuneHTamn n3s konbua A = Q[x].



N3 TeopeMbl 0 CUMMETPNYECKUX MHOTQUYJIEHAX CAEedyeT Tenepb, YTO
ANt HEKOTOPOro MHorounena Q(x,z, ..., Xp) C PaLNOHANbHBIMN
Ko3hbprLMEHTaMK BbINONHSAETCS PaBEHCTBO

P(x,t1) - P(x,t2) - ... - P(x,ty) = Q(x,01,02,...,0n), (2)

r4e 01,...,0, — SNEMEHTAPHbIE CUMMETPUHECKNE MHOTOUJIEHbI.
3amenum B (3) nepementbie ti, ..., t, yucnamm ag, ..., «,. loraa
nesas 4actb (3) npumet Takoi xe BUA, Kak u sesast yactb (1).
Ecm p(x) = x"+ a1x" 1+ ...+ ap_1x +a, € Qx] -
MUHUMabHBI MHOFOYIEH YUCNA (v, TO COrnacHo Teopeme Buneta
BbINOJIHAIOTCS PaBEHCTBA

01(&1,...,an) = —ai, 02(a1,...,a,,) = az, ...,
on(ag,...,an) =(=1)"a,.

Mpagas 4acTb paBeHcTBa (3) NoC/ie yKa3aHHON BbilE NOACTAHOBKM
npumet Bug Q(x, —ai, az,...,(—1)"a,) = R(x) € Q[x].



[okazaTenbcTBO Teopembl 9.

Bygem cuntaTs a0 # 0, nnave yteepxgenune Tpusnansto. MNycTs
o= a1,00,...,0Q, — HNCNA, COMPsDKEHHbIE C v, a g(X) —
MUHMManbHbI MHOro4neH ynucna (3. Mo nemme 2 MHOroYnEHbI

Ri(x) = [[ e(x + o), Ra(x) = [[ e(x — o),
1 =1

Rs(x) = [ [ a(xe), Ra(x) = [ [ o g(xe; ™)
j=1 =1

npuHagnexat konbuy Q[x]. Tak kak o = g, TO

g(B—atar) = glatf—a1) = g(ba " -a1) = glaf-ayt) = g(B) = 0,
n, 3na4ut, Ri(8—a) =0,R(a+ B) =0,R3(B/a) =0n

R4(af) = 0. Takum obpasom, kaxgoe us uncen S —«a, a+ 3, B/«

N 3 €CTb KOPEHb MHOrOYIEHa C PaLNOHaNbHLIMY

koacbdpuumentamu. MMoaTomy BCe oHM — anrebpanyeckue Yucna.
Teopema 9 fokasaHa.



§2. Uenbie anrebpanyeckne yncna.

Anrebpanyeckoe 4NCAO o HA3BIBAETCS LesbiM anrebpanyecknm,
eC/IN €r0 MUHUMAJSIbHBI MHOTOYJIEH MMEET Lesible Ko3thdULNeHTbI.
Mpumepbl.

1. Yueno oo = % He ecTb Lesoe anrebpanyeckoe, Tak-Kak ero
MUHUMaNbHBIA MHorouner x2 — 1 ¢ Z[x].

2. Yucno a = % — uenoe anrebpamyeckoe, Tak Kak ero
MUHUMAaNbHBIA MHOTOYNEH X2
Ko3hbprLmMeHTBI.

3. PaynoHanbHoe 4ncno siensetcs uenbim anrebpandeckum Torga
N TONILKO TOrJa, KOrga OHO LEJSIOoe.

— x — 1 umeeT uenble



§2. Uenbie anrebpanyeckne yncna.

Anrebpanyeckoe 4NCAO o HA3BIBAETCS LesbiM anrebpanyecknm,
eC/IN €r0 MUHUMAJSIbHBI MHOTOYJIEH MMEET Lesible Ko3thdULNeHTbI.
Mpumepbl.

1. Yueno oo = % He ecTb Lesoe anrebpanyeckoe, Tak-Kak ero
MUHUMaNbHBIA MHorouner x2 — 1 ¢ Z[x].

2. Yvcno a = %
MUHUMAbHBIA MHOTOYEH X
Ko3hbprLmMeHTBI.

3. PaynoHanbHoe 4ncno siensetcs uenbim anrebpandeckum Torga
1 TOSIbKO TOrfa, KOrAaa OHO LEJoE.

MHorousieH ¢ uenbiMu KoappuuneHTaMN Ha3bIBAETCA
NPUMUTUBHBLIM, €CAN €ro KO3hPULMUEHTBI B3aUMHO NPOCTLI B
COBOKYMHOCTMW.

— uenoe anrebpanyeckoe, Tak Kak ero
2 — x — 1 umeet uenble



Jlemma 3

ﬂpomsse,qem/le NPUMUTUBHbIX MHOIMO4YJ1IEHOB €CThb I'Ipl/lMl/lTl/lBHbIﬁ
MHOIO4YJ1€H.

[locTaTo4HO fOKa3aTb NEMMY A4Sl 4BYX MHOMOYEHOB.

Mycts A(x) = 37 5 aix!, B(x) = >0 bjx/. Torpa

A(x)B(x) = C(x) = o150 cixk, re ok = D=k Aibj.
Mpeanonoxum, 4to muorouned C He NPUMUTUBHLINA, Torga
HaliA&TCAa NpoCToe Yncno p, Aensiwee sce ero koapdrumentol. B
CuAy NPUMUTUBHOCTM MHOTOYNEHOB A n B, y Hux HaligyTtcs
KoacbprumeHTbl, He gensiwmecst Ha p. Boibepem cpeamn Hux
K03bhULMEHTBI C MUHUMAJIBHBIMWU HOMEpamu, NycTe 3To byayT a,
n b,. Nveem ¢, = zk+,:u+v arb;. B cuny munumansHocTu u n
v,ecnm k < u, o p|ak, aecnm | <v, 10 p| by Mostomy

Cutv = ayby, Z0 (mod p). MpoTusopeune.



Cnepcteune 1

Ecam A(x) = x™ + am_1x™ 1+ ...+ ap € Z[x] u A(a) =0, T0 &
yenoe anrebpaunyeckoe.

3ameTnM, 4TO B 3TOM yTBEPXKAEHUN HE TPeDYeTCsi HENPUBOANMOCTb
MHorouneHa A(x).

Myctb f(x) — MUHUManbHLIA MHOrOYNEH Yucna o. MHorousets
A(x) n f(x) umetoT obymii kopeHb . MHorounen f(x)
Henpusognm Hag Q, nostomy f(x) | A(x) B konbue Q[x]. Vimeem
A(x) = f(x)Q(x), rae Q(x) € Q[x]. Crapwuume koscpnumneHTI
mHorouneHos A(x) u f(x) pasHbl 1, 3HauunT, u cTapuii
koadppumert Q(x) paeer eaunuue. Mycts g, > 0 — HaMMeHbLUNI
obwnii 3HaMmeHaTeNb k03PNLNEHTOB MHOroYneHa @, To ecTb

qr—1 _,— qo

Qx) =x"+ T=x .+ 2

qr ar
Yucna qo..., 4,1, G, B3AaUMHO MPOCTLI B COBOKYMHOCTU, WHAYE G,
He Bbin Bbl HaMMeHbWNM 0BLWMM 3HameHaTenem KoapdbuLNeHToB

Q(x).
D



%U(X), rae U(x)
MPUMUTUBHBIA MHOro4ieH. AHanornyHo f(x) = iV(x), rae V(x)

Muorounen Q(x) npegcrasum B Buge Q(x) =

npumuTusHbli. Ho Torga A(x) = ﬁU(X)V(X) n

U(x)V(x) = grpsA(x). Mo nemme laycca muoronen U(x)V/(x)
npuMuTuBeH, a no ycnosuwo A(x) € Z[x|, noatomy g,ps = 1, n
ps = qr = 1. 3naunT, f(x) € Z[x] n o uenoe anrebpanyeckoe

Yyncno.



Teopema 10

MroxecTBo yenbix anrebpanyeckux 4ucesn 3aMKHyTO
OTHOCUTEIbHO ONepaumnil CIOXKEHUS, BbIYUTAHUS N YMHOXKEHUS.

[na pokasaTenbCTBa JOCTAaTOYHO NMPOBEPUTH, YTO B YCNOBUSAX
LOAHHOI TEopeMbl MOCTPOEHHbIE B [OKA3aTE/IbCTBE TEOPEMBI 9
nonnHombl Ry(x), Ra(x), Ra(x) nexat B konbue Z[x] n ux crapwme
ko3apchuumerTsl paBHbl 1. ITo 0becneynT BLINOIHUMOCTL YCIOBUIA
cnepcteus 1 un, 3HauuT, cnpaBegnunsocTs Teopemsl 10. Camo
[,0Ka3aTeNbCTBO AOC/IOBHO MOBTOPSIET A0KA3aTeNLCTBO TEOPEMbI 9,
C 3aMeHoli B TeopeMe O CUMMETPUYECKNX MHOrOJIeHax 1 feMme 2
kosibua Q Ha kosbLO Z.



Jlemma 4

Ecnu o anrebpanyeckoe uncno, To gna Hero Hasigetca d € N, ana
koToporo da yenoe anrebpandeckoe.

MycTb f(Xx) MUHUMaANbHbIA MHOrONEH YnCna «,

f(x) =x"+ap_1x"" 1+ ...+ ap € Q[x]. Mycts d 0bLnii
3HameHaTenb BCex aj. JJoMHOXUM MHorousneH f(x) Ha d" u
BbIENM B MOHOMeE cTeneHn k muoxutens (da)k:

0=d" f(a) = (da)" + da,_1(da)™ 4 ... + d"ap.

3HauuT, mHorounen A(x) = x" + dap_1x" 1+ .. . +d"ag
obpauiaetcs B HyNb Npu noacTaHoBke da BMECTO X, @ B CUNY
Bbibopa d nmeem A € Z[x].



§3. Teopema 0 NPUMUTUBHOM 3/IEMEHTE.

Mycts &1, ..., &m — anrebpanyeckue yucna. ObosHayum cumBosiom
Q(&1, - - -, Em) HanMeHbLUEe nosie, COAepXalLee BCe yucna &, a
TakXXe nose paunoHanbHbix Yucen Q, T.e. MHOXECTBO Yucen Buaa

A(fl: s 7§m)
B(6r, . 6m)’ A BeQlé,....¢m], B(&r,....Em) #0.

FoBopAT, 4TO Yncna &1, ..., &, nopoxaatot none Q(&y,...,&m). Vs
TeopeMbl 10 cnegyeT, 4TO BCE €ro 37eMEHThI SABASOTCS
anrebpanyeckummn 4nciamu.



§3. Teopema 0 NPUMUTUBHOM 3/IEMEHTE.

Mycts &1, ..., &m — anrebpanyeckue yucna. ObosHayum cumBosiom
Q(&1, - - -, Em) HanMeHbLUEe nosie, COAepXalLee BCe yucna &, a
TakXXe nose paunoHanbHbix Yucen Q, T.e. MHOXECTBO Yucen Buaa

A(fl: cee 7§m)
B(&1,- -y &m)’

FoBopAT, 4TO Yncna &1, ..., &, nopoxaatot none Q(&y,...,&m). Vs
TeopeMbl 10 cnegyeT, 4TO BCE €ro 37eMEHThI SABASOTCS
anrebpanyeckummn 4nciamu.

PaccmoTpum cHavana CTpykTypy Takux nonei B cnydae m = 1.

AB Q... emls B(Er,. . Em) #0.

Jlemma b
lMyctb & anrebpandeckoe 4ucno crenenu n. Toraa Kaxabiil 31€MeHT
o nons Q(&) eanHcTBeHHbIM 0bpa3oM NPeACTaBASETCSA B BUFE

a=ryg+nE+-+rp1&" ri € Q. (3)



OcBoboxxaeHune oT 3HaMeHaTenel.

Myctb p(x) — MuHUManbHbld MHOrouner &. Kaxablii anemeHT

a € Q(&) moxeT bbITh NpeacTaBneH B BUAE o = %, roe

A(x), B(x) € Q[x], B(&) # 0. Muorounen p(x) Henpusogum. Ecnun
p(x) — genntens B(x), To kaxaplii kopeHb p(x) u, B 4acTHocTh, &,
BOJKeH BbITh KOpHeM MHorouneHa B(x). Ho ato HeeepHo. 3HaunT
MHorouneHsl p(x) u B(x) B3aumuo npoctsl. B aTom cayqae

CYLLECTBYIOT TakKue MHoroqnewbl u(x), v(x) € Q[x], 4to
u(x)p(x) + v(x)B(x) = 1.

Moactasnsas cropga x = & n nonb3ysick TeM, 410 p(£) = 0, Haxogum

v(§)B(§) =1 n a= A(§)v(E).



OcBoboxxaeHune oT 3HaMeHaTenel.

Myctb p(x) — MuHUManbHbld MHOrouner &. Kaxablii anemeHT

a € Q(&) moxeT bbITh NpeacTaBneH B BUAE o = %, roe

A(x), B(x) € Q[x], B(&) # 0. Muorounen p(x) Henpusogum. Ecnun
p(x) — genntens B(x), To kaxaplii kopeHb p(x) u, B 4acTHocTh, &,
BOJKeH BbITh KOpHeM MHorouneHa B(x). Ho ato HeeepHo. 3HaunT
MHorouneHsl p(x) u B(x) B3aumuo npoctsl. B aTom cayqae

CYLLECTBYIOT TakKue MHoroqnewbl u(x), v(x) € Q[x], 4to
u(x)p(x) + v(x)B(x) = 1.

Moactasnsas cropga x = & n nonb3ysick TeM, 410 p(£) = 0, Haxogum
v(§)B(§) =1 un o= A(§)v(). Pasgenum Teneps MHorounex
A(x)v(x) Ha p(x) c ocTaTKOM, T.€. ONPeneNnM MHOMO4EHbI

q(x), r(x) € Q[x] ycnosusimu

Ax)v(x) = q(x)p(x) + r(x),  degr(x) < degp(x) =n.

MoacTtaBnss x = & B nocneaHee paBeHCTBO, Haxogum o = r(§),
4TO AokasbiBaeT (3).



Teopema 0 NPUMNTNBHOM 3/1IEMEHTE

CyuwiecteoBaHune aByx mMHorouneros r(x), s(x) € Q[x] ¢ ycnosusimn
a=r(€), a=s(€), degr(x)<n degs(x)<n

03Ha4ano bbi, 4to r(§) = s(§) n, cornacHo BTOpPOMY N3 CBONCTB
MUHUMaNbHBIX MHOrouneHos, 4to p(x)|(r(x) — s(x)). Crenens
Aennmoro menblue n = deg p(x), noatomy r(x) = s(x).



Teopema O NpUMUTUBHOM SNEMEHTE

CyuwiecteoBaHune aByx mMHorouneros r(x), s(x) € Q[x] ¢ ycnosusimn
a=r(€), a=s(€), degr(x)<n degs(x)<n

03Ha4ano bbi, 4to r(§) = s(§) n, cornacHo BTOpPOMY N3 CBONCTB
MUHUMaNbHBIX MHOrouneHos, 4to p(x)|(r(x) — s(x)). Crenens
Aennmoro menblue n = deg p(x), noatomy r(x) = s(x).

Teopema 11 (O npumnTneHOM 3nemeHTe. )

Bcsikoe none E = Q(&1, ... ,&m), mopoxgeHHoe anrebpandecknmm
yucnamu £1, . .. ,Em, MOXKET BbiTb MOPOXKAEHO OQHUM HYUCIIOM.
Apyrumu cnosamu, cywectsyet Takoe 4ucno 0 € E, uto E = Q(6).



Teopema O NpUMUTUBHOM SNEMEHTE

CyuwiecteoBaHune aByx mMHorouneros r(x), s(x) € Q[x] ¢ ycnosusimn
a=r(€), a=s(€), degr(x)<n degs(x)<n

03Ha4ano bbi, 4to r(§) = s(§) n, cornacHo BTOpPOMY N3 CBONCTB
MUHUMaNbHBIX MHOrouneHos, 4to p(x)|(r(x) — s(x)). Crenens
Aennmoro menblue n = deg p(x), noatomy r(x) = s(x).

Teopema 11 (O npumnTneHOM 3nemeHTe. )

Bcsikoe none E = Q(&1, ... ,&m), mopoxgeHHoe anrebpandecknmm
yucnamu £1, . .. ,Em, MOXKET BbiTb MOPOXKAEHO OQHUM HYUCIIOM.
Apyrumu cnosamu, cywectsyet Takoe 4ucno 0 € E, uto E = Q(6).

Yucno 0, nopoxaatowiee none E, Ha3bIiBaeTCA €ro npuMUTHUBHBEIM
3JIEMEHTOM.



Paccmotpum, Hanpumep, none Q(v/2,+/3) n uucno

0=v2++3¢ Q(\@, \/§) Cnpaeennuesl paBeHCTBa
(0-V2)?=3  (0-V3)?=

N3 KOTOPbLIX CneayeT, 4To

1 0% +1
NVt SN 23
Mostomy v/2,v/3 € Q(6) n Q(ﬂ, V3) = Q(6).



Ka3aTeNnbCTBO TeopeMbl 11.

[lokaxxem CHadana Hy>KHOE YyTBEPXKAEHME A/1A NOAS, NOPOXKAEHHOTO
aBymMs anrebpanyeckumm yucnamu, T.e. bygem cumtaTtb, 4ToO

E = Q(a, ). Myctb cTenenn yncen a, B paBHbI COOTBETCTBEHHO M
nn,a

F(x) = x"+am 1x™ .. 4a0, &(x)=x"+b,_1x" .. .+b

— NX MUHUMaJbHbIE MHOTrOYeHbl. KOpHM 3TUX MHOro4YneHos, T.e.
4NCNA COMPSKEHHBIE C @, 3, 0B03HAYUM 11, ...,0m W [1,...,n
cooTBeTCcTBeHHO. [1pn 3TOM byaem cuutaTh o = ay, 8 = f1. Bee
4NCNA (vj, PABHO Kak U 4ucna [3;, pasnuyHel Mexzay coboii.
Buibepem ¢ € Q Tak, 4TobbI

aj+ cfBr # a1 + cfh, npu (i, k) # (1,1). (4)

370, 04EBUAHO, MOXHO CAEAATh, BEAb KaXKA0E YPaBHEHNE
aj + xBx = a1 + xP1 npu (i, k) # (1,1) nmeet He bonee ogHoro
peweHns, a none Q beckoHeyHo.



HokazaTenbcTso Teopembl 11.

Monoxum 6 = a + ¢ n obosnaunm L = Q(6). Cnpasegnuso
Bkatouerne L C Q(«, 5). B panbHeiiwnx paccyxaenusx byger
NCNOABb30BATLCS MHOFOYJIEH

h(x) = f(6 — cx) € L[x].

MpuHagnexawme konbuy L[x] mHorounensl g(x) n h(x) nmeror
obwnii kopenb 3, Begb h(5) = f(0 — c8) = f(a) = 0. Ecam d(x) —
nx Hanbonbwwuii ObWMIA AennTenb, TO C HEKOTOPLIMY
mHorounenamu u(x), v(x) € L[x] BbinonHsieTcs paBeHCTBO
g(x)u(x) + h(x)v(x) = d(x). N3 atoro pasenctea cnegyer, 4To
4ncino [ siBnsieTcst kopHem MHorounera d(x) € L[x].
Tak kak d(x) — penutens HenpueogMMoro Hag nonem Q
MHorouneHa g(x), To d(x) He MMeeT KpaTHbIX KOPHEIi.
Mpeanonoxum, yto deg d(x) > 1. Toraa mHorounen d(x) nmeer
KOpeHb 7y, oTAn4HbIiA oT (3. Bce kopru d(x) copepxaTcs cpean
KOpHeii MHorounera g(x). Moatomy v = [k C HEKOTOPBLIM HOMEPOM
k> 1.
D



3aBeplieHmne foKa3aTeNnbCTBa Teopembl 11.

YuuTbiBas, 4TO 7y ABASETCS Takxke KOpHeM MHorodneHa h(x), T.e.
0 = h(y) = f(0 — c7y), 3aknto4aem, 4To 6 — €y = (vj C HEKOTOPLIM
Homepom /. Ho Torga 6 = «; + ¢« sonpekn (4).

MNonyuuBlueecs NpoTMBOpeYNe AOKa3bIBAET, 4TO deg d(x) =1, Te.
d(x) =ax+ b € L[x]. Ho torpga f = —b/ac Luna=0—cB e L
Cneposatensro, Q(a, B) = L = Q(0), 4em n 3aBepaercs
A0Ka3aTeNbCTBO TeopeMbl 11 ana noneil, NOPOXKAEHHbIX ABYMS
qucnamu.



3aBeplieHmne foKa3aTeNnbCTBa Teopembl 11.

YuuTbiBas, 4TO 7y ABASETCS Takxke KOpHeM MHorodneHa h(x), T.e.
0 = h(y) = f(0 — c7y), 3aknto4aem, 4To 6 — €y = (vj C HEKOTOPLIM
Homepom /. Ho Torga 6 = «; + ¢« sonpekn (4).

MNonyuuBlueecs NpoTMBOpeYNe AOKa3bIBAET, 4TO deg d(x) =1, Te.
d(x) =ax+ b€ L[x]. Ho torga S = —b/ac Lna=60—cp € L
Cneposatensro, Q(a, B) = L = Q(0), 4em n 3aBepaercs
A0Ka3aTeNbCTBO TeopeMbl 11 ana noneil, NOPOXKAEHHbIX ABYMS

qucnamu.

Myctb Teneps E = Q(&1,...,&m). Ecnu cuntats Teopemy
LOKa3aHHOW gna noneli, NOpoXXaeHHbIXx M — 1 4yucnom, To

Q&1 -+ Em—1) = Q(n) ans HekoToporo anrebpamyeckoro ymcsa

7. Tak 4to E = Q(n, &m). MNonb3ysch yxe fokasaHHbIM
YTBEPXKAEHUEM 415 NONENA, NOPOKAEHHBIX ABYMS YnUCAaMU,
3aKJ/1t04aeM, 4TO C HekoTopbiM € E byner BbINOAHATHCS
paseHcTeo E = Q(0).



Cnencteue 2

Kaxzgoe nose, nopoxKgeHHOE KOHEYHbIM KOJNYECTBOM
anrebpanyeckux 4ncen, ectb KOHEYHOMEPHOE JINHENHOE
npoctpaHcTeo Hag Q.

JeiicteutensHo, nycte E = Q(&1,. .. ,&m) — nose, NopoxaeHHoe
anrebpanyeckumn yucnamm £1,...,& m, n 0 € E npuMnTMBHBIiA
anemenT E. CornacHo nemme 5 kaxkablli anemMeHT o noas

E = Q(0) epuHcTBeHHbIM 0Bpa3om npeacTaBnsieTcs B BUAE

a=r+nl+-+rn_10"r  reqQ, (5)

roe n = degf. Otcroga cnegyet, 4to E = Q(0) ectb
KOHEYHOMEPHOE NMHENHOE NPOCTPaHCTBO Hag nonem Q ¢ basucom
1,0,0%,...,0m 1.

Crenensto paciwmpenns E D Q vnn crenensro nons E nwag nonem
PaLMOHANbHBIX YMCEN HA3bIBAETCA Pa3MEPHOCTb JINHEAHOrO
npoctpanctea E Hag Q. Ona obosnaqaetcs cumsonom [E : Q], To
ectb [E : Q] = dimg E = deg¥.



KoHel
NEBATOV JIEKLUUNW.



Nekuwns 10.
Teopema O NPUMUTNBHOM 3IEMEHTE.

Anrebpaunyeckast 3aMKHYTOCTb Mosis

anredbpanyeckux Ymucen.
HopmanbHble paclumperus.




§3. Teopema 0 NPUMUTUBHOM 3/IEMEHTE.

Myctb &1,...,&m — anrebpanyeckue 4ucna. O6o3HaA4YUM CUMBONOM
Q(&1, .. .,&m) HaumeHbLIEE NONE, COAepKallee BCe Yncaa &;, a
TaKXe noje paunoHanbHbix yucen QQ, T.e. MHOXECTBO YmMcen Buga

A(§17 s 7€m)
Bl & BEQG Gl BlE. o Em) £ 0.

FoBopsiT, 4To Yucna &1, ..., {m nopoxgatot none Q(&1,...,&m). U3
Teopembl 10 NpoLoii NEKLUN CNEAYET, YTO BCE €r0 JIEMEHTHI
ABNSAIOTCSA anrebpanyeckumm yncnamu.



§3. Teopema 0 NPUMUTUBHOM 3/IEMEHTE.

Myctb &1,...,&m — anrebpanyeckue 4ucna. O6o3HaA4YUM CUMBONOM
Q(&1, .. .,&m) HaumeHbLIEE NONE, COAepKallee BCe Yncaa &;, a
TaKXe noje paunoHanbHbix yucen QQ, T.e. MHOXECTBO YmMcen Buga

A(§17 s 7€m)
Bl & BEQG Gl BlE. o Em) £ 0.

FoBopsiT, 4To Yucna &1, ..., {m nopoxgatot none Q(&1,...,&m). U3
Teopembl 10 NpoLoii NEKLUN CNEAYET, YTO BCE €r0 JIEMEHTHI
ABNSAIOTCSA anrebpanyeckumm yncnamu.

Teopema 11 (O npumnTneHOM 3nemeHTe. )

Bcsikoe none E = Q(&1, ... ,&m), mopoxgeHHoe anrebpandecknmm
yncnamu €1, . .., Em, MOXET ObITb MOPOXKFEHO OfHNM HUCIOM.
Apyrumu cnosamu, cywectsyet Takoe 4ucno 0 € E, uto E = Q(0).



§3. Teopema 0 NPUMUTUBHOM 3/IEMEHTE.

Myctb &1,...,&m — anrebpanyeckue 4ucna. O6o3HaA4YUM CUMBONOM
Q(&1, .. .,&m) HaumeHbLIEE NONE, COAepKallee BCe Yncaa &;, a
TakXKe Nofe paunoHanbHeix 4ucen Q, T.e. MHOXECTBO Yncen Buaa
A(ér, -5 €m)
: = 9 A)BGQ[€17"'7§m]7 8(517751‘”)#0
B(fl? cee aém)
FoBopsiT, 4To Yucna &1, ..., {m nopoxgatot none Q(&1,...,&m). U3

Teopembl 10 npownoli nekuum cienyeT, YTO BCE €ro 3JIEMeHThbI
ABAAIOTCS anrebpanyecknmMmun Yucnamm.

Teopema 11 (O npumnTneHOM 3nemeHTe. )

Bcsikoe none E = Q(&1, ... ,&m), mopoxgeHHoe anrebpandecknmm
yncnamu €1, . .., Em, MOXET ObITb MOPOXKFEHO OfHNM HUCIOM.
Apyrumu cnosamu, cywectsyet Takoe 4ucno 0 € E, uto E = Q(0).

Yucno 0, nopoxaatowee none E, Ha3biBaeTCA €ro npuMuUTHUBHBEIM
3/IEMEHTOM.



Ka3aTeNnbCTBO TeopeMbl 11.

[lokaxxem CHadana Hy>KHOE YyTBEPXKAEHME A/1A NOAS, NOPOXKAEHHOTO
aBymMs anrebpanyeckumm yucnamu, T.e. bygem cumtaTtb, 4ToO

E = Q(a, ). Myctb cTenenn yncen a, B paBHbI COOTBETCTBEHHO M
nn,a

F(x) = x"+am 1x™ .. 4a0, &(x)=x"+b,_1x" .. .+b

— NX MUHUMaJbHbIE MHOTrOYeHbl. KOpHM 3TUX MHOro4YneHos, T.e.
4NCNA COMPSKEHHBIE C @, 3, 0B03HAYUM 11, ...,0m W [1,...,n
cooTBeTCcTBeHHO. [1pn 3TOM byaem cuutaTh o = ay, 8 = f1. Bee
4NCNA (vj, PABHO Kak U 4ucna [3;, pasnuyHel Mexzay coboii.
Buibepem ¢ € Q Tak, 4TobbI

aj+ cfBr # a1 + cfh, npu (i, k) # (1,1). (1)

370, 04EBUAHO, MOXHO CAEAATh, BEAb KaXKA0E YPaBHEHNE
aj + xBx = a1 + xP1 npu (i, k) # (1,1) nmeet He bonee ogHoro
peweHns, a none Q beckoHeyHo.



HokazaTenbcTso Teopembl 11.

Monoxum 6 = a + ¢ n obosnaunm L = Q(6). Cnpasegnuso
Bkatouerne L C Q(«, 5). B panbHeiiwnx paccyxaenusx byger
NCNOABb30BATLCS MHOFOYJIEH

h(x) = f(6 — cx) € L[x].

MpuHagnexawme konbuy L[x] mHorounensl g(x) n h(x) nmeror
obwnii kopenb 3, Begb h(5) = f(0 — c8) = f(a) = 0. Ecam d(x) —
nx Hanbonbwwuii ObWMIA AennTenb, TO C HEKOTOPLIMY
mHorounenamu u(x), v(x) € L[x] BbinonHsieTcs paBeHCTBO
g(x)u(x) + h(x)v(x) = d(x). N3 atoro pasenctea cnegyer, 4To
4ncino [ siBnsieTcst kopHem MHorounera d(x) € L[x].
Tak kak d(x) — penutens HenpueogMMoro Hag nonem Q
MHorouneHa g(x), To d(x) He MMeeT KpaTHbIX KOPHEIi.
Mpeanonoxum, yto deg d(x) > 1. Toraa mHorounen d(x) nmeer
KOpeHb 7y, oTAn4HbIiA oT (3. Bce kopru d(x) copepxaTcs cpean
KOpHeii MHorounera g(x). Moatomy v = [k C HEKOTOPBLIM HOMEPOM
k> 1.
D



3aBeplieHmne foKa3aTeNnbCTBa Teopembl 11.

YuuTbiBas, 4TO 7y ABASETCS Takxke KOpHeM MHorodneHa h(x), T.e.
0 = h(y) = f(0 — c7y), 3aknto4aem, 4To 6 — €y = (vj C HEKOTOPLIM
Homepom /. Ho Torga 6 = «; + ¢« sonpekn (1).

MNonyuuBlueecs NpoTMBOpeYNe AOKa3bIBAET, 4TO deg d(x) =1, Te.
d(x) =ax+ b € L[x]. Ho torpga f = —b/ac Luna=0—cB e L
Cneposatensro, Q(a, B) = L = Q(0), 4em n 3aBepaercs
A0Ka3aTeNbCTBO TeopeMbl 11 ana noneil, NOPOXKAEHHbIX ABYMS
qucnamu.



3aBeplieHmne foKa3aTeNnbCTBa Teopembl 11.

YuuTbiBas, 4TO 7y ABASETCS Takxke KOpHeM MHorodneHa h(x), T.e.
0 = h(y) = f(0 — c7y), 3aknto4aem, 4To 6 — €y = (vj C HEKOTOPLIM
Homepom /. Ho Torga 6 = «; + ¢« sonpekn (1).

MNonyuuBlueecs NpoTMBOpeYNe AOKa3bIBAET, 4TO deg d(x) =1, Te.
d(x) =ax+ b€ L[x]. Ho torga S = —b/ac Lna=60—cp € L
Cneposatensro, Q(a, B) = L = Q(0), 4em n 3aBepaercs
A0Ka3aTeNbCTBO TeopeMbl 11 ana noneil, NOPOXKAEHHbIX ABYMS

qucnamu.

Myctb Teneps E = Q(&1,...,&m). Ecnu cuntats Teopemy
LOKa3aHHOW gna noneli, NOpoXXaeHHbIXx M — 1 4yucnom, To

Q&1 -+ Em—1) = Q(n) ans HekoToporo anrebpamyeckoro ymcsa

7. Tak 4to E = Q(n, &m). MNonb3ysch yxe fokasaHHbIM
YTBEPXKAEHUEM 415 NONENA, NOPOKAEHHBIX ABYMS YnUCAaMU,
3aKJ/1t04aeM, 4TO C HekoTopbiM € E byner BbINOAHATHCS
paseHcTeo E = Q(0).



Cnenctene 1

Kaxzgoe nose, nopoxKgeHHOE KOHEYHbIM KOJNYECTBOM
anrebpanyeckux 4ncen, ectb KOHEYHOMEPHOE JINHENHOE
npoctpaHcTeo Hag Q.

JeiicteutensHo, nycte E = Q(&1,. .. ,&m) — nose, NopoxaeHHoe
anrebpanyeckumn yucnamm £1,...,& m, n 0 € E npuMnTMBHBIiA
anemenT E. CornacHo nemme 5 nNpowwnoii nekynn Ka>kaslii 31eMeHT
a nonsi E = Q(0) eguHcTeerHbiM 06pa3om npefcTaBnseTcs B BUAE

a:r0+r1c9+~~+fn—19n_1, Uer (2)

roe n = degf. Otcroga cnegyet, 4to E = Q(0) ectb
KOHEYHOMEPHOE NMHENHOE NPOCTPaHCTBO Hag nonem Q ¢ basucom
1,0,0%,...,0m 1.

Crenensto paciwmpenns E D Q vnn crenensro nons E nwag nonem
PaLMOHANbHBIX YMCEN HA3bIBAETCA Pa3MEPHOCTb JINHEAHOrO
npoctpanctea E Hag Q. Ona obosnaqaetcs cumsonom [E : Q], To
ectb [E : Q] = dimg E = deg¥.



84. Anrebpanyeckast 3aMKHYTOCTb NOJst anrebpanyeckunx

Hucen.

Teopema 12

Ecan 4ncno & — kopeHs MHOroO4YNEHA
o(x) = amx™+ ...+ a1x + ag, am # 0,

¢ anrebpanyeckumu koagppuymentamm o, 7o £ — anrebpamyeckoe
Yucsao.

Nubimu cnoeamu, aTa Teopema yTBEPXKLAET, YTO MOJIE BCEX
anrebpanyecknx YMCcen Henb3st PacUUPUTb, NPUCOEANHUB K HEMY
KOpeHb Kakoro-nbo mMHorouneHa ¢ anrebpanyeckumu
ko3apchuLmeHTamMmn. ITO CBOACTBO Ha3blBaeTCs asnrebpanyveckoi
3amMkHyTOCTBIO. [lone KoMneKkcHbIX Yncen Takxe obnagaer aTum
CBOWCTBOM.



He ymeHblias obLWHOCT MOXKHO c4MTaTb, 4TO oy = 1. Cornacho
TEopeMe O NPUMUTUBHOM SJEMEHTE A1 HEKOTOPOro
anrebpanyeckoro yncaa f BbINOAHAETCA PAaBEHCTBO

E =Q(ag,01,...,am-1) = Q(0). Oboznaqum n = deg¥. Mo
nemme 77 cyulecTBytoT Takne MHorodaensl aj(x) € Q[x],

0 <j < m,uto degaj(x) < nu oj = aj(h).

Mycte 01 = 0,05, ...,0, — uncna, conpsixentble ¢ . ObozHaunm

P(x,y) = x™ +am_1(y)x" " + ...+ a1(y)x + ao(y) € Q[x, y].

Mo nemme 2 n3 nexkuun 9

n

R(x) =[] P(x, ;) € Q[x].

Jj=1

Tak kak P(§,601) =0, To R(§) = 0 u 3HaunT, { — anrebpanyeckoe
Yyncno.



§5. HopmanbHble paclivperus.

Mycts E D Q — kOHEYHO NOPOXAEHHOE pacCLUVpeHme.
OTobpaxerue o : E — C Ha3blBaeTCA BAOXKEHNEM, ECNIN T
CoxpaHsieT apudMeTnyecKne onepaLum U ecTb B3aMMHO
ofHO3Ha4HOoe oTobpaxenue E Ha o(E).



§5. HopmanbHble paclivperus.

Mycts E D Q — kOHEYHO NOPOXAEHHOE pacCLUVpeHme.
OTobpaxerue o : E — C Ha3blBaeTCA BAOXKEHNEM, ECNIN T
coxpaHsieT apuMeTnYeckne onepaunmm n ecTb B3anMHO
ofHO3Ha4HOoe oTobpaxenue E Ha o(E).

Teopema 13

Mycte E — koneuno nopoxagénnoe pacimpenne Q u n = [E : Q).
Cywectsyet B TodHocTu n Baoxennii E B C. Ecim E = Q(0) u
01,...,0, yucna, conpsixentsie ¢ 0, To Bce oTobparkeHus

o; - E — C, 3agasaembie ans

a:c0+c10+...+c,,,19”_1, G € Q,
PaBeHCTEamMm
U;(a):C0+C19,'+...+Cn_19?_1, 1<i<n,

cyTb pasnnydusie snoxenuns E B C.



[okaxem cHayana, 4To o oTobpaxaeT MHoxecTBO E Ha 0j(E)
B3auMHO ogHo3sHaHo. lNycte o = g(0), S = h(0), rae g(x), h(x) —
mHorounenbl u3s Qx| crenenn e Beiwe n — 1, n oj(o) = o(B).
Torpa g(0;) = h(0}). YuuTsigas, uTo
degf; = n > deg(g(x) — h(x)), 3akntodaem, 4to g(x) = h(x) n
a = g(0) = h(0) = (. BlanmHas ogHO3Ha4YHOCTb foKa3aHa.
[ns pokasaTenscTBa TOrO, HTO 0 COXPAHSIET ONEPALMIO CIOXKEH WS
obosHauum (x) = g(x) + h(x),deg p(x) < n— 1. Torpa
a+pB=p(0)u

aj(a+B) = ¢(0)) = g(8;) + h(0) = oj(a) + 0;(B).
ObosHaunm f(x) MuHMManbHbIA MHOrOYNEH Hucna 6,
deg f(x) = n. CywyecTBYIOT MHOrOJIEHBI
q(x), r(x) € Q[x],deg r(x) < n— 1 Takune, 4To

g(x)h(x) = q(x)f(x) + r(x).
Torpa, nockoneky f(0) = f(6;) =0 n af = g(8)h(0) = r(0)
nveem
oj(ap) = r(0;) = g(6)h(0;) = oj(a)o;(5B)-
D



[lokaXkeM aHanornyHbIE YTBEPKAEHUS AN PASHOCTM U OTHOLLEHUS.
Ecwma—-B=v10a=pF+7 gi(a)=0i(B)+0j(7)n

oi(a - B) = 05(3) = oj(a) — 03(A).

Ecany = G, rae B # 0, To o = By, 0j(a) = 0(B)oj(7) w

o' oj(a)
J
oj| 7 ) =0(v)= :
J fj
<5 ) aj(B)
3peck ncnons3zosanock To, 4To 0j(3) # 0, BeAb NoO JoKazaHHOMY

paHee oTobpaxeHne o; B3aumHo ofHosHaHo u 0;(0) = 0.
VYTBepXXAEHNE O TOM, 4TO 0 COXpaHseT apumeTnieckmne

onepauuu, T.e. 0j FOMOMOPU3M JOKA3aHO.
Bce o pasnnunbl, nockonsky oj(0) = 0; # 60; = 0i(0) npn i # j.




Tenepb fOKaXkeM, 4TO APYruX BAOXKEHWA, KPOME ONpesenéHHbIX B
Teopeme 13, Het. [lycTb 0 npouseosibHOe BAOXKeHME. Torga npu
HaTypaNbHOM N U uenbix p, g > 0 nmeem
0(0) =0(0+0) =0(0)+ c(0) = o(0) =0;
oc(l)=0(1-1)=0(1)-0(1)=0(1)=1
on)=c(l4+1+---+1)=0(l)+ - +0(1) =no(l) =n;
————

n n

o(—n)=0(0—-n)=0(0)—0c(n)=0—n=—n;

” (p> _oap) _»p
q o(q) g
NTak, o ecTb TOXAECTBEHHOE OTOBPaXKEHNE HA MHOXXECTBE
paunoHanbHbix Yucen. [NogeicTBoBaB Ha paBEHCTBO
-1
f()=0"+a,_10" " +... 43, =0, aj € Q,
BJO>KEHNEM O, I'IOJ'Iy‘-II/IM

o(0) + a,,_lo(ﬂ)”_l +...+a =0.



Tak 4To 4ucno o(f) poaxHO CoBNafaTh C OAHUM U3 KOpHeli §;
mHorounena f(x). A Toraa otobpaxeHne o coBnagaer c oj.
[eiictuTensHo, nycte a = r(#), Torpa o(a) = r(o(0) = r(6;).
Mo Teopeme 0 MPUMUTUBHOM 3JIEMEHTE KaXK0Ee KOHEYHO
nopoxaéHHoe paclumpetune nons Q Moxer BbITb NpescTaBaeHo B
suge Q(6). 3To nokasbiBaeT TakXKe 1 NEPBOE YTBEPKAEHNE
Teopembl.



PaccmoTpum Tenepb BOMpoC, Kak yCTpoeHbl obpasebl
dnkcuposaHHOro anrebpanyeckoro 4ncna noj AeicTenemM

BJIOXKEH WA,

Teopema 14

Mycrs EDQ,v=[E:Q],a€ E,dega=m. Torgam|v n
mHoxecTBo 01(a), ..., 0,(Q) cOCTONT U3 conpsikeHHbIX YUCAA (.

Kaxgoe ux HUX NOBTOPSETCS B 3TOM MHOXECTBE POBHO 1. Pa3.
Mycte E = Q(A) n a = r(f). Toraa mHorouneH

v

F(x) = [[(x = aj(a)) = T Tx = r(6),

Jj=1 Jj=1

Mo CNeACTBAMIO U3 TEOPEMbBI O CUMMETPUYECKX MHOMOYIEHAX
nexunt B Q[x]. Obo3HaYMM MUHUMANBHBI MHOTOYNEH YNCAa &
cumeonom f(x) n pasgenum muorodneH F(x) Ha MakcnmanbHo
BO3MOXHYIO CcTeneHb f(x), T.e. npegctasum F(x) B Buge

F(x) = f(x)kd(x), f(x)1d(x), k>0. (3)
D
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F(x) =[x = a3(a)) = TT(x = r(9))).

j=1 J=1
F(x) = f(x)*d(x), f(x)td(x), k=>0. (4)

Dokaxem, 4to d(x) € Q. Ecnn degd > 1 u 8 kopetb d(x), TO
F(B) = 0. 3nauuT, HaligeTcs nHgekc j, ans kotoporo S = oj(a) —
kopeHb MHorousHa f(x). Mogeiicteyem Ha pasencTso f(a) =0
BnOXeHunem o;j. B pesynsbrate nonyuntes f(oj(a) =0, 1o ecTb
f(8) = 0. Crano 6biTb, MHOrO4NEHbI f(X) n d(x) nmetoT obyKii
kopeHb. Oba oHm nexat 8 Konbue Q[x] n f(x) Henpusoanm,
nosatomy f(x) | d(x) sonpekn (3). Monyunsleecs npotusopeyne
o3HayvaeT, 4To d(x) He umeeT KopHeii. MMockonbky cTapiune
koabpununerTsl y mHoroneHos F(x) u f(x) paenbl 1, 1o d(x) =1
n F(x) = f(x)*. Cnesa cTont MHOrouneH ctenewn v, a cnpaea
cTeneHn km, OTCIOAA W CNEAyeT, 4TO, BO NEPBbIX, M

v, a BO
BTOPbIX, MHOXECTBO kopHeill F(x) cocTonT n3 Bcex KopHeii f(x),
NPNYEM KaXKAblii KOPeHb MOBTOpsieTCst k pas.



Bbiwe 66110 [OKa3aHO, YTO PaLMOHAJILHBIE YNCAA HE MEHSHOTCS
nog feiictemem Bnoxenuii. BepHo u obpaTHoe yTeepxaeHue.

Cneacteue 2

Ecan yucno o € E ocTaércs Heu3mMeHHbIM 104 A€HCTBUEM BCEX
saoxxennsi noss E 8 C, 7o oHO payumonanbHo.

Mpeanonoxum, 4to degav > 2. Torga B cuny npeaplayLiei
Teopembl B Habope o1(a), ..., 0, () gomkHO bbITh XOTst ObI 4B
Pa3/INYHBIX YMCIA, @ 3TO NMPOTUBOPEHUT YCIOBUIO.



Pacwupenne E O Q Ha3biBaeTCss HOpMasibHbIM, €CNN Anst aoboro
Bnoxenus o : E — C sbinonusietcs pasercteo o(E) = E.
Mpumepsl.

1. E = Q(v/2). 3aech Tonbko ABa BAOKEHUS:

Jl(a+b\f2)=a+b\@, az(a—l—b\@):a—b\ﬁ, a,beQ

SlcHo, uTO ans 0boNX BAOXKEHUI BLINOMHAETCA PABEHCTBO
o(E) = E. None E HopmanbHoe.
2. F = Q(Q/ﬁ) MHorouneH x3 — 2 umeet Tpu KopHsi: V2, £V/2,

€22, rpe € = e PaccmoTtpum Bnoxenune o nonsa F B none C
o(a+ bV2 + cV/4) — a+ bEV2 4 c£2V/a.

Tak kak F — pelicTBUTENBHOE NONE, HO J(\Bﬁ) = £v/2 — ne
peiicteutensHoe Yncno, to o(F) # F. 3naunt, F D Q He
HOPMAafbHOE PACLLUPEHNE.



JlocTaTo4HOE YCI0BUE HOPMATbHOCTK

Teopema 15

Mycte E = Q(&1, ..., &m), rae &1, ..., Em cyTb anrebpaneckue
yucaa, n BCce conpseHHbie Kaxxgoro u3 &; npuHagnexat E. Torga
E HopmansHo.

MNycTb o nponsBoNbHBIA 3neMeHT us nons E. Torga cnpaeennueo

npeacTaBn€HNE:
0= B ABE Q. B(En ) 20

MNogelicTByem BAOXEHMEM 0 HA 3TO PaBEHCTBO. Y4YUTLIBAS, YTO

B(o(&1),...,0(Em)) = o(B(&1,-.-,€m)) # 0, nonyyaem

A(O—(gl)a R U(&m))
ola) = .
)= Blo(@)....o(em)
Tak kak (&) conpsixeHo ¢ &;, TO, COrNacHo ycaosuto, npu atobom
i Haxogum o(&;) € E. 3naunT, o(a) € E w o(E) C E.
D




JlocTaTo4HOE YCI0BUE HOPMATbHOCTK

[Jokaxkem Tenepb obpatHoe Bkatodenue. Mycte E = Q(H),

01,...,0, — uyncna, conpsixentslie ¢ . Obpas 6 npu oTobpaxkeHnn
0 — OBHO N3 CONPsDKEHHBIX € # Yucen, nycTe 310 bygeT Oy. Yncna
1,0,... ,GZ_I € E obpazytor 6asuc E (creneHb Oy paBHa V), u

noTOMY BCsikOe 3 € E MOXHO NpefcTaBuTh B BUAE
5 =+ r10k + ...+ r,,_lﬁz_l.
Haligém npoobpas 3Toro aneMeHTa: UMEHHO, NONOXKUM
a=r+n0+...+r_10""te€E.

ScHo yto o(a) = 5. A 370 u o3Havaer, uto E C o(E).



Ecnan E HopmanbHoe pacwiupenune, To oTobparkeHue, obpaTHoe K
BIOXKEHUIO, TOXKE SIBJISIETCA BAOXKEHUEM, U KOMMO3ULMS ABYX
BNIOXKeHUIi cHOBa BaoxeHue. Hade rosops, BaoxeHns obpasytoT
rpynny.

pynna aBTOMOPU3MOB HOPMabHOTO PaCLUMPEHNUS HA3bIBAETCS
ero rpynnoii lanya.



§6. Hopma B kOHEYHO MOPOXKAEHHbBIX PaCLUMPEHNSX

Mycte E pacwupedne Q u v = [E : Q], 01,...,0, Bnoxenus E B
C. Hopmoii anemenTta v n3 E B Q HasbiBaeTcs 4ucno

N(e) =[] oi(@).
j=1

Teopema 16 (CeoiicTBa HOpMbI)

1L EcmacE, v=[E:Qunf(x)=x%+ag 1x" 1+ ... +ag

€ Q[x] — munumanehbisi MHorouner o, To N(a) = (—l)Vag/d. B
yactHoctu, ecim o € Q, 1o N(a) = o”.

2. [Ins noboro uncna « € E ero vopma N(«) npunagnexut Q, a,
ecn o — yenoe anrebpandeckoe yucno, To N(a) € Z.

3. Uz paBerctea N(a) = 0 crnegyer o = 0. ObpaTHoe Takxe BEPHO.
4. [Ina nobeix 4ucen «, B nons E cnpasegnnsBo paBeHCTBO

N(a- 8) = N(a)N(B).
D



[loka3aTenbCTBa CBOMCTB HOPMBbI.

1. Myctb g, ...,y BCe 4ncna, conpsixénrble ¢ . [pumenss
Teopemy 15 u3 npeabigyleii nekuun n obosHavas k = 5,
noay4aem, 4TO

N(@) = (o aa)* = ((~1)20)" = (~1)"ah.

3aeck ucnonbzosanack dopmyna Bueta g - - - ag = (—1)%ap.

2. VTeepxaeHune cnesyet U3 Nepeoro CBOWCTBA HOPMbI U TOMO
cakTa, 4to 39 € Q. A B cnyyae uenoro anrebpanyeckoro o MMeem
ag € 7.

3. Ecan N(a) =0, To HaligéTca nHAEKC j, ANt KOTOPOro

oj(a) = 0. YunTeiBasi, 4To 0 BNOXeHUe, 3akitoHaem a = 0.
ObpaTHoe yTBEpXKAEHMNE OHEBUIHO.

4.

v 14

N(a-B8) =[] ojla- 8) =[] oi(a)oi(8) = N(a)N(B).

j=1 j=1



KoHel
NEeCATOW NeKUNN.



Nexkumna 11.
HopmanbHble pacwimpenus. Hopma B KOHeYHO
NOPOXIAEHHbBIX PaCLLINPEHUSIX.

Teopema JlnyBunns v cywectsoBaHue

TPaHCLUEHAEHTHbIX Yucen. VippaunoHanbHOCTL €.




§5. HopmanbHble pacwmperns (npogosikerue).

Pacwmpenne E O Q HasbiBaeTCss HOpMasibHbIM, €CNN Ans aoboro
Brnoxenus o : E — C sbinonHsiercs pasercteo o(E) = E.
Mpumepsbl.

1. E = Q(v/2). 3peck Tonbko ABa BAOKEHUS:

o1(a+ bV2) = a+ bv2, oa(a+bV2)=a—bV2, abeQ

SlcHo, 4TO Ans 0bOMX BAOXKEHNI BLINONHAETCS PAaBEHCTBO
o(E) = E. None E HopmanbHoe.
2. F = Q(v/2). Muorounen x3 — 2 umeet Tpu kopHs: v/2, £v/2,

2mi

€22, rpe € = €3 . PaccmoTpum Bnoxetne o nonsi F & none C
o(a+ bV2+ cV/4) — a+ bEV/2 4 c£2V/4.

Tak kak F — peiicteutensHoe nose, Ho o(v/2) = £v/2 — He
aelicTeutensHoe qucno, 1o o( F) # F. 3nauut, F D Q He
HOpPMasibHOE PaCLUMpPEHIE.



Teopema 17 ([locTaTouHoe ycnoeue HOPManbLHOCTM)

Mycrs E = Q(&1,---,&m), rae &1, ..., Em cyTb anrebpaneckue
Yucna, u BCE CONpsiKEHHbIE Kax[oro us &; npuHaanexart E. Torga
E rnopmansho.

MNycTb o nponseonbHbIi 3nemeHT n3 nons E. Torga cnpaseanneo

npeactaBneHUE:
_ A(gla--'agm)
a—m, A BeQlx,...,xm], B(&,-..,&m) #0.

MNogeiicTByem BAOXEHMEM 0 HA 3TO PaBEHCTBO. YUUTLIBAS, YTO

B(o(&1),.--,0(Em)) = o(B(&1y---,€m)) # 0, nonydaem

_ Ale(&), - -, 0(Em))
B(o(&1),---,0(Em))

Tak kak (&) conpsixeHo ¢ &;, To, COrNacHo ycaoButo, npu aobom
i Haxogum o(&;) € E. 3naunT, o(a) € Em o(E) C E.

(@)



JlocTaTo4HOE YCI0BUE HOPMATbHOCTK

[Jokaxkem Tenepb obpatHoe Bkatodenue. Mycte E = Q(H),

01,...,0, — uyncna, conpsixentslie ¢ . Obpas 6 npu oTobpaxkeHnn
0 — OBHO N3 CONPsDKEHHBIX € # Yucen, nycTe 310 bygeT Oy. Yncna
1,0,... ,GZ_I € E obpazytor 6asuc E (creneHb Oy paBHa V), u

noTOMY BCsikOe 3 € E MOXHO NpefcTaBuTh B BUAE
5 =+ r10k + ...+ r,,_lﬁz_l.
Haligém npoobpas 3Toro aneMeHTa: UMEHHO, NONOXKUM
a=r+n0+...+r_10""te€E.

ScHo yto o(a) = 5. A 370 u o3Havaer, uto E C o(E).



Ecnan E HopmanbHoe pacwiupenune, To oTobparkeHue, obpaTHoe K
BIOXKEHUIO, TOXKE SIBJISIETCA BAOXKEHUEM, U KOMMO3ULMS ABYX
BNIOXKeHUIi cHOBa BaoxeHue. Hade rosops, BaoxeHns obpasytoT
rpynny.

pynna aBTOMOPU3MOB HOPMabHOTO PaCLUMPEHNUS HA3bIBAETCS
ero rpynnoii lanya.



§6. Hopma B kOHEYHO MOPOXKAEHHbBIX PaCLUMPEHNSX

Mycte E pacwupedne Q u v = [E : Q], 01,...,0, Bnoxenus E B
C. Hopmoii anemenTta v n3 E B Q HasbiBaeTcs 4ucno

N(e) =[] oi(@).
j=1

Teopema 18 (CeoiicTBa HOpMbI)

1L EcmacE, v=[E:Qunf(x)=x%+ag 1x" 1+ ... +ag

€ Q[x] — munumanehbisi MHorouner o, To N(a) = (—l)Vag/d. B
yactHoctu, ecim o € Q, 1o N(a) = o”.

2. [Ins noboro uncna « € E ero vopma N(«) npunagnexut Q, a,
ecn o — yenoe anrebpandeckoe yucno, To N(a) € Z.

3. Uz paBerctea N(a) = 0 crnegyer o = 0. ObpaTHoe Takxe BEPHO.
4. [Ina nobeix 4ucen «, B nons E cnpasegnnsBo paBeHCTBO

N(a- 8) = N(a)N(B).
D



[loka3aTenbCTBa CBOMCTB HOPMBbI.

1. Myctb g, ...,y BCe 4ncna, conpsixénrble ¢ . [pumenss
Teopemy 15 u3 npeabigyleii nekuun n obosHavas k = 5,
noay4aem, 4TO

N(@) = (o aa)* = ((~1)20)" = (~1)"ah.

3aeck ucnonbzosanack dopmyna Bueta g - - - ag = (—1)%ap.

2. VTeepxaeHune cnesyet U3 Nepeoro CBOWCTBA HOPMbI U TOMO
cakTa, 4to 39 € Q. A B cnyyae uenoro anrebpanyeckoro o MMeem
ag € 7.

3. Ecan N(a) =0, To HaligéTca nHAEKC j, ANt KOTOPOro

oj(a) = 0. YunTeiBasi, 4To 0 BNOXeHUe, 3akitoHaem a = 0.
ObpaTHoe yTBEpXKAEHMNE OHEBUIHO.

4.

v 14

N(a-B8) =[] ojla- 8) =[] oi(a)oi(8) = N(a)N(B).

j=1 j=1



§7. MpnbnmkeHne anredbpanyecknx YUCen paunoHanbHbIMU.

JToboe KOMMNIEKCHOE HYNCI0, OTNMYHOE OT KOPHER MHOrOY/EHOB C
paLNOHaNbHBIMN KO3(bdMLMEHTaMK, Ha3bIBAETCS
TpaHcueHaeHTHbIM (JlelibHuu).



§7. MpnbnmkeHne anredbpanyecknx YUCen paunoHanbHbIMU.

Jlroboe kOMMNIEKCHOE YMCO0, OTAMYHOE OT KOPHEA MHOIOYJEHOB C
paLNOHaNbHBIMN KO3(bdMLMEHTaMK, Ha3bIBAETCS
TpaHcueHaeHTHbIM (JlelibHuu).

B 1844r. XK. Jluyeunns gokasan, 4To anrebpanyeckme 4ucna He
MOTFYT CJAULIKOM XOPOLUO NpubanXKaTeCa pauuoHanbHbIMU. JTO
CBOCTBO MO3BOJINIO €MY MOCTPONTL NMEPBbIE MPUMEPSI
TPaAHCLEHAEHTHBIX YnCen.



§7. MpnbnmkeHne anredbpanyecknx YUCen paunoHanbHbIMU.

Jlroboe kOMMNIEKCHOE YMCO0, OTAMYHOE OT KOPHEA MHOIOYJEHOB C
paLNOHaNbHBIMN KO3(bdMLMEHTaMK, Ha3bIBAETCS
TpaHcueHaeHTHbIM (JlelibHuu).

B 1844r. XK. Jluyeunns gokasan, 4To anrebpanyeckme 4ucna He
MOTFYT CJAULIKOM XOPOLUO NpubanXKaTeCa pauuoHanbHbIMU. JTO
CBOCTBO MO3BOJINIO €MY MOCTPONTL NMEPBbIE MPUMEPSI
TpaHCUeHAeHTHbIX Yncen. Ecnm oo — komnnekcHoe 4ucno, To gns
ntoboro pauroHanLHOro Ynucna g BbIMOJIHSIETCA HEPABEHCTBO

a— 21 > [Sal n scko, 4to k ducny o s C\ R Henbzs

NpMbAN3MTLCA paLMOHaNbHBIM Ha PacCTosiHME MeHbluee |Sal.



§7. MpnbnmkeHne anredbpanyecknx YUCen paunoHanbHbIMU.

Jlroboe kOMMNIEKCHOE YMCO0, OTAMYHOE OT KOPHEA MHOIOYJEHOB C
paLNOHaNbHBIMN KO3(bdMLMEHTaMK, Ha3bIBAETCS
TpaHcueHaeHTHbIM (JlelibHuu).

B 1844r. XK. Jluyeunns gokasan, 4To anrebpanyeckme 4ucna He
MOTFYT CJAULIKOM XOPOLUO NpubanXKaTeCa pauuoHanbHbIMU. JTO
CBOCTBO MO3BOJINIO €MY MOCTPONTL NMEPBbIE MPUMEPSI
TpaHCUeHAeHTHbIX Yncen. Ecnm oo — komnnekcHoe 4ucno, To gns

noboro pauLnNOHANIbHOTO Yncna g BbIMNOJIHAETCA HEPABEHCTBO

a— 21 > [Sal n scko, 4to k ducny o s C\ R Henbzs

npubAN3MTLCA paumMoHaNbHBIM Ha paccTosiHue MeHblee |Sal. C
OPYroli CTOPOHbI paunoHasbHble Yncaa BCHOGY NAOTHbI Ha
OeACTBUTENbHON NpsiMOii 1, MoryT npubamxaTs fntoboe
fNelicTBUTEeNbHOE YNCAO C Ntoboi ToYHOCTLIO. 3ajada CTaHOBUTCA
COLEep>KaTENbHOI, €CIN OLEHNBATbL PacCTOsIHNE, HaNpUMep, B
3aBMCUMOCTUM OT 3HAMEHATENS NMPUBANKAIOLLErO PALMOHANLHOIO
yucna.



Teopema JlnyBunnst n Hayano AoKa3aTenbCTBA.

Teopema 19 (Jlnysunnb)

llyctb oo — BelicTBUTENIbHOE aNrebpanyeckoe Yucao crenendu v > 2.
Torpa Haiinércs konctanta ¢ > 0, 3aBucsiilasi TONbKO OT (v, TaKas,
41O AN N0bOro paynoHanbHOro 4ucaa s, g > 0, BbinonHseTcs
HEpaBeHCTBO

(1)

Myctb f(x) € Q[x] — MuHMManbHBIA MHOrOuYNeH Yncna a un d —
0buwunii 3HameHaTenb kospduumertos f(x). MycTb Takxe

o= Q1,0,...,0, — HACNA, CONpPsKEHHble C . MHorounen f(x)
Henpueogum. ockosibKy cTeneHb ero v He MeHblue 2, To f(x) He
NMEET paLuMoHanbHbiX KOpHEl u, 3HauuT, dg”f(p/q) uenoe
oTaMyHOe oT Hyns yucno. Ho torga dq”|f(p/q)| > 1. PaccmoTpum
Tenepb ABa Ciydasi:



1) Nyctb |a — g‘ < 1. Torpa

aj—p'élaj—a|+

a—plg\a—aj\—#—l, j=2,...,v
q

N3 aTux HepaBeHCTB cneayeT

v P p
1< dg"|f(p/q)l = dq” |a—=|-]] Oéj—’S
=
p v
<dq’|a— =|- oo — aj| +1).
2| 10~

j=2

R o 7 _ -1
Obosnaune ¢ = d ™ [[[, (Ja — ajf +1)7", nonyuyaem otcropa
HY>KHOE HEpaBEHCTBO.



locTaTo4HOE yCNOBME TPAaHCLIEHAEHTHOCTN.

2) B cayyae ‘a - g’ > 1 MOXHO B3ATb Ty XK€ KOHCTAHTY C, YTO U B

nepeom ciydae. OHa, 04eBNAHO, YAOBNETBOPSIET HEPABEHCTBY

c < 1, noatomy

a— p‘ >1>— > —.
q

Teopema JluyBunns gokasata.

Cnepcteune 1
Ecan o € R u gna moboro m > 2 nepasenctso 0 <

_ P 1
amtl<

uMeeT bECKOHEYHO MHOro PeLLeHun s g € Q, To o TpaHcyeHaeHTHO.



1) [okaxem cHauana, 4to v ¢ Q. MMpegnonoxum, 4TO 3TO HE TaK,

ma=3,abeZ, b>0. Bossmém m=2. o ycnosuto

cyliecTByeT BECKOHEYHO MHOIO paunoHasbHbIX Yucen p/q,

yaoBsneTBopsowmx HepaBeHcTBam 0 < ‘a — B‘ < %. Cpean Hux

q
€CTb, KOHEYHO, peWweHNA CO CKOJIb YrogHoO 6OJ'IbLIJVIMI/I

3HameHaTensmMn g. C apyroii CTOpoHsI,

ConocTaenssi NoNyHeEHHbIE HEPABEHCTBA, 3aK/IOHAEM, HTO % > biq
u, 3Ha4uT, g < b. MNonyyunsLieecs npoTneopeymne fOKa3bIBAET
MPPaLMOHANBHOCTD (.



2) [okaxkeM, 4TO (v HE €CTb anrebpanyeckoe YUCNO CTeneHn
bonbuieii, yem 1. MMpeanonoxum nNpoTuBHOE, U NyCTb

dega = v > 2. Monoxum m = v + 1. o ycnoeuro cnegcteuns
cyuiecTByeT HeCKOHEYHO MHOFO pauyoHanbHbIX Yncen 2
a—FBi< q%, = ﬁ. Ac
Lpyroii cTopoHbl no Teopeme 19 ¢ HekoTopoli koHCTaHTOl ¢ > 0, He
3aBUCSILLEN OT P U ¢, AOSKHO BbINOJHATHCS HEPABEHCTBO

ypoBaeTBOpsioWMx HepageHcTBaMm 0 <

q

c 1

7 < Pl Ho torga g < % BOMpeKn BECKOHEYHOCTN MHOXKECTBA

paynoHanbHbIX peLIJeHVIﬁ HEpPaBEHCTBA U3 YC/NOBUA CNeacTBUA.

’a -2 > q%. ConocTaBasist 3T HEPaBEHCTBA, NOJyYaeM:




CyuiecTBoBaHNE TPAHCLEHAEHTHBIX YNCEN.

Ykaxem TENEPb KOHKPETHOE TPAHCUEHOEHTHOE HNCAO.

Cnencteue 2
Yucno o, onpeseneHHoe psgom

[e.e]

— k!
o= g 2 k',
k=0
TPaHCLEHAEHTHO.

Ynenbl 3Toro psaga "6eictpo'crpemaTca Kk Hyato, a obwiuii
3HamMeHaTeNb ero nepsbiX N 4AeHOB pacTeT "He oyeHb BbicTpo".
STK CBOIICTBa NO3BOMSAOT NOCTPOUTL NOCAEA0BATENBHOCTb
XOPOLUMX PaLMOHabHBLIX NPUBAMXEHUIE K Yncny «, 4To
obecnedmneaeT ¢ nOMOWBIO CAeacTBNA 1 TPAHCUEHAEHTHOCTD (.



,ELJ'ISI Ka>X[oro HaTtypanabHOro n onpegennm uenble 4mncna

n

| 1— kI

qn:2n.7 pn:§ :2n k..
k=0
PaunonansHoe yncno
n

Pn Z —k!

o 2

dn =0

PaBHO YaCTU4YHOI cymMe paga, onpeaensitowero «. [Nockonbky
YjleHbl psfa MOJIOKNTENbHbI, TO

oo
Pn —k!
a— — = E 2 > 0.
9n =
=n+1



Vuntsigas, uto (k + 1) > k!, nonyuaem 2~ (k1! 2=k < 1y

P 00 1 1
_ Fn — 2—k! 2—(n+1)! 1 - - o —
a- ) < ot
k=n+1
2 1 1

= ST < g = 3

N3 3Tux HepaeeHCTB crepyeT, 4To ans moboro m > 2

HEpPABEHCTBAM

=< om

q

YLOBNETBOPSIET BECKOHEYHOE KOJIMYECTBO Pa3finyHbIX

paLMoHabHbIX YUcen %, n > m. B cornacun co cneacteuemM 1
n

MOXHO YTBEPXXAaTb TEMNEPb, 4TO ¢ — TPAHCLEHAEHTHOE YUCIIO.

1
0< ﬂ




fAcHo, uyTo Takum cnocobom, BbIbupasi BMecTo 2 apyrue
HaTypaJibHblE OCHOBAHUS, MOXHO MOCTPOUTL MHOXKECTBO NMPUMEPOB
TpaHcueHAeHTHbIX Yucen. Hanpumep, Boibpae pag ¢ uneHamu
10~*', nonyuum uncno, 3anuceiBaemoe B AECATUHHON cUCTeMe
Hynsamu u eguanuamu. [puyem paccTosHus Mexay cocesHnMm
eavHULaMun DyoyT BO3pacTaTh O4YEHb BLICTPO. DTO YNCIO TaKXKe
TPaHCLEHAEHTHO.



fAcHo, uyTo Takum cnocobom, BbIbupasi BMecTo 2 apyrue
HaTypaJibHblE OCHOBAHUS, MOXHO MOCTPOUTL MHOXKECTBO NMPUMEPOB
TpaHCUeHAeHTHbIX Yncen. Hanpumep, Boibpae pag ¢ 4neHamu
10~*', nonyuum uncno, 3anuceiBaemoe B AECATUHHON cUCTeMe
HyAsiMU U eguHnuamm. [puyem paccTosHna Mexay COCefHUMN
eavHULaMun DyoyT BO3pacTaTh O4YEHb BLICTPO. DTO YNCIO TaKXKe
TPaHCLEHAEHTHO.

NHoe poka3aTenbCTBO CYLLECTBOBAHUS TPAHCLEHAEHTHBIX YUCEN
bbino npepnoxero B 1874r. [. Kautopom, ycTaHOBMBLUMM
CYETHOCTb MHOXECTBA anrebpanyeckux Yncen u HECHETHOCTb
MHOXeCTBa AeNCTBUTENbHBIX Yucen. Takum obpasom, MHOXKECTBO
LECTBUTENBHBIX YNCEN HE MOXKET UCHEPNbIBATHCS
anrebpaundeckumn yucnamu. Bonee Toro, TpaHcueHAEHTHBIE Yuncaa
COCTaB/ISIHOT MHOXECTBO bOsbLUel MOLLHOCTY, YeM
anrebpaundeckue. Bnpouem, 3To paccyxaeHue He no3sonsieT
CTPONTL MPUMEPbI TPAHCLEHAEHTHBIX YNCEN.



§8. MppaunoHanbHOCTb U TPAHCLEHAEHTHOCTL YKCaa €.

B 1737r. Diinep, BOCNOAL30BABLUNCL PA3/IOXKEHNEM HYUCIA € B
BeCKOHEUHYIO LienHy Apobb, [OKa3an NpPaLUOHaNbHOCTL €.

Teopema 20 ([okazatenscteo Pypoe)

Yucno e nppaymnoransHo.



§8. MppaunoHanbHOCTb U TPAHCLEHAEHTHOCTL YKCaa €.

B 1737r. Diinep, BOCNOAL30BABLUNCL PA3/IOXKEHNEM HYUCIA € B
BeCKOHEUHYIO LienHy Apobb, [OKa3an NpPaLUOHaNbHOCTL €.

Teopema 20 ([okazatenscteo Pypoe)
Yucno e nppaymnoransHo.

MpeacTaBnm 4ncio e B BMAE psga n ymHoxum ero Ha nl. MNoay4um

=1 " nl > nl
”!e:"!Zﬂ:Zﬂ+ Z ﬂ:pn—i-rn. MoaTomy
k=0 k=0 k=n+1

<1

1 1 1
O<nle—p,=r< -

P R P
Mpeanonoxum, 4to e = § c uenbimn a, b, b > 0. Monoxum n = b.

Tak kak nle — p, € Z (daktopnan yboéT 3HameHaTens €), TO
Hepaeenctea 0 < nle — p, < 1 HeBo3moXHbI. [IpoTuBOpeyme.



B 1873r. SpmuTt npegnoxun npu atobom m € Z, m > 0,
AHAJINTUYECKYO KOHCTPYKLMIO Lenbix Yucen by, by, ..., by Takux,
4TO BCE PasHOCTU boek — b, 1 < k < m, 6anskn kK Hynto, n Ha

9TOll OCHOBE AOKa3an CEAYIOLLYIO TEOPEMY.

Teopema 21
Yucno e tpaHcuengeHTHO.



B 1873r. SpmuTt npegnoxun npu atobom m € Z, m > 0,
AHAJINTUYECKYO KOHCTPYKLMIO Lenbix Yucen by, by, ..., by Takux,
4TO BCE PasHOCTU boek — b, 1 < k < m, 6anskn kK Hynto, n Ha
9TOI OCHOBE AOKa3as CAEAYHOLLYHO TEOPEMY.

Teopema 21
Yucno e tpaHcuengeHTHO.

CdbopmynnpoBaHHOe yTBEP)KAEHME PABHOCWIIBHO JINHERHOI
HesaBucumocTu uncen 1,e,e? ... e™ nag Q ans noboro m > 1.
3a noytn 150 net, npowepwnx nocne onybnnkosanusi pabotoi
SpmMuTa, BbINO NPESIOKEHO MHOXKECTBO Pa3finyHbIX BAPUAHTOB
paccyxgeHuii. Mbl npueegem 3gech A0Ka3aTeNbCTEO,
onybnukosantoe B 1890r. T. Ctuntbecom.



B ocHOBe KOHCTpYKUUU DPMUTa COBMECTHBIX PaLUOHANBHBIX
NpubAMXXEHNTE K CTENEHAM YNCAa € IEXNT CNEAYIOLLEE TOXKIAECTBO

/OX e 'f(t)dt = F(0) — F(x)e ™, f(x) € C[x] (2)

M
Fix)=> fR(x), M =degf(x), (3)
k=0



B ocHOBe KOHCTpYKUUU DPMUTa COBMECTHBIX PaLUOHANBHBIX
NpubAMXXEHNTE K CTENEHAM YNCAa € IEXNT CNEAYIOLLEE TOXKIAECTBO

/OX e 'f(t)dt = F(0) — F(x)e ™, f(x) € C[x] (2)

M
Fix)=> fR(x), M =degf(x), (3)
k=0

Ons pokasatensbctea npoguddeperHunpyem npasyto HacTs (2)
(F(0) — F(x)e_x), =e *(F(x) — F/'(x)) = e *f(x)

Mosny4nBlieecs BbipaxkeHne COBNagaeT C NPOM3BOLHONW NE€BOIA
vactn. OcTanock y4ecTb, 4TO 0be 4acTu AOKa3bIBAEMOroO
ToxgecTea coenagatot npu x = 0.

Ecau f(x) € Z, o n F(x) € Z. Nnterpuposats B Toxaectee (2)
MOXXHO, Hanpumep, No OTPe3KY B KOMMIAEKCHOA MAOCKOCTH,
coeanHsioweMmy Toukm O u x.



KoHel
OAVHHAALATON NEKLNN.



JNekuyusa 12.

TpaHcueHaeHTHOCTL €. VppaunoHanbHOCTL 7.

Teopema Jlnnpemana-Beliepwtpacca.




B 1873r. SpmuTt npegnoxun npu atobom m € Z, m > 0,
AHAJINTUYECKYO KOHCTPYKLMIO Lenbix Yucen by, by, ..., by Takux,
4TO BCE PasHOCTU boek — b, 1 < k < m, 6anskn kK Hynto, n Ha

9TOll OCHOBE AOKa3an CEAYIOLLYIO TEOPEMY.

Teopema 17
Yucno e tpaHcuengeHTHO.



B 1873r. SpmuTt npegnoxun npu atobom m € Z, m > 0,
AHAJINTUYECKYO KOHCTPYKLMIO Lenbix Yucen by, by, ..., by Takux,
4TO BCE PasHOCTU boek — b, 1 < k < m, 6anskn kK Hynto, n Ha
9TOI OCHOBE AOKa3as CAEAYHOLLYHO TEOPEMY.

Teopema 17
Yucno e tpaHcuengeHTHO.

CdbopmynnpoBaHHOe yTBEP)KAEHME PABHOCWIIBHO JINHERHOI
HesaBucumocTu uncen 1,e,e? ... e™ nag Q ans noboro m > 1.
3a noytn 150 net, npowepwnx nocne onybnnkosanusi pabotoi
SpmMuTa, BbINO NPESIOKEHO MHOXKECTBO Pa3finyHbIX BAPUAHTOB
paccyxgeHuii. Mbl npueegem 3gech A0Ka3aTeNbCTEO,
onybnukosantoe B 1890r. T. Ctuntbecom.



B ocHOBe KOHCTpYKUUU DPMUTa COBMECTHBIX PaLUOHANBHBIX
NpubAMXXEHNTE K CTENEHAM YNCAa € IEXNT CNEAYIOLLEE TOXKIAECTBO

/OX e 'f(t)dt = F(0) — F(x)e ™, f(x) € C[x] (1)

M
Fix)=> fR(x), M =degf(x), (2)
k=0



B ocHOBe KOHCTpYKUUU DPMUTa COBMECTHBIX PaLUOHANBHBIX
NpubAMXXEHNTE K CTENEHAM YNCAa € IEXNT CNEAYIOLLEE TOXKIAECTBO

/OX e 'f(t)dt = F(0) — F(x)e ™, f(x) € C[x] (1)

M
Fix)=> fR(x), M =degf(x), (2)
k=0

Ons pokasatensctea npoguddeperunpyem npasyto HacTs (1)
(F(0) — F(x)e_x), =e *(F(x) — F/'(x)) = e *f(x)

Mosny4nBlieecs BbipaxkeHne COBNagaeT C NPOM3BOLHONW NE€BOIA
vactn. OcTanock y4ecTb, 4TO 0be 4acTu AOKa3bIBAEMOroO
ToxgecTea coenagatot npu x = 0.

Ecau f(x) € Z, To n F(x) € Z. Nnterpuposats B Toxaectee (1)
MOXXHO, Hanpumep, No OTPe3KY B KOMMIAEKCHOA MAOCKOCTH,
coeanHsioweMmy Toukm O u x.



MycTb N - HaTypasbHOE YMCNO, BNOCAEACTBUN AOCTaTOHHO
bonbloe, a mHorounen f(x) € Z[x] npu HekoTOPOM HaTypasbHOM
m obnagaeT CBONCTBOM

FfO)y=fD1)=...=fD(m)=0, 0<i<n,  (3)
Torga npu nwbom k =0,1,2,..., m umeem
M . M .
F(k)=>_fOk) =" f0(k) = nlb,
i=0 i=n

rae by - uenbie yncna. B nocnegreli cymme kaxkpoe ciaraemoe
aenntcs Ha nl. ITo cneayeT U3 TOXAECTBA

1, 0, ecnn r<i;
= (x")D = { L (4)
T

e x"T ecan  r > .
il(r—i)! ’



N3 Toxpectsa (1) Haxoanum

k k
boek — by = :’I/ e tf(t)dt, O<k<m (5
- JO



N3 Toxpectsa (1) Haxoanum
ok [k
boek — by = n'/ e tf(t)dt, O<k<m (5
tJo

Mpeanonoxum, Teneps, 4To Yncno e anrebpanyeckoe. Toraa npu
HEKOTOPOM HATYpPaibHOM /M U C HEKOTOPLIMU LEbIMU
KoacbcpuumenTamu ag, . . ., m BbIMOJHAETCA PaBEHCTBO

ame™ + ...+ a1e+a =0, apam #O0. (6)

VmHoxum Tenepb (5) Ha ax M NPOCYMMUPYEM MO BCEM
k=20,..., m, noay4um:

m m m ek rk
boZakek—Zakbk = E aknl/ f(X)eiXdX, "
k=0 k=0 k=0 70

=0

m k ok
aobg+ ...+ ambm = —Zakil/ e tf(t)dt.
k=0 - J0



Monoxnm, cneays Ctuntbecy,
f(x)=x"(x— 1)”‘”1 e (x = m)”‘”’",

roe napameTpsl f, ..., rm B BanbHeliwem byayT BbibpaHs
paBHbiMU O nnum 1. $lcHO, 4TO Takoli MHOrO4YneH yAOBNETBOPSIET

ycnosusim (3) n

n+1
omax [F(t)] <™, (7)

rge ¢ = c(m) - NOJIOXKUTENbHAA KOHCTAHTA, 3aBUCALLAA TOJIBKO OT
m,



m Kk rk
aobo + ...+ ambm = —Zak:I/ e 'f(t)dt.
k=0 70

Ob6o3Haune
1, ecnm x < k,

uk(x) = {O, ecnm x > k,

nocnegHee paBeHCTBO MOXHO nepenncaTtb B BNUAE

1 m Cn+1
aobo + ...+ ambm = —n|/ e 'f(t)G(t)dt =1= 0O ( p ) :
(8)
roe

G(t) = are u(t).
k=0



OTnnyHas OT TOXKIECTBEHHOrO HyAs PyHKLUS

G(t) = Zm: aekuy(t)
k=0

3HAKOMOCTOSIHHA HAa MHTEPBasax MEXAY UEbIMN TOYKaMU.
Bribepem Tenepb nokasaTenu r,. .., fm TaK, 4Tobbl dyHkynn G(t)
n f(t) npn nepexope Hepes Kaxkayo Lenyt Touky 1,...,m
OAHOBPEMEHHO MEHSAN Dbl 3HaK UM CoxXpaHanm ero. Toraa nog
NHTErpasoM B NpaBol 4YacTu paseHcTea (8) cTout
3HAKOMOCTOsIHHASA PyHKLUA. Kpome TOro, oHa OTAMYHA OT Hy/s Ha
nutepsane (m — 1, m). O1o obecneqnsaet ycnosue [ # 0.

Ho npagas 4actb (8), T.e. uHTerpan /, ectb uenoe 4ncno no
MOAyto MeHbluee 1 npu goctaToqHo bonbwom n. Monyunsweecs
NPOTMBOPEYNE 3aBEpLUAET AOKa3aTeNbCTBO Teopembl 17.
TpaHCUeHAEHTHOCTL € foKa3aHa.



§9. MppaunoHanbHOCTb 7.

Teopema 18 (3pmur)

Yucno m nppaymoHaabHo.



§9. MppaunoHanbHOCTb 7.

Teopema 18 (3pmur)
Yucno m nppaymoHaabHo.
Mycte f(x) € Clx] n F(x) = f(x) — FP(x) + F®)(x) —.... Torpa

(F'(x)sinx — F(x) cosx) = (F(x) + F@(x))sin x = f(x)sin x

J :/0 f(x)sinxdx = F(r) + F(0).



§9. MppaunoHanbHOCTb 7.

Teopema 18 (3pmur)
Yucno m nppaymoHaabHo.
Mycte f(x) € Clx] n F(x) = f(x) — FP(x) + F®)(x) —.... Torpa

(F'(x)sinx — F(x) cosx) = (F(x) + F@(x))sin x = f(x)sin x

J :/0 f(x)sinxdx = F(r) + F(0).

a

Mpeanonoxum, 470 ™ = £ n 0bo3Ha4UM

F(x) = b”x”(;r!— x)" _ x”(a,; bx)”.




Tak kak f(x) > 0 u sinx > 0 Ha untepsane (0,7), To J > 0.
Kpome Toro,

bnﬂ.2n bnﬂ.2n+1
J<m = — 0, npm n—oo.
n! n!

Moatomy mMoxHO BbIbpaTh N Takum Bonbwum, ytober J € (0,1).
Hanee, f(m — x) = f(x), nostomy 2K (71 — x) = F2K)(x), 8
yactioctn, 2K (1) = £F(K)(0). 3nauuT, F(m) = F(0).



Tak kak f(x) > 0 u sinx > 0 Ha untepsane (0,7), To J > 0.
Kpome Toro,
ph2n php2n+l

J<m = | — 0, npm n—oo.
n! n!

Moatomy mMoxHO BbIbpaTh N Takum Bonbwum, ytober J € (0,1).
Hanee, f(m — x) = f(x), nostomy 2K (71 — x) = F2K)(x), 8
yactioctn, 2K (1) = £F(K)(0). 3nauuT, F(7) = F(0).Octanocs
nokasatsb, 4to F(0) € Z. B camom gene,

F(0) = (=D F9(0) = 3 (-1)9(0).

k>0 2k>n

AHanorudno npegsigylieil Teopeme NoOKasbIBAETCS, HTO 3TO
BbipaxkeHue uenoe. CHOBa nosy4aem npoTnBOpevmne, CBS3aHHOE C
Tem, 4To B uHTepsane (0,1) HeT uensbix yncen.



§10. Teopema Jlungemana - Beiliepwtpacca.

B 1882r. ®./lungemaH, BHEC B pacCy>XAeHUs DPMUTa psif HOBbIX
naei n Jokasas TPaHCUEHAEHTHOCTb Yucna 7. ITum bbina peweHa
3HaMeHuTas npobnema keagpatypsl kpyra. @aktuuecku Jinngeman
YCTaHOBUA 3Ha4nTenbHO bonee obluee yTBEPXKAEHME.

Teopema 19

Ecnn a - otanqHoe oT Hyns anrebpamdeckoe 4ncao, To 4ucao e?
TPaHCLEH[EHTHO.

N3 Teopembl 19 cnepyer Takke TPaHCLEHAEHTHOCTb HATypasibHbIX
norapucmos otnyHbix oT 0 n 1 anrebpanyeckux yucen u, B
YaCTHOCTH, TpaHCUeHAeHTHOCT T = i LIn(—1).

Nungeman cpopmynuposan bes fokasaTenbcTea ewe bonee obuiyto
TEOpeMy, yKa3age, 4TO OHa MOXeT ObITb JoKa3aHa C
NCNONABb30BAHMEM TEX XKE UAEN.



Teopema 20

Ecnn ag, a1, ..., 0m, m > 1 paznuynsie anrebpanyeckmne 4ucna, 1o

Q| (e% o
e el . et

JIMHEAHO HE3aBUCUMbI Hafg rnoJjieM BCEX aﬂre6pal//quK1/lx yucen A.

Teopema 19 cnegyet U3 3TOro yTBEPXKAEHUS Npw

m = 1,ao = 0,0zl = a.

HokazaTensctso Teopembl 20 6bino onybnukosaHo
K.Beiiepwtpaccom B 1885r.. B HacToswee Bpems ee npuHATO
Ha3blBaTb Teopemoii JlungemaHna - Beliepwtpacca.

WN3snaraemoe Huxe AoKa3aTeNbLCTBO 3TOW TEOPEMbI MO CYLLECTBY
cnepyet Jlungemany u 0bobliaet Hagiexawmm obpasom
paccy>geHus IpMuTa.



Jlemma 1
Mycts v, . .., - KOMANEKCHbIE Yucna, mHorounensi f(t) un g(t)
OnpeseneHbl paBeHCTBaMY

1
() = (t—a0) (t—an)™ - (t—am)™,  g(t) = = 3 F(¢),
nt e
(9)
rae n - HaTypaaeHoe qucio. Ecan npn atom ¢pyHkums
A(t) = age™t + ... + ane®mt g, €C,
OT/INYHA OT TOXAECTBEHHOrO HY/Isl U YAOBIETBOPSIET YCAOBUIO
A(1) =0, To cnpaBesnBO HepaBEHCTBO

Cn+1
laog (o) + a1g(a1) + ... + amg(am)| < 1,77!’ (10)

rAe C1 - MOJIOXKUTENbHAA BENNYNHE, 3aBUCALLASA TOJIbKO OT
ag,---,am, QQ, - ..,&m U HE 3aBUCSLLAs OT N.



HlokazaTenbCcTBO.

N3 Toxpgectsa dpmuTa (cM. ToxaecTso (2) npeabigywein nekunm)
CnefytoT paBeHCTBa

ek

1 Gk
—F(0)e™ — g(ak) = — e 'f(t)dt, k=0,...,m, (11)
n! n Jo
FO€ WHTErpUPOBaHME BEAETCA NO OTPE3KaM C KOHLAMKU B Todkax 0 un
Q. YMHOXMB npu Kaxaom k pasencTso (11) Ha ak, cnoxue Bce

MONYHUBLUNECS BbIPAXKEHWSI N BOCMOJIb30BABLUMCH YC/IOBUEM
A(1) =0, Haiigem

m 1. ax
Z arg(ak) = - Zakeo‘k/ e tf(t)dt.
k=0 o 0

MpumMenss k npaeoii 4acTu oueBMAHYIO oueHky max |f(t)| < ¢,
[t|<r

rae r = max |aj|, a ¢ = max(1, (2r)™*1), nonydaem (10). O
0<i<m



[NMpegnoxetune 1
lyctb ag, ..., am, ag,...,Qm - anrebpanyeckne 4ucna, hyHKUNS
A(t) onpesenena paseHcTBOM

A(t) = age®' + -+ + a,e®t # 0.

Ecnun psg Teiinopa A(t) B okpectHocTu Todku t = 0 umeer
pauymoHasbHbie kosgppuymentsl, To A(1) # 0.



A(t) = age®! + - - + a,e®t # 0.

O6o3Hauum bykeoii E - HOpManbHOE pacLUMpPEHne noJs
PaLMOHANBHBIX YNCEN, MOPOXKAEHHOE YnCnamu

a0, --,3m, QQ,...,Qm W BCEMU UX conpskeHHbiMu. CTeneHs
pacwupenns E D Q obosHaunm byksoii v.



A(t) = ape®" + -+ + ape®t # 0.

O6o3Hauum bykeoii E - HOpManbHOE pacLUMpPEHne noJs
PaLMOHANBHBIX YNCEN, NOPOXKAEHHOE YNCAAMI

ag,--.»am, QQ,...,0m N BCEMU UX conpskeHHbiMu. CTeneHs
pacwupenns E D Q obosHaunm byksoii v.

Cpenaem Tenepb HECKOJIBKO 3aMeYaHuii yNpoLLatoLLEro XapaKTepa.
1) He ymenblias obwHoCTN, KOShhuLmeHTsI ag, . . . , am MOXHO
cunTaTe yenbimu anrebpandeckumu yucnamu. Vinade pynkumio
A(t) MOXXHO JOMHOXUTb Ha Nexalwuii B Z obwuii 3HameHaTenb
4ncen aj, U AOKasbiBaTh NPeAnoxeHne 1 Ans nonyHnBLLEAcs Takum
cnocobom HOBOIA PyHKLMN.



A(t) = age®! + - - + a,e®t # 0.

O6o3Hauum bykeoii E - HOpManbHOE pacLUMpPEHne noJs
PaLMOHANBHBIX YNCEN, MOPOXKAEHHOE YnCnamu

a0, --,3m, QQ,...,Qm W BCEMU UX conpskeHHbiMu. CTeneHs
pacwupenns E D Q obosHaunm byksoii v.

Cpenaem Tenepb HECKOJIBKO 3aMeYaHuii yNpoLLatoLLEro XapaKTepa.
1) He ymenblias obwHoCTN, KOShhuLmeHTsI ag, . . . , am MOXHO
cunTaTe yenbimu anrebpandeckumu yucnamu. Vinade pynkumio
A(t) MOXXHO JOMHOXUTb Ha Nexalwuii B Z obwuii 3HameHaTenb
4ncen aj, U AOKasbiBaTh NPeAnoxeHne 1 Ans nonyHnBLLEAcs Takum
cnocobom HOBOIA PyHKLMN.

2) Yucna i MOXKHO Npesnonarats OTANYHbIMU APYr OT APYra,
BeAb, 0ObEAMHUNB CNaraemble C OAMHAKOBLIMU SKCMOHEHLNANbHBIMU
yHKUnsAMU, Mbl He n3meHnm A(t).



A(t) = age®! + - - + a,e®t # 0.

O6o3Hauum bykeoii E - HOpManbHOE pacLUMpPEHne noJs
PaLMOHANBHBIX YNCEN, MOPOXKAEHHOE YnCnamu

a0, --,3m, QQ,...,Qm W BCEMU UX conpskeHHbiMu. CTeneHs
pacwupenns E D Q obosHaunm byksoii v.

CoenaeM Tenepb HECKOJILKO 3aMEYaHNi yNpoLLaoLEro xapakTepa.
1) He ymenblias obwHoCTN, KOShhuLmeHTsI ag, . . . , am MOXHO
cunTaTe yenbimu anrebpandeckumu yucnamu. Vinade pynkumio
A(t) MOXXHO JOMHOXUTb Ha Nexalwuii B Z obwuii 3HameHaTenb
4ncen aj, U AOKasbiBaTh NPeAnoxeHne 1 Ans nonyHnBLLEAcs Takum
cnocobom HOBOIA PyHKLMN.

2) Yucna i MOXKHO Npesnonarats OTANYHbIMU APYr OT APYra,
BeAb, 0ObEAMHUNB CNaraemble C OAMHAKOBLIMU SKCMOHEHLNANbHBIMU
yHKUnsAMU, Mbl He n3meHnm A(t).

3) Mo kpaiiveil Mepe oguH U3 KO3PULNEHTOB aj OTANHEH OT
Hyns. byaem cyutats, 410 ag # 0.



Mycte d € N Takogo, 4To BCe 4ucna do; uenvie anrebpaunyeckue.

Jlemma 2
Boipaxenue

I = dm(n+1) (aog(QO) +.+ amg(O‘m))

ECTb Lesoe anrebpandeckoe Yyuco.



Mycte d € N Takogo, 4To BCe 4ucna do; uenvie anrebpaunyeckue.

Jlemma 2
Boipaxenue

I = dm(n+1) (aog(QO) +.+ amg(O‘m))

ECTb Lesoe anrebpandeckoe Yyuco.

Nmeem
dm(MHf(x) = %(dx — dap)"” - (dx — dag)" (12)
1
oo (dx = dap) ™ = —h(dx),
rae

h(t) = (t — dag)"(t — dag)"™ - (t — dam)"™ € Zg[t].



Mpumensia ToxaecTso (5) 13 npeablayLLel NEKUMN K TOXKAECTBY
(12), nonyqaem

m(n 1 —-n 1

3HaunT,
i 01 gm(n+1)
d™" Vg (a)) = T (o) € Ze,

>n

OTKYAa W CiefyeT YyTBeEpXKAeHWNEe NeMMbI

I'=d™" ) (ag(a0) + ... + amg(am)) € Z.



Jlemma 3
CywecTByrOT CKOJIb YrofHo bosibLumne Lesbie N Takue, 4T

1#£0 u |[N(I)|>1.



Jlemma 3
CywecTByrOT CKOJIb YrofHo bosibLumne Lesbie N Takue, 4T

1#£0 u |[N(I)|>1.

Mocuutaem /I (mod (n+ 1)). Mpu nobom j, 0 < j < m, nmeem

gm(n+1) 0 dmnt1)
> ey = > Sy = (n+ 1)y

>n+1 £>n+1

3neck v € ZE.



Jlemma 3
CywecTByrOT CKOJIb YrofHo bosibLumne Lesbie N Takue, 4T

1#£0 u |[N(I)|>1.

Mocuutaem /I (mod (n+ 1)). Mpu nobom j, 0 < j < m, nmeem

gm(n+1) 0 dmnt1)
T 2 )= 3 =) = (1)

n!
>n+1 £>n+1

3peck ¥j € Zg. Tak 4TO, NeBble HaCTN 3TUX PABEHCTB AENATCA Ha
n+1 B KonbLue Zg, u CNpaBeanBbl CIeAytoLLNe PaBEHCTBA U
CpaBHeHUst no mogynro n+ 1

= dm(”+1)aog(ao) = dm(n+1)ag f(”)(ao)

= dm(”+1)ao(ao—a1)”+l-. . .~(010*Oém)n+1 = ap H(daofdaj)”"’l.

j=1



Ob6ozHauum bykBoii S nponsBeaeHne HOPM OTNNYHBIX OT HYAS
uenbix anrebpanyeckux yucen d(ag — «j),1 <j < m, n ag, Te.

m

S = N(ao) [ N(d(a0 — ).

Jj=1

Buibepem Tenepb n genawmmcs Ha S, T.e. n=Sq, g € Z,q > 0.
Torpa yncna S n n+ 1= 59 + 1 B3anMHO NpoCTbI.



Ob6ozHauum bykBoii S nponsBeaeHne HOPM OTNNYHBIX OT HYAS
uenbix anrebpanyeckux yucen d(ag — «j),1 <j < m, n ag, Te.

m

S = N(ao) [ N(d(a0 — ).

Jj=1

Buibepem Tenepb n genawmmcs Ha S, T.e. n=Sq, g € Z,q > 0.
Torpa yncna S n n+ 1= 59 + 1 B3anMHO NpoCTbI.
Ecan | =0, 10 B KONbUe ZEg UMEET MECTO AENNMOCTb

(n+1)|ao [ [(dao — daj)™*.
j=1

Ho Torpa Hopma npaBoii YacTun byaeT fennTbCs Ha HOPMY JEBON,
T.e. Ha (n+ 1)” u, 3HaunT, (n+ 1)7|S"*L. Mocneanss genumocts
HEBO3MOXHA, T.K. yncia n+ 1 n S B3aumHo npocTbl. 370
MPOTUBOPEYNE JOKA3LIBAET, YTO NMPU YKa3aHHOM Bbibope n
soinonusietcs | # 0. Tak kak N(/) # 0 u N(I) € Z, To [N(1)| > 1.



[okazaTenbcTBO NpeanoxxeHus 1

Myctb 01,...,0, BCe aBTOMOpdu3ambl nonst E. Ons kaxaoro
yucna 3 € E bygem obosnavats 3U) = gj(B) - obpas [ npu
aBToMOpchusme o). [1ns KaxA0ro CTENeHHOro psaa

f(t) = Bo + Pt + Bat? + ... c koachcbuymenTamn uz E u
agTomopdnsma o bygem obosHayats o(f) - pag ¢

koacbpuumentamn o(f;). Tak, o(e*) = 3,50 75 J(a)l tl = ()t



[okazaTenbcTBO NpeanoxxeHus 1

Myctb 01,...,0, BCe aBTOMOpdu3ambl nonst E. Ons kaxaoro
yucna 3 € E bygem obosnavats 3U) = gj(B) - obpas [ npu
aBToMOpchusme o). [1ns KaxA0ro CTENeHHOro psaa

f(t) = Bo + Pt + Bat? + ... c koachcbuymenTamn uz E u
agTomopdnsma o bygem obosHayats o(f) - pag ¢

koacpcbuunentamn o(f3;). Tak, o(e**) = >, 0 %O!‘)ltf = eo(a)t,
AcHo, uTo ans nobbix pagos f(t) u g(t) ¢ koacbdpuunentamu ns E

a(f(t) + g(t)) = o(f(t)) + o(g(t)); (13)
a(f(t)g(t)) = o(f(t))a(g(t)), o(f'(t)) = (a(£(1)))"

B 4acTHoCTM, 3TU paBeHCTBa O3Ha4aloT, 4TO Ast dyHkumnin Aj(t) =
gj(A(t)), j=1,...,v, cnpaBegnMBo npeacTasseHne

A(t) =3 aDet’t. (14)
=0



[okazaTenbcTBO NpeanoxxeHus 1

CornacHo ycnosuto npegnoxerust 1 koappnumneHTbl pasnoxeHus
A(t) B pag Teiinopa B Touke t = 0 eCTb paunoHabHblE YMCHa.
OTctona cnepyet, 4To pasnoxenns Bcex dpyrkunii A;(t) s
OKPECTHOCTU TOYKN t = 0 OANHAKOBbI U, 3HAYUT,

A(t) = Ai(t) = ... = Au(t).

Mpeanonoxus Teneps, 4to A(1) = 0, nony4um paseHcTBa
Ai(1)=0,j=1,2,.,v.



[okazaTenbcTBO NpeanoxxeHus 1

CornacHo ycnosuto npegnoxerust 1 koappnumneHTbl pasnoxeHus
A(t) B pag Teiinopa B Touke t = 0 eCTb paunoHabHblE YMCHa.
OTctona cnepyet, 4To pasnoxenns Bcex dpyrkunii A;(t) s
OKPECTHOCTU TOYKN t = 0 OANHAKOBbI U, 3HAYUT,

A(t) = Ai(t) = ... = Au(t).

Mpeanonoxus Teneps, 4to A(1) = 0, nony4um paseHcTBa
Ai(1) =0, j=1,2,...,v. CnpaBeanuBbl Takxxe paBeHCTBa

10 = 2 gj(of) + .. + g (al)

rae gj(t) = oj(g(t)). Mpuxumas Teneps o BHUMaHKe (13), (14),
(9), Nemmy 1 n onpegenexne Yncna /, nony4aem HepaBeHCTBA

(dmCQ)nJrl

n!

10)] < , 1<j<u, (15)

r4e Cp - HEKOTOpasi KOHCTAHTa, HE 3aBUCALLAS OT N,



[okazaTenbcTBO NpeanoxxeHus 1

Wcnonbsys (15), moxHo ouenntb Hopmy N(/) uucna /

M) )< G
IN(D| =1 W) < oy
Boibepem Teneps pensiweecs Ha S uncio n ctons bonbwmm, 4TO
(n1)” > c§™. Tak kak | - yenoe anrebpaudeckoe 4MCao, TO ero
Hopma N(/) npunagnexut Z n oueHka (16) o3HavaeT, 4TO [OKHO
BbinoaHsaTbCs paseHcTeo N(/) = 0. Ho ato npotusopeunt
ceoiicty | # 0.
3To NpoTMBOpeUNe [OKa3bIBAET HEBO3MOXXHOCTL PABEHCTBA
A(1) = 0 v 3aBepLuaeT AOKA3aATENLCTBO NpeAnoxXeHns 1.

(16)



HokazaTenbctBo Teopembl JInHaemana — BeliepwiTpacca.

MpeanonoxeHue o NMHERHOW 3aBUCUMOCTIN Yncen e Hag A
03Ha4aeT CyLLeCTBOBaHNE paBEHCTBA

ape™ 4+ -+ ape®™ =0

¢ anrebpanyeckumm koscbpuuneHTamu a;, He Bce U3 HUX pasHsbl 0.
Cornacho ycnosuto Teopembl 20 BCe NokasaTenn a; passndHbl,
noatomy cpyHkuns A(t), onpegeneHnas B (hopMynnpoBKe
npeanoxeHus 1 OTANYHA OT TOXKAECTBEHHOrO HYASl, a BbIMUCAHHOE
BblLLe PABEHCTBO O3HaqaeT, 4yto A(1) = 0.

Onpegenum pacwupenne E D Q, ero asTtomopdusmbl oy,...,0,, a
Takxe pynkumn A;j(t) kak B AokasaTenbcTee npesnoxenus 1.



HokazaTtenbcTBo Teopembl Jlnungemana — Beiiepwtpacca.

PaccmoTpum Tenepb OTAMYHYIO OT TOXAECTBEHHOrO HYAs PYHKLMIO

v
B(t) = HAj(t) = bpe™* + bt + ... + bye M.
j=1



HokazaTtenbcTBo Teopembl Jlnungemana — Beiiepwtpacca.

PaccmoTpum Tenepb OTAMYHYIO OT TOXAECTBEHHOrO HYAs PYHKLMIO

v
B(t) = HAj(t) = bpe™* + bt + ... + bye M.
j=1

Bce yucna b v 3; npunagnexat nonto E. KoacbpuumenTol psga
Telinopa B okpecTHocTn Toukn t = 0 ans pyHkuyumn B(t) Takxke
npunagnexat E, n ans nwoboro asTomopcdusma o nons E umeem

v v v
o(B(t)) = [T o(41(2)) = [T o0i(A(®)) = [T os(A(0)) = B(v).
j=1 j=1 J=1
CnepoBatensHo, Bce koabpuumenTsl paga Teinopa gns B(t)
SIBASIOTCS PaLMoHabHbIMK Yucnamu, T.e. dpyHkuus B(t)
YOOBNETBOPSieT yCioBusiM npegsioxerust 1. Ho paseHcTso
A(1) =0, B cuny onpegenenus ynkunu B(t), BneyeT 3a coboii
B(1) = 0, sonpeku yTBepxaeHunto npegnoxerus 1. Monyqnsweecs
NpOTMBOPEYMNE N 3aBEPLUIAET [0Ka3aTeNbCTBO Teopembl 20.



KoHel
NBEHAAUATOW JIEKLNW.



JNlekuymsa 13.
Cnencrsusa n3 Teopembl

Jlnnpemana-BeliepwTpacca.
HeBo3MOXXHOCTb KBagpaTypbl Kpyra.




Teopembl Jlunpemana n Jlungemana - Beiiepwtpacca.

Ha npownoii nekuun 6b111M gokasaHbl ABe TEOPEMbI

Teopema 22 (Teopema JInnaemana)

Ecnn a - otanqHoe oT Hyns anrebpamdeckoe 4ncao, To 4ucao e?
TPAHCLEHAEHTHO.

Teopema 23 (Teopema JInnaemana-BeiiepluTpacca)

Ecnn g, X1,y...,0m, M Z 1 pas3/indHbie aﬂre5paVl'-IeCKl/le qucna, 1o
Om

e e ... e

JIMHEAHO HE3aBUCUMbI Hafg rnoJjieM BCEX aﬂre6pal//quK1/lx yucen A.

Teopema 22 cnepyet u3 teopembl 23 npu m=1,a0 = 0,1 = a.



BoiBeaem 13 TeopemMbl 22 HEKOTOpbIE U3BECTHbIE PE3YbTaThI.

Cneactue 1 (Spmur)
Yucno e TpaHcuyeHzeHTHO.

Mpueseném aBa fokazaTenbCTBa 3TOro yTeepXAeHus. [lyctb
ap=0,a7 =1,--- ,a, = m. Torga no Teopeme 22 ynucna
1,e,---,e™ nuHeliHo He3aBUCUMBI Haf noseM anrebpanyeckux
yucen A n notomy nuHeliHo HesaBucmmbl Hag nonem Q.

BTopoe fokasaTenbCcTBO: BOCNOAL3yeMcsl Teopemoli 22 npu a = 1.
Cnepcrene 2 (JluHaemat)

Ecaun B anrebpanqeckoe auncno, otanqroe ot 0 u 1, 1o npu nobom
Bbibope BeTBU sorapuchma 4ucao logl TpaHCLEHAEHTHO.

JeiicteutensHo, €'°8% = 3 € A. [lanee cm. Teopemy 22.
Cnepcteune 3 (JluHaema)
Yucno m TpaHcuyeHAEHTHO.

Mpegnonoxum, yto m € A. Torga a = 2wi € A. CornacHo Teopeme
22 yncno €™ =1 gonxHo bbITb TpancuenaeHTHbIM. Ho 1 € A.



Cnenctene 4
Lns noboro Henynesoro o € A yucna

sina, cosa, tga

TPaHCLEHAEHTHbI.

Mpeanonoxum, yto sina = S un B € A. Torga

1 . 1

io —ix 0
- — —€ — Be = 0
2i 2i
. Ho 370 HeBo3MOXHO cornacHo Teopeme 23. TpaHCUEHAEHTHOCTD
o — I
COS (v JOKa3bIBAETCA aHANOMMHO, TaK KaK COS ( = % Ecan

tga = B npu B € A, To Haxogum (B +i)e’® — (B — i) e”* =0,
rae no kpaiiHeid mepe oguH us koadpcpuunenTos B+ 7/ nam 5 — i
OT/INYEH OT HyNsA. Tenepb pesynbTaT cnefyeT n3 Teopemsl 23.



Cneacteue 5
lycte (1, -+, By anrebpandeckue 4ucna, TMHENHO HE3aBUCHMBbIE

Haa Q. Toraa

eﬁl eBr

e
anrebpanyecku Hezasucumbl Hag Q.

Jonyctum, uto eP1 ... efr anrebpanyeckn 3asucumbl Hag Q.
Torpa cywecTtsyeT Takoll HeHynesoli mHorodned P (xi, -+, x,)
€ Q[x1, - ,x], uto P (ef1,--- &) =0 Te,

> apg g, €T <0,
(ki skr)

3aeck He BCe KOIPMDULMEHTEI Ay, ... k, PaBHbI HYIO 1 BCE NeXaT B
Q. Otmetum, yto BCe 4yucna ki1 + - - - + k.3, pasnnuHbl, Tak Kak
B1, -+, Br nuHeiino HesaBucumbl Hag Q. Monyyunocs
npoTuMBoOpedmne ¢ TeopemMoin 23.



§12. HeBO3MOXXHOCTb KBaApaTypbl Kpyra.

3HameHnTas npobnema KBagpaTypbl Kpyra MOXeT 6bIThb
cchopmynuposaHa Tak

MOCTPONTL Ha MJIOCKOCTU KBaAPAT, MJIOWasAb KOTOPOro paBHack
bb1 noLWaaN 3a4aHHOIO KPYra.

Mpn a3Tom "noctponTs ' 03HaYaeT NOCTPOUTL C NOMOLLBIO LUPKYAS
W NHENKM - NHCTPYMEHTOB, HAXOLUBLUMXCS B PACMOPSKEHUN
OpeBHerpedecknx reometpoB. MHorouuncneHHble NonbITKA HalTA
Tpebyemoe NoCTpoeHmne NMPOACIKANIUCE B TEYEHUE YEThIPEX
ThiCSiHeNeTUin 4o tex nop, noka B 1882r. @ .Jlnngeman He gokasan,
4TO TaKOro MOCTPOEHUS HE CYLLECTBYET. DTO yTBepXKaeHue byaet
DOKa3aHO HUKE.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Korga roeopsiT 0 NoCTpoeHNM C MOMOLLbIO LMPKYAS 1 INHeRKY,
WMEIOT BBUAY, Y4TO NO 3afaHHOMY YCNOBUSMU HAbOpy TOYEK,
OTPE3KOB, OKPY>KHOCTEI UN APYrUX r€OMETPUYECKNX 0OBEKTOB
TpebyeTcs NOCTPOUTL HEKOTOPLIA HOBLIN OTPE30K, TOUKY,
OKPY>KHOCTb 1 T.M., UCMOJb3Ysi TOJALKO 3TN NHCTPYMEHTbI. [1puyem
C X MOMOLLbIO pa3peLlaeTcs BbINOJHSATE Wb [BE OCHOBHbIE
onepaumm

1) NpOBECTM C NOMOLLLIO JINHERKM NPSIMYIO IMHUIO Yepe3 ABE

3ajaHHbIE NN NOCTPOEHHbIE PaHEE TOYKM;

2) NpoOBECTN LUPKYNEM OKPY>XHOCTb C LEHTPOM B 3aJaHHOI nin
MOCTPOEHHOW paHee TOYKE paAuyca, PaBHOTO PaCCTOSHUIO
MeXAy ABYMS 334aHHBIMW UKW NOCTPOEHHBIMU TOYKAMU.

Niobasi reomeTpuyeckas dpurypa, KoTopasi MOXeT ObITb NOCTPOEHa,
3a/3€TCA COBOKYMHOCTBLIO MPSMbIX, OKPYXKHOCTEN 1 TOYEK.
Hanpumep, ans noctpoenus KeagpaTa A0CTaTOYHO NOCTPOUTH
4EThIPE €ro BEpLUMHbI.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

B pesynbTaTe BLINOSHEHUS B ONPEAENEHHOM MOPSILKE YKa3aHHbIX
onepauuii Ha NJOCKOCTI BO3HUKHET MHOXECTBO MPSIMbIX,
OKPY>XHOCTEN M HEKOTOPbIX TOYEK UX MEPECEHEHUS], COLEpXKaLlee
NCKOMbIE TOUKU, MPsSIMbIE UAN OKPYXXHOCTU. He BCe TouKM
nepeceyeHmnst 3TUX NPAMbIX U OKPY)KHOCTEN B AeliCTBUTENLHOCTI
HeobxoguMmbl Ana noctpoeHus. [epeHymepyeM Tenepb 3agaHHble
YC/OBMEM TOYKM, MPSIMbIE U OKPY>KHOCTN B HEKOTOPOM MOPSIAKE, a
3aTeM NPsIMbIE, OKPY>XXHOCTU U UCMOJb3YEMbIE LS NTOCTPOEHUS
TOYKW NEPECEYEHUs B NOPSKE UX BO3HUKHOBEHMS. Toraa Ha
YEPTEXE MOSABUTCS KOHEYHAst MOCAELOBaTENBHOCTL NPSMbIX,
OKPY>KHOCTEli 1 TOYEK, COAEpXKALLasi BCE NCKOMbIE FEOMETPNYECKINE
obbekThl. Kakum e obpa3oM B npouecce NOCTPOEHUS MOTYT
BO3HUKATb HOBbIE MPSIMbIE, OKPYXKHOCTN 1 TOHKM?



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

HGPE‘-IVICJ'IVIM BCE€ MMEKLLNECA BO3MOXKHOCTHN.

a)

6)

Hogas npsimas MoxeT bbITh NOCTPOEHA NULLL C NOMOLLLIO
JIMHERKN, NPUAOXKEHHON K ABYM, MOCTPOEHHBIM PaHEE TOYKAM.
HoBas okpyHOCTE MOXET ObITb NOCTPOEHA JINLIL C MOMOLLLHO
LWPKYJ/IS, MOMELLEHHOTO B NMOCTPOEHHYIO paHee TouKy. [Npn
3TOM pajuyC ee PaBeH PacCTOSHUIO MEXAY 4BYMsi
MOCTPOEHHBIMI PaHee TOYKAMU.

HoBas Touka moxeT bbITh NOCTpOEHa, Kak nepecedeHune AByX
MOCTPOEHHBIX MPSMbIX.

Hogas Touka MoxeT BbITh NOCTpOEHA, KaK NepeceyeHmne
MOCTPOEHHBIX MPSIMOI 11 OKPY>KHOCTH.

Hogsas Touka moxeT bbITh NOCTpOEHA, Kak NepeceqeHne AByx
MOCTPOEHHbIX OKPY>XXHOCTEN.

HoBas Touka moxeT bbITh NOCTpOEHa C MOMOLLBIO Onepauuu,
KOTOPYHO Mbl Ha30BeM "mpouseosbHblli BoIbOp".

Mosichnm nogpobHee, 4TO 346Ck NMEETCA BBUAY.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Whorpa, npu BoinoaHeHnn noctpoeHus boisaeT bespasnuyHo, rae
B35Tb HeobxoauMyto Touky. Torga rosopsT, "Bo3bMeM
NPON3BOJIbHYIO TOYKY''Ha NAOCKOCTM, Ha MOCTPOEHHONR paHee
npAMoii n T.n.. PaccMoTpum, Hanpumep, ClemyroLyro APEBHIO 1
4aCTO BO3HUKABLUYIO HA NPaKTWUKE 3afa4vy: MOCTPOUTH C MOMOLLbLIO
UMPKYAS 1 JINHEHKA LEHTP HAPUCOBAHHONM OKPYXHOCTH. FICHO, 4TO
NOCTPOEHNEe LieHTPa HE MOXXET Ha4aTbCsl HU C OAHON 13
nepedncierHbIX Bbilwe onepaunii a)-4). OQHO N3 Knaccmyeckmx
peLleHnii 3TOl 3afja4n HaYMHAETCS C NPON3BOJIBHOIO BbIDOpa Tpex
Touyek A, B n C Ha OKpPYy>XXHOCTU C TeM, 4TobblI BNOCAEACTBUM C
MOMOLLLIO LUPKYNIS U INHEAKM, TaK Kak 3TO ODBSICHAETCA B
LIKOJIBHOM KYpCE FeOMETPUN, MOCTPOUTb LEHTP OKPY>XHOCTHU,
onmcaHHol Bokpyr TpeyronbHuka ABC, T.e. LeHTp 3agaHHOI
OKPY>XHOCTHU.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Caenag 3Tu BCTYNUTENbHBIE 3aMEYaHUSA, NPEANONOKNM, 4TO
CYLLECTBYET MOCTPOEHNE C NOMOLLLIO LUPKYAS N AUHENKM,
pewatolee npobnemy KBagpaTypbl Kpyra, T.€. NO3BOAAOLIEE ANS
noboro 3agaHHOro Kpyra noCTpOMTb PaBHOBENUKUN €My KBagpaT.
Bseagem Ha niockocTu cuctemy koopauHaT, NOMECTUB €€ Ha4asno B
LEHTP 3a[laHHOrO Kpyra 1 BbibpaB B KauyecTBe eANHNLbI N3MEPEHUst
OJIMHBI pagunyc 3agaHHoro kpyra. Beskas Touka Bo BBeAeHHON Ha
NJIOCKOCTI CUCTEME KOOPAMHAT MOXET bbITb 3aaHa napoii yncen
(x;y), NpsiMasi n OKPY>KHOCTb YPaBHEHUSIMU B KaHOHWNHYECKOI
cdopme, cooTeeTCTBEHHO, ax + by +¢c =0 n

(x —x0)2 + (v — y0)? = r?, rae (xo, o) - KOOPAMHATEI LEHTPa 0 I -
PaANyC OKPYXXHOCTW.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Onpegenum Tenepb Ha MIOCKOCTU KJAaCcC anrebpamyeckux Toyek,
NpsIMbIX 1 OKPY>XHOCTel. Touky byaem HasbiBaTb anrebpanyeckoi,
€CNIN ee KOOPAMHATEI eCThb anrebpanyeckue Ynucna, NPsSIMyLo - eciiu
OHa MOXeT bbITb 3a4aHa ypaBHeHMEM C anrebpanyeckumu
koadbpuumentamu. OKpy>KHOCTbL DyaeM HasbiBaTh anrebpanyeckoi,
eCAN BEANYMHA €e pagMyca N KOOPAMHATLI LEHTpPa eCTb
anrebpandeckue yncna. B yacTHocTu, 3agaHHas Ha npegbigyLuem
cnaiife OKpY>KHOCTb UMeeT ypasHenune x° + y2 = 1 n notomy
asnsietcs anrebpanyeckoii.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Mokaxem, 4To onepauyum a)-g), NpUMeHeHHbIe K anrebpanyecknm
obbekTaMm, B pesynbTaTe Takxe AatoT anrebpanyeckne To4KM,
npamMble 1 okpyxHocT. B camom pgene:

a) MNpsimas, nposegeHHas yepes ABe ToukM C anrebpanyeckumu
koopanHaTamu (xi,y1) n (x2,y2), 3agaetcs ypaBHeHuem

(e =x)(y =y1) = (2 = y1)(x —x1) = 0.

370 ypaBHeHNE B KaHOHWYeCKOl hopMe MMeeT anrebpanyeckune
K03bhULMEHTLI 1 MTOTOMY ONpenensieT anrebpanyeckyro npsamyo.
6) Okpy>xHOCTb C anrebpanyecknm LEHTPOM, Paanyc KOTOPORA eCTb
anrebpanyeckoe Yncio, No ONpeseNeHunto SIBASETCA
anrebpanyeckoii.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

B) [lBe nepecekatowmecs npsimble, 3aaBaeMble YPaBHEHNSIMU
aix+ biy+ ¢ =0,i =1,2, c anrebpanyeckumn kosbuyneHTamm
aj, bj, c; MerT 0bLLYI0 TOYKY C KOOPAMHATaMK,
Y4OBNETBOPAIOWNMU CUCTEME YPaBHEHNT

{a1x + by = a1,
asx + bay + .

Pewenue 3700 cucremsl, HaligeHHoe, Hanpumep, no dopmynam
Kpamepa, nmeet anrebpanyeckne KoopanmHaTel X, y. Tak 4TO TOYKa
nepecedeHunst Apyx anrebpanyeckux npsambix siBASETCS
anrebpanyeckoii.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

r) Touku nepecedeHnsi anrebpanyeckux NPsiMONA U OKPY>KHOCTH
MMEIOT KOOPAMHATHLI X, Y, YAOBNETBOPSAIOLLNE CUCTEME YPaBHEH W

{ ax + by = c,
(x =x0)? + (y — y0)? = r?,

¢ anrebpaunveckumu koabpuunentamn. He ymenbias obwHoctu
MOXHO c4uTaTh, 4T0 b # 0. Beipasne n3 nepeoro ypasHeHus
CUCTEMbBI HEM3BECTHYIO Y YEPE3 X U MOACTABUB 3TO BbIPAXKEHUE
BMECTO y BO BTOPOE yPaBHEHWE, MOJNY4YNM KBaApaTHOE ypaBHEHNE
OTHOCUTENBHO X, KO3DDULIMEHTBI KOTOPOro ByayT
anrebpanyeckumn yncnamu. Ho torga anrebpanueckumun yncnamu
ByayT 0ba KOpHS X1 1 X2 NONYYUBLUErOCS KBagpPaTHOIO ypaBHEHUS,
a, ClefOBaTENLHO, U BTOPbIe KOpAMHaThl y; = —(ax; +c) - b1
ToYek nepecederus. Vtak, obe Touku nepecedeHns (xi,y1) u

(x2, y2) bypyT anrebpanyeckumn.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

n) KoopguHatbl x, y Touek nepecevenms agyx anrebpanyecknx
OKPY>KHOCTEI YAOBNETBOPAIOT CUCTEME YPaBHEH NI

{(X—X1)2 +(y—n)P=r,
(x =x2)2 + (y —y2)2 =15,

¢ anrebpaunveckumu kosbpuuynentamu. Beiuntas sTopoe
ypaBHEHUE CUCTEMbI M3 NEPBOrO, Mbl, KaK JIEFKO NPOBEPUTH,
nofyYnM JINHeliHOE ypaBHeHME C anrebpandecknmu
koadpbuymeHTamu. A 3aTeM, Kak 1 B NpeablayLeM ciydae,
NPOBEPSIEM, Y4TO KOOPANHATLI TOYEK NEPECEYEHMNs eCTb
anrebpanyeckue 4ncna. ITUM J0OKA3aHO, YTO TOYKMN NepeceyeHus
AByx anrebpanyeckux okpyKHoCTelR byayT anrebpanyecknmu.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Cnepytowas onepayus e) - "nponssonsHblii Boibop". 3ameTum,
4TO TOYKN C anrebpanyeckumu (N Jake paLyoHaNbHbIMN)
KOOpAMHATaMU BCIOZY MJOTHLI HAa MJOCKOCTU. JTO O3HAYAET, YTO
CKOJNIb YrofHO BAN3KO K Ntoboli TOYKE NAOCKOCTM HAXOAATCA TOYKM
¢ anrebpanyeckumMmn KoopauHaTaMu.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Cnepytowas onepayus e) - "nponssonsHblii Boibop". 3ameTum,
4TO TOYKN C anrebpanyeckumu (N Jake paLyoHaNbHbIMN)
KOOpAMHATaMU BCIOZY NIOTHLI Ha MIOCKOCTU. JTO O3HAYaET, YTO
CKOJNIb YrofHO BAN3KO K Ntoboli TOYKE NAOCKOCTM HAXOAATCA TOYKM
¢ anrebpanyeckumun koopguHatamu.Kpome Toro, oHu byayT scrogy
MIOTHBI Ha anrebpanyecknx NPsiMbIX N OKPY>XXHOCTSX.
JelicTBuTensHo, B N110bOI OKPECTHOCTM TOuKM (X1, 1), NEXALLEN,
HanpuMep, Ha anrebpanyeckoii OKPY)KHOCTM, HAAETCA TOYKa
(x2,y2) € abcuymuccoii X - paunoHanbHBIM YNCAOM,
npuHaanexallas 3Toii e okpyxxHocTu. Ho Toraa sTopas
KOOPANHATA y» JO/KHA BbITh anrebpanyeckum 4nciom, Tak 4To
Touka (x2, y2) byaeT anrebpanyeckoii.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

Cnepytowas onepayus e) - "nponssonsHblii Boibop". 3ameTum,
4TO TOYKN C anrebpanyeckumu (N Jake paLyoHaNbHbIMN)
KOOpAMHATaMU BCIOZY MJOTHLI HAa MJOCKOCTU. JTO O3HAYAET, YTO
CKOJNIb YrofHO BAN3KO K Ntoboli TOYKE NAOCKOCTM HAXOAATCA TOYKM
¢ anrebpaunveckumu koopguHatamu.Kpome Toro, oHn byayT BCrogy
MIOTHBI Ha anrebpanyecknx NPsiMbIX N OKPY>XXHOCTSX.
JelicTBuTensHo, B N110bOI OKPECTHOCTM TOuKM (X1, 1), NEXALLEN,
HanpuMep, Ha anrebpanyeckoii OKPY)KHOCTM, HAAETCA TOYKa
(x2,y2) € abcuymuccoii X - paunoHanbHBIM YNCAOM,
NpuHaAnexallas 3Toii xe okpyxHocTu. Ho Torga sTopas
KOOPANHATA y» JO/KHA BbITh anrebpanyeckum 4nciom, Tak 4To
TouKa (x2, y2) byseT anrebpanyeckoil.ITo 03HAYAET, HTO

€CAN BCE TOYKM, MPSIMbIE 1 OKPYXKHOCTM, NONYYNBLUNECS B
pesynbTaTe onepauuii, NpeawecTBOBAaBLLIUX "NPON3BONBHOMY
Bbibopy Bblnn anrebpanyecknmun, To 1 Npn "NPonsBoaALHOM
BbIOOpe'' Mbl MOXEM MOCTPOUTL anrebpanyeckyo TOUKY.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

CkasaHHOE BbILIE MOXHO PE3tOMUPOBAThL Tak. [locTpoeHne ¢
NOMOLLBIO LMPKY/S 1 IMHENKU, peann3ytowee KBagpaTypy
anrebpaunueckoro kpyra x2 + y2 = 1, MOXeT BbiTb BLINOSHEHO
Takum 0b6pasoM, YTO BCE BCTPEHAIOLUMECS B HEM TOYKM, NPsIMbIE
OKpY>XHOCTU BygyT anrebpanyeckumu. B qacTHocTn, 3T0 03Hauvaer,
4TO anrebpanyeckumn bysyT u BCE BEpLIMHBI KBagpaTa,
MONY4atoLErocsi B KOHLUE NOCTPOEHUS, U PABHOBEIMKOrO MO
NAOLWAAN 3aAaHHOMY KPYTY.

Ecan (x1,y1), (x2, y2) - cocepHue BepwnHbl KBagpaTa, TO €ro
nnolwaak, Kak nerko eugets, pasHa (x2 — x1)2 + (y2 — y1)? n
ABnsieTcs anrebpanyeckum dncnom. Ho ata xe nnowaae no
YCJIOBUIO JO/DKHA PABHATLCS MAOLLAAN 3a[aHHOMO Kpyra, T.e. Yuciy
.

Takum 0bpa3om, NonyHaeTcss NPOTUBOPEUNE C TEOPEMOI
JInnpemana o TPaHCUEHAEHTHOCTM YUC/IA T, O3HAYAKOLLEE, YTO
KBagpaTypa Kpyra C NOMOLLbIO LUPKYAS N AUHENRKN HEBO3MOXHA.



HeB0o3MOXHOCTb KBafpaTypbl Kpyra.

B 1837r. [1.BanTuens ewe go gokasaTenbCTBa TPaHCUEHLEHTHOCTM
7T NOKa3aJl, YTO Npu 3aJaHHOM OTPE3Ke €4UHUYHONR ONUHbI C
NOMOLLIbIO LMPKYAS N NNHERKN MOTYT ObITb NOCTPOEHBI TO/BKO
OTPE3KU, OJNHbI KOTOPbIX BbIPaXAKOTCA YNUCTAMU, ABASHOLMNMUACS
KOPHAMM KBaApaTHbIX YPaBHEHMIA C paLnOHaAbHbIMN
Ko3dbbULMEHTAMU, KOPHAMMN KBALPATHBIX YPaBHEHMIA,
KO3(hPNLMEHTBI KOTOPBIX SIBASIOTCA KOPHSIMI KBafpaTHbIX
ypaBHEHU C paumoHanbHbBIMU KOdhdruMeHTamu, u T.4., u,
CNefoBaTEeNbHO, OTPE3KN, ANNHBI KOTOPbIX BbIPaXKatoTcst Yuciamu,
NONYHaOLWUMUCS NOC/E NOCAEA0BATENBHOMO pPeLLeHunsl psaaa
KBAAPATHbLIX YpaBHEHNA. DTOT (baKT, YyTOUHSIOWMIA NPUBELEHHbIE
BbILLE PACCYXKAEHUSA, CAYXXUT NPUYNHOR HEBO3MOXHOCTUN peLLeHns
U ABYX APYruxX CTapUHHbIX 3a4a4 Ha NOCTPOEHUE C MOMOLLbLIO
LUUPKYAS N ANHERKN: 338340 TPUCEKLMM Yr/ia N 3a[a4N YABOEHUS
Kyba.



KoHel, Kypca.
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